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ABSTRACT. This paper deals with a design problem of a simple adaptive control (SAC)
system with a parallel feedforward compensator (PFC). To adopt SAC, the controlled
system has to be almost strictly positive real (ASPR). In the proposed method, the ASPR-
ness of the augmented system will be maintained by adaptive PFC which is using online
input/output data. This enables us to maintain the stability of SAC even if the controlled
system is unknown and is changing during the operation. In addition, the boundedness
of the signals in the control system will be analyzed.
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1. Introduction. In recent decades, almost strictly positive real (ASPR) based adaptive
output feedback controls, which are typified by simple adaptive control (SAC) [1], have
received a lot of attention [2, 3, 4, 5]. Under ASPR conditions, the method can constitute
a stable adaptive control system only with the output feedback. Unfortunately, however,
the ASPR conditions are very severe conditions for actual systems and most of the actual
system does not satisfy the conditions. To overcome this problem, the introduction of
a parallel feedforward compensator (PFC) has been proposed [5]. By introducing PFC,
the augmented system which consists of the plant and the PFC can satisfy the ASPR
conditions. With this in mind, several design methods of such a PFC have been proposed
6,7, 8, 9]. Recently, an adaptive PFC, whose parameter is adaptively adjusted by online
data, has been proposed [10]. Although the output of augmented system tracks to the
reference signal, the output of the controlled system might not track to the reference
signal because of the gain of PFC.

With this in mind, the introduction of adaptive PFC to the SAC will be proposed in
this paper. The boundedness of all the signals in the control system will also be analyzed.

This paper is organized as follows. Section 2 shows the problem statements which are
considered in this paper. In Section 3, ideal PFC will be shown. In Sections 4 and 5,
parameter adjusting laws of adaptive feedback gain and the design of adaptive PFC will
be proposed. Then the boundedness of the control system with parameter adjusting laws
will be analyzed in Section 6. Numerical simulation is in Section 7. Finally, concluding
remarks are presented in Section 8.
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FIGURE 1. Augmented system with PFC

2. Problem Statements. Let’s consider an augmented system shown in Figure 1. Here,
G(s) is unknown but stable single input single output (SISO) controlled system and
H(s, p) is a PFC which is parameterized by p. Also, the controlled system G(s) can be
described by the following nth order SISO state-space representation.

&(t) = Azx(t) + bu(t), y(t) = c x(t) (1)

Then, for this system, we consider a tracking control to the following n,,th order SISO
reference model output y,,(t).

& (1) = A (1) + byt (t), ym(t) = ¢l @ (t) (2)

where r(t) is a reference signal. We suppose that G(s), H(s, p) and the reference model
satisfy the following assumptions.

Assumption 2.1. [i]

[ A b
rank T O]:n+1 (3)

[ii] €;; is the solution of the following equation.
CT 0 | 921 922 n+1

[iii] The eigenvalues of 1; are not equal to the reciprocal of eigenvalues of A,,.

Assumption 2.2. H(s, p) =0 with p = 0.

Assumption 2.3. The reference signal r(t) is bounded and its derivative signal 7(t) is
also bounded.

When Assumption 2.1 holds, for the command generator tracker (CGT) problem, the
following theorem and lemma stand [1].

Theorem 2.1. The ideal input u*(t) and the ideal state x*(t), which can achieve perfect
tracking to the reference model output, that is,

y(t) = ym(?) (5)

can be given by the following equation
$*(t) 811 512 iBm(t) Qll
= t 6
[ u*(t) } [ So1 S } [ U () + Qg v(t) (6)

S = Q115'11147714-9120%, Sz = Q1Suby,
So1 = Q21511Am+9226317 S = Q91511by,
0110(t) = v(t) — Si2Uny(t), v(0) =0 (7)

with

Lemma 2.1. When the signals r(t) and i-(t) are bounded, then the signal v(t) in Equation
(7) is bounded.
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Now, from Figure 1, the open-loop system from the input u(t) to the output y, (¢, p) of
the augmented system with a PFC can be expressed by G, (s, p) = G(s) + H(s, p).

Under these statements, the objective here is to adjust the parameters of the PFC
adaptively so that the augmented system G,(s, p) becomes close to a given ideal ASPR
model G (s) and estimates the parameters of the gains k*, Sy = k, and Sy = k7 for the
tracking control.

3. Ideal PFC. Define the ideal output y!(¢) of the ideal augmented system Gi(s) as

follows.
Ya(t) = Go(s) [u(?)] (8)
Then, we consider finding parameters which make the output y,(¢, p) of adaptive PFC as
ideal output y; (t).
Here, the ideal output of PFC y;(t) can be described by using the output y(t) of
controlled system as follows.

Yn(t) = ya(t) — y(t) (9)
Now, suppose that the ideal PFC H*(s) given by the following n,th compensator:

| Nils) _ bis bt

H*(s) = = 10
(5) DE(S) s 4 aisnh—l S azh ( )
then, the ideal output of the PFC can also be described as follows.
yn(s) = H"(s) [u(t)] (11)
By introducing the following stable nyth filter
1 1
= 12
F(s) s+ fistn=l4 ...+ f, (12)
the ideal output of the PFC can be represented by
Z(s) Nii(s) T
(t) = o (t t)] = p* t 13
0il0) = T 0]+ 2 (o] = o= (13)
where p* = [21 20 -+ 2Zn, b1 by -+ by, )" (2 = f; — a;) and z(t) = [%y; g Yh
—1 T
%u ﬁu] . Unfortunately, the ideal parameter p is unknown, and we consider

adjusting the PFC adaptively.

4. Adaptive Control Input. Let us consider adjusting the parameters, which can re-
alize the ideal input by CGT, adaptively.

Here, the feedforward input will not be applied to PFC. Thus, the control system will
be configured as Figure 2. Then consider designing the input by

u(t) = ue(t) +uy(t) (14)
ue(t) = —k()ea(t) = ps |27 (ON° Ealt), us(t) = ko) @ (t) + ke(Or()  (15)

where Z¢(t) will be given later in Equation (25).
The gains k(t), k,(t) and k,(t) are adaptively adjusted by the adjusting laws:

R(E) = 7€a(t)” = ok(t) (16)
o) = —To@n(t)ea(t) = ook () (17)
kr@) = _Vrr(t)éa(t) - Urkr(t) (18>
where,
éa(t) = ga<t> - ym(t)a ga(t) = y<t) + gh@) (19>

and gp(t) is output of the PFC generated by the input u.(t).
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Ficure 2. SAC with adaptive PFC

5. Adaptive PFC. From Equation (13), the output of the PFC generated by using
estimated value of parameter p and input u can be described as follows:

un(t, p) = p(t) " 2(1), 2(t) = 2z(y;, ) (20)
Also, the output with the parameter p and the input u; can be described as follows:

g 1 g 1 "

yns(t, p) = p zg(t), z4(t) = o FHM FS Y R Y (21)

Then the output of the PFC with ideal parameter p* and input u,. can be described as

n(t, p*) = H(s, p")[uc(t)] = H(s, p")[u(t) — us ()] = yn(t, p°) —yns(t, p*) (22
Here, define the output of adaptive PFC as

n(t) = yn(t) — yns (1) (23)

where,
un(t) = Gi(s) [p(t)"2(1)] , 2(t) = G571 (s)[2(2)] (24)
uns(t) = Go(s) [p(1) 25 (1)] , Z4(t) = G (s)[24(1)] (25)

with estimated parameter p(t). p(t) is adaptively adjusted by the following parameter
adjusting law.

p(t) = =T (2(t) — 24(t)) ea(t) — onp(t) (26)

6. Boundedness Analysis. In this section, the boundedness of all the signals in the
control system, which is configured with (14) to (19), (23) and (26), is shown.

First, from the relational expression of gy (t) = y;(t) — yj,(t), the output of PFC with
u, can be represented as

Gn(t) = Gu(t) = G0 + (0 = (n(8) — s (0)) — (i) — iy () + (D)
= G [Ap(0)" (2(1) — 24()] + wi(0) — " z4(1) (27)

where Ap = p(t) — p* is estimation error of PFC parameter vector. Also, the output
Ua(t) of augmented system, can be represented from Equations (8), (19) and (27) as

Ua(t) = Ya(t) = yn(t) + 7n(t)
= Gu(s)[uc(t) +ur(t)] + G5 [Ap(t) 2(t)] — G [Ap(t) 24 (t)] — p*" 24(t)
= Go(9)[ue()] + Go(s) [ug(t) — wi(t)] + G(s)[up()] + p™" (25(t) — 2(t))
+G5 [Ap(t) 2(t)] — G [Ap(t) 24(1)] (28)
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with
()= |t s Sy ] 0 = ) [150] (29)
Since G(s)[u}(t)] = ym(t) stands, the error equation can be represented as follows.
€at) = Go(s) [ue(t) + Ap(t)" (2(t) — 24(1)) + ur(t) —uj(t) + p (23(1) — 24(1))] (30)

Then, it can be represented as the following state equation.

Eo(t) = Auzo(t) + by {ue(t) + Ap(t)T (2(t) — 24(t)) + Ak, (t) @ (1)
+AE ()7 (t) — Quv(t) + p 1 (Z5(t) — 24(2)) } (31)
éa(t) = caTwa(t)
where Ak, (t) = k,(t) — k, and Ak, (t) = k,(t) — k are estimation error of gains. Finally,
because the augmented system is ASPR and thus it has relative degree of 1, the augmented
system can be described as follows.

Ea(t) = aeq(t) +b{uc(t) + Ap(t)T(2(t) — 24(t)) + Ak, (1) @, (1)
+AR (L) (t) = Quu(t) +p™1 (25(t) — 25(1) } + €yma(t) (32)
Ma(t) = Ayn,(t) + byea(t)
Here, we consider positive definite function:
V(t) = Vi(t) +Va(t) + Va(t) + Va(t) + Vs(2)

V) = et Va(t) =m0 Pyma(0). Ta(t) = ZAk(GY -
Vi(t) = bAk:x(t)TF;lAk:x(tHVﬂAkr(t){ Vs(t) = bAp(t)TT; ' Ap(t)

where Ak(t) = k(t) — k* is the estimation error of feedback gain.
The time derivative of Vi (t) to V5(t) can be obtained as follows.

Th(t) = —2(0k" — a)ea(t)? — 2bAK(E)ea(t)? — 2ps |125(0) |2 ealt)? + 2beTm, (Bea(t)
LAY (2(t) — 25())eult) + 260k, (1) (D)En(t) + 20Ak, (B)r(D)En(t)
2O (t)en(t) + 20 (1) — Z5(1))ealt) (34)
V() = 0u()7 (ATP, + PyAy) () + BT By, ()ea(t) + 0o(t)" Pybygalt) (35)
V() = 2bAK(t)ea(t)? — EM( a0 (36)
Vi(t) = —2bAk,(t)T m(1&) ea(t) — 200, Aky () T ey (1)
AR () (1)eu(t) — 27 Ak, (1) (1) (37)
V() = —2Ap(t) (2(t) — 25()ealt) — 260 Ap(H)T; p(t) (33)

Then from Assumptlon 2.3 and Lemma 2.1, there exists positive constant v,, such that
|v(2)]| < vm, and V(t) can be evaluated as follows

1 1 1
2k* — 20— — — — — — — — ) ea(t)?
( ¢ P 54)6“()

— (Aunin (@] — 51||cn||2 041y, P |I*) [l (1) 112

2bo 02 — (9bo o 111 — 2
(7_55) (1)? — (2b0u Ain [T51] — 86) | AR ()]

(%U’" -~ 57> ko ()2 = (2603 Amin [T5] = 05) [|Ap(1) |1

r
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b
+69b%|| Qo || Pvpm? + (5362|sz )||* +5 - p +—"HF 1H)||p I
b2o? b o2 bo?
— k2?4 I kL) + —2 & 39
5 H I* ke + 52 (39)

Here, by considering sufﬁciently small positive constants d1, d4, 05, dg, 07 and dg such that

Amin [Q"?] — 51”077”2 (54||bTP H2 > (g > O 2bo 65 > a3 >0
200 Amin [T51] — 86 > g > 0, 23% — 07 > a5 >0 (40)
QbO'h)\mm [F_ } — 58 > >0

and sufficiently large ideal feedback gain k* such that

1 1 1 1
Wk* — 20 — — — — — — — — 0 41
a 55 5 5 > > (41)

then V(t) can be evaluated as

V(t) < —area(t)” — aolln,(0)]° — asAk(t)

—oul| Ak, (1)]* — asAki (8)* — asl| Ap(t)]| + R (42)
with
b b o;
R = (80 5o + ST 1
b’o? b o2 b’o?
+ k’*Q -1 k* 2 rk,*Z 43
A P e+ 5 (43
From the above, V(t) can be evaluated as
V(t) < —aV(t) + R, o = min{ay, oy, a3, a4, as, ag} (44)

and it shows that all the signals in the control system are bounded.

7. Numerical Simulation. In this section the effectiveness of the proposed method is
shown.
Here, we consider the following system.

b18 + bg
s2+a1s + ay
The parameters b; and by change during the operation as follows.
by = 0.5 —0.006(t — 50), 50 <t < 140

by = 1.0 — 0.006(¢ — 30), 30 <t <130

We assume that these are unknown.
The reference signal y,,,(t) is given by

ym (1) = sin <60 ') (45)

Second order PFC is considered and the design parameters are set as follows.
. 1 1 1
Gals) = 57 F(s) s+ 255+ 50
I, = diag[10, 1.0, 10, 1.0], 05 = 1.0 x 1073, p, =100, v = 1.0 x 10?, 0 = 1.0 x 1072,
I, =50x10% 6, =1.0x1073 ~,=5.0x10% 0, =1.0x 1073

Figure 3(a) shows the result by only SAC. It can be seen that the control system became
unstable after around 140 [sec]. This is because the plant became non-minimum phase
system.

GP(S) = , 1 = 15, ag = 5, b1 = 05, bz =1.0
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FIGURE 3. Simulation results by conventional method
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FIGURE 4. Simulation result by the proposed method

Figure 3(b) shows the result by adaptive P control with adaptive PFC [10]. It can be
seen that the output of augmented system shows good performance but the output of the
plant is getting worse. This is because the gain of the plant became lower.

Figure 4 shows the result by the proposed method. It can be seen that even if the plant
has changed during the operation, the proposed method can maintain a high control
performance.

8. Conclusions. In this paper, an SAC system with an adaptive PFC has been proposed.
The proposed method makes it possible to hold the ASPRness of the augmented system by
adjusting the parameters of a PFC adaptively. Therefore, even if the controlled system is
changing during the operation, SAC system can maintain the stability. The boundedness
of all the signals in the control system has also been analyzed. In addition, the effectiveness
of the proposed method has been confirmed through a numerical simulation. In the future
work, we will try to develop the method for nonlinear systems.

REFERENCES

[1] Z. Iwai, I. Mizumoto and H. Otsuka, Simple Adaptive Control SAC, Morikita Publishing Co., Ltd.,
2008 (in Japanese).

[2] F. Allgower, J. Ashman and A. IIchmann, High-gain adaptive A-tracking for nonlinear system,
Automatica, vol.33, no.5, pp.881-888, 1997.



2348

8]

T. TAKAGI, I. MIZUMOTO AND K. FUJITA

I. Mizumoto, R. Michino, Y. Tao and Z. Iwai, Robust adaptive tracking control for time-varying
nonlinear systems with higher order relative degree, Proc. of the 42nd IEEE CDC, pp.1041-1046,
2003.

A. L. Fradkov and D. J. Hill, Exponentially feedback passivity and stabilizability of nonlinear system,
Automatica, vol.34, no.6, pp.697-703, 1998.

H. Kaufman, I. Barkana and K. Sobel, Direct Adaptive Control Algorithms, 2nd Edition, Springer,
1997.

I. Mizumoto and Z. Iwai, Simplified adaptive model output following control for plants with unmod-
elled dynamics, International Journal of Control, vol.64, no.1, pp.61-80, 1996.

Z. Iwai and 1. Mizumoto, Realization of simple adaptive control by using parallel feedforward com-
pensator, International Journal of Control, vol.59, no.6, pp.1543-1565, 1994.

I. Mizumoto, D. Tkeda, T. Hirahata and Z. Iwai, Design of discrete time adaptive PID control systems
with parallel feedforward compensator, Control Engineering Practice, vol.18, no.2, pp.168-176, 2010.
I. Mizumoto and T. Takagi, Performance-driven adaptive control system design with a PFC designed
by system’s input/output data, Proc. of ALCOSP, France, pp.570-575, 2013.

T. Takagi and I. Mizumoto, Adaptive output feedback control with adaptive PFC and its stability
analysis, ICIC Express Letters, Part B: Applications, vol.6, no.12, pp.3189-3195, 2015.



