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ABSTRACT. In this paper, we propose a modified Barzilai-Borwein (BB) gradient method
for unconstrained optimization problems. The resulting algorithm has sufficient descent
property, which is independent of any line search. Furthermore, under mild conditions,
we establish the global convergence of the new method for smooth unconstrained optimiza-
tion. Some numerical results about impulse noise removal in image processing are given,
which indicate that the new method is efficient even for high noise ratio.
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1. Introduction. In this paper, we consider the following unconstrained optimization
problem:
min f(z), x € R", (1)

where f: R™ — R is a smooth function, bounded from below, whose gradient V f(x) is
denoted by g(x), or ¢ is Lipschitz continuous. We are interested in the case that the number
n is large. The unconstrained optimization problem (1) is the mathematical model of many
scientific problems arising from game theory, transportation, economic equilibrium, image
restoration and compressive sensing, etc., see [1-3]. Moreover, the nonlinear equation

Fx) =0, (2)

where I : R™ — R", can also be transformed into (1) by setting f(z) = ||F(x)|*/2.

In the past few decades, many efficient iterative methods have been proposed to solve
(1). Different from quasi-Newton method, conjugate gradient method and Barzilai-
Borwein gradient method do not need to compute and store any matrix; therefore, they
are attractive, especially when the dimension n is large, and have received a great deal of
attention, see [1-7].

In this paper, we intend to study the Barzilai-Borwein gradient method. Now, let us
recall this method, whose iterative scheme is

1
l’k+1:l‘k——gk,k:0,1,2,..., (3)
Qy;
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where xy, is the kth iterative point, gx = g(xy), and «y is called BB steplength defined by

ol = 52—1%—1’ or all = gk ’
[kl Sk—1Yk—1
in which sp_1 = 2 — 251 and yx_1 = gr — gx—1- Though the search direction of BB gra-
dient method is always the negative gradient, the steplength is obviously different from
the choice of the steepest descent method. Due to its high efficiency, a large amount of
theoretical results have appeared in the literature. Barzilai and Borwein [1] have proved
that BB gradient method converges globally for the convex quadratic optimization with
two variables. Then, Raydan [2] has extended the above result to the convex quadratic
optimization with any number of variables by incorporating a nonmonotone line search.
Recently, the BB gradient method has been successfully generalized to solve the (con-
strained) nonlinear monotone equations, and the image restoration problems, see [4].
Note that the modified BB gradient methods in [2,3] have the sufficient descent property,
that is

g die < —cllgell?,

where ¢ > 0. This property makes the proof of the global convergence of the correspond-
ing method easy and standard. In addition, the iterative methods with this property are
often more efficient than those without this property. However, the modified BB gradient
methods in [2,3] can only be used to solve the (constrained) nonlinear monotone equa-
tions, and the modified BB gradient method in [4] uses the inverse of o} to design the
descent direction, which is not reasonable (See the motivations in Section 2). Therefore,
in this paper, based on the modified BB gradient methods in [2-4], we shall design a new
BB gradient method for (1), which has the sufficient descent property under standard
assumptions, and also tends to the classical BB gradient method if the constant r > 0 (r
will be given later) is sufficiently small.

The rest of the paper is organized as follows. In Section 2, some motivations are in-
troduced and the detailed sufficient descent BB gradient method is outlined. In Section
3, the global convergence of the new method is proved under some standard conditions.
In Section 4, numerical results and comparison about the impulse noise removal in im-
age processing are reported to show the efficiency of the new method. Some concluding
remarks are summarized in the final section.

2. Motivations and Algorithm. For the nonlinear Equation (2), Zhang and Zhou [6]
introduced some interesting modifications of BB gradient method such that the modified
method has sufficient descent property. More specially, the search direction in [6] is

1
dy, = —WF(%% (4)
i

where 072 = 1 and 072 = s]yi/||skl|?, if K > 2. Here s = xp — 21, yp = F(z) —
F(xk_1) + rsg and r > 0 is a constant. By introducing the term rsj in y; and under the
mapping F(+) is monotone and Lipschitz continuous, Zhang and Zhou [6] proved that the
modified BB gradient method possesses the following nice property

1 1
—;HF(Ik)Hz < F(ay) "dy < _L—MHF(%)HQ’

where L > 0 is the Lipschitz constant of the mapping F'(-). Obviously, the right inequality
indicates that the search direction dj, satisfies the sufficient descent property. The above
inequalities are based on the monotonicity of F'(-), and F(-) is equivalent to ¢(-) in (1).
However, the mapping ¢g(-) often does not assume to satisfy the monotone property. Thus,
we cannot generalize the modified BB gradient method in [6] to solve (1), though it satisfies
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the sufficient descent property. As for the method proposed by Liu and Li [4], its search

direction is also generated by
1
dy = —QﬁF(xk); (5)
k

where 0% = 1 and 0FY = ||si||?/s) yr, if k > 2. Here s, = 2, — Tp_1, Yr = Gk — Gr_1 + tiSt,

and
ty = 1+max{0,—M}.
s ll?

Obviously, 65" is the inverse of af or %%, Tt is well-known that «; is deduced by using
some quasi-Newton property, which can greatly speed up the convergence rate of the
gradient method for quadratic functions. The parameter 6; can ensure that the search
direction dj generated by (5) satisfies the sufficient descent property, and this is the main
motivation of O, However, unlike #%%, % cannot tend to ol except for some special
cases. Therefore, in this paper, we intend to design a modified BB gradient method which
not only has the sufficient descent property but also can reduce to the classical BB gradient
method in some cases.

Throughout this paper, we make the following assumptions.

Assumptions.

(A1) The level set Q@ = {z € R"|f(x) < f(x0)} is bounded.

(A2) In some neighborhood N of €2, the objective function f(-) is continuously differ-
entiable and its gradient g(-) is Lipschitz continuous, i.e., there exists a constant L > 0
such that

l9(x) =9Il < Lllz = yll, Yo,y € N. (6)

We now formally state the steps of the modified BB gradient method for solving problem
(1) as follows.

Algorithm 2.1

Step 0. Given an initial point 2o € R", and choose four constants r > 0, p € (0, 1),
5 €(0,1),e>0. Set k:=0.

Step 1. If ||gx|| < e, stop.

Step 2. Compute dj by

—Jk, lf k = 0,
= 1
k

where 075 = sl yi./||si||? is similar to ok, and s = 13, — x;,_1, but y; is defined by
Uk = (9 — Gr—1) + tisk,

Sg(gk — Jk-1) }
k12
Step 3. Determine stepsize a; by the following Armijo line search, oy, = p'* with [,
being the smallest nonnegative integer [ such that
Flak + ardy) < f(x) + 6o gy dy. (8)

Step 4. Let x4y = o) + agdi. Set k:= k + 1 and go to Step 1.
Now we give some remarks about Algorithm 2.1.

with
78 :r+max{0,—

Remark 2.1. Obviously, we have the following inequality
sk = s (9k — gr-1) + tellsel|* > vl (9)
On the other hand, if s} (gr — gr—1) > 0, then by (6), we have
e Yk = S (gr — gr—1) +7llsel* < (L + 7).
If s} (gx — gr_1) < 0, we have
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SkT(gk - 9k:—1)

Sp Yk = 85 (9k — gk—1) — AL skl + rllsill* = rllsall® < (L +7)llskl]*.
By the above two inequalities and (9), we have
r <0 <r+ L (10)
This together with (7) implies the following two z'mportcmt inequalities
1
—= < gid < ———||gil*. 11
~lgell® < gi di L el 1 (11)

Obviously, the right inequality indicates that the search direction dj, generated by Algorithm
2.1 satisfies the sufficient descent property. In addition, from (10), we can also get another
two important inequalities

< ||d <_ 12
7o Mol < lldell < llgell (12)

Remark 2.2. Obviously, ifr = 0 and s} (gr—gr_1) > 0, then 67° reduces to o.. Therefore,

the descent direction dy, defined by (7) is identical to the direction of the classical BB
gradient method.

3. Global Convergence. In this section, we shall prove the global convergence of Al-
gorithm 2.1 under Assumptions (A1) and (A2). First, we need to prove that the line
search scheme (8) will terminate in a finite number of steps for every k£ > 0 to ensure that
Algorithm 2.1 is well-defined.

Lemma 3.1. Algorithm 2.1 is well-defined, namely, there exists a nonnegative integer Iy,
satisfying the line search scheme (8) for all k.

Proof: The proof is standard, and thus is omitted.

Lemma 3.2. There exists a constant o > 0 such that the stepsize ay involved in Step 3
of Algorithm 2.1 satisfies

ap > min { 1, Hgk”z} (13)
Nl
Proof: If a; # 1, then by the acceptance rule of stepsize ay in Algorithm 2.1, we have

o), = ay,/p does not satisfy (8), namely f(xy+ajdy) > f(xx)+5(a})?g) d. This and (11),
(12) give

(o)’ S(L + r)(ap)?

Sz + agdy) > fax) = lgull* = f(xx) — 2 i ]I*. (14)

On the other hand, from the mean value theorem, (11) and (A2), there exists a constant
0, € (0,1), such that

f (o + idy) — flar) = ajg(ax + Opaidy) " dy
= Oékgl;rdk + g (g(xx + O dy) — gr) " di

+ (k)" Ll di |,

< —

- L —l—
which together with (14) shows that (13) holds with o =
the proof.

T y ST This completes
Lemma 3.3. Let the sequence {dy} be generated by Algorithm 2.1. Then we have
Proof: Elementary.

Now, using the above lemmas, we can obtain the global convergence of Algorithm 2.1
as follows.
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Theorem 3.1. Suppose that (A1) and (A2) hold. Then the sequence {xy} generated by
Algorithm 2.1 is global convergence in the sense that

klim inf || gx|| = 0.

Proof: By contradiction, we suppose that the conclusion is not right. Then there exists
a constant ¢ > 0 such that ||gx|| > &, Yk > 0. This together with (12) implies that

£
ldill 2 7. vk = 0.

Combining the above inequality with (15) gives
lim oy = 0. (16)

k—o0

On the other hand, (A1) and (A2) imply there is a constant v > 0 such that ||gx|| < 7,
Vk > 0. Then, this and (12) give that

]l < /7. (17)

Thus, from (13) and (17), we get a; > min {1, QE;TQ }, Vk > 0. This yields a contradiction
with (16). The proof is then completed.

4. Numerical Results. In this section, we use Algorithm 2.1 to remove the salt-and-
pepper impulse noise in the second phase of the two-phase method [5], and present some
numerical experiments to evaluate its performance. At the same time, we also give some
comparisons with the related algorithms, including the PRP conjugate gradient method
in [5], denoted by CCM, and the modified BB gradient method in [4], denoted by LL.
Let X = [z;]mxn be the true image with M-by-N pixels. For each (i,j) € A :=
{1,2,...,M} x {1,2,...,N}, let V;; be the neighborhood of (,7), i.e., Vi; = {(4,7 —
1),(t,7+1),(i—1,7),(i+1,7)}. In addition, let y; ; be the observed pixel value of the
image at the position (7, 7). Now let us review the efficient two-phase method for restoring
images corrupted with high level salt-and-pepper impulse noise. In the first phase, the
salt-and-pepper impulse noise is detected by the adaptive median filter (AMF), and let
N C A denote the set of indices of the noise pixels detected in this phase. Then, the
second phase is the recovering of the noise pixels by minimizing the following function:

1

Go(u) = Z { ( Z @a(ui,j — ym,n) + 5 Z ‘Pa(uz‘,j - ymn)} , (18)

(i.j)EN JEVi;\NV (m,n)€Vi NN

where « is the regularization parameter, and ¢, is an edge-preserving function, and
u = [u; ;] jen is a column vector of length lexicographically. Here ¢ denotes the number
of element of N.

We implemented all the algorithms with codes written in Matlab 7.10. The testing is
performed on a PC computer with Pentium(R) Dual-Core CPU T4400@2.2GHz, 4GB of
memory. The test images are two 256 x 256 gray level images (Cameraman and Lena)
and two 512 x 512 gray level images (Barbara and Boat).

Throughout the computational experiments, the parameters used in Algorithm 2.1 are
chosen as follows: r = 0.0001, p = 0.4, § = 0.2, and the parameters used in LL are
chosen as follows: 7 = \/@/8, p=0.9, 6 =0.5. The CCM does not use any line search,

g
and its stepsize is computed explicitly by oy, = § 2% % at each iteration with § = v/99/8.

lldill?>
To assess the restoration performance qualitatively, we use the peak signal to noise ratio

(PSNR) defined as
2552

1 o )2
MN Eu (“m SE%J)
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where u;; is the pixel values of the restored image. Furthermore, the stopping criterion
of three algorithms are

|Ga (k) = Ga(wr—)| <1074 or [ — g1 ||

The edge-preserving function ¢, is defined as

<1074

) (2a), if |t <a,
Palt) = { it —a/2, if |t > a
with a = 10.

Table 1 lists some detailed numerical results with different noise levels r = 30%, 50%,
70%, and 90%, respectively. All the experiments are repeated 10 times and the average
of the ten results are reported. We report the CPU time (in second), the number of
iterations (Niter) required for the whole denoising process and the PSNR of the recovered
image. From Table 1, we find that: (1) For the same stopping criterion, three algorithms
generate almost the same PRSNs, which indicates that the qualities of restored images
from three algorithms are similar; (2) Comparing with the other two criteria: CPU and
Niter, we find that Algorithm 2.1 is faster than the other two algorithms, since it needs
less CPU and less Niter to reach the same accuracy. Overall, Algorithm 2.1 is an efficient
method for the subproblem (18) of the two-phase method.

TABLE 1. Performance of salt-and-pepper denoising via three algorithms

Image (%) CCM LL Algorithm 2.1
PSNR CPU Niter PSNR CPU Niter PSNR CPU Niter
30 30.34 344 49.8 3048 3.15 46.0 30.53 298 30.6
50 2730 548 61.6 2738 5.80 59.2 27.37 410 328

Cameraman o) o7 go8 818 2465 8.04 812 2474 648 44.0
90 2111 16.68 1554 21.14 14.75 1550 21.15 11.18 67.8

30 3334 267 236 3338 237 310 3339 254 308

Lema 50 30.03 4.06 445 30.04 401 431 3007 3.19 26.2

70 27.02 6.06 644 27.04 646 644 2711 439 328

90 2271 1347 131.6 22.68 14.09 129.0 22.68 9.75 59.6

Barbara 70 2457 26.15 55.0 2456 2592 532 2458 21.71 30.0
Boat 70 2790 2941 63.0 2790 2870 59.4 2790 2485 36.2

5. Conclusions. In this paper, we proposed a modified Barzilain-Borwein gradient meth-
od for the unconstrained optimization. The most desirable property is that the direction
generated by the new method is always sufficient descent. In the future, we shall further
study the BB gradient method and apply it to other domains, such as compressive sensing,
and nonlinear regression.
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