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Abstract. Electro-osmotic flow through a cylindrical tube is investigated numerically
based on the finite difference method with the successive over relaxation (SOR) method
using the Fortran language. The effect of the pressure weight parameter β and the tol-
erance τ of the SOR method on the SOR convergent rate and the maximum error of the
continuity equation are examined. The results show that a low-value of β and a high-
value of τ give a good convergent rate of the SOR method. Moreover, the value of the
external electric field plays an important role on the convergent rate of the SOR method
but it has no impact on the maximum error of the continuity equation.
Keywords: Electro-osmosis, Electro-osmotic flow, Finite difference method, Conver-
gence

1. Introduction. Over the last decade, microfluidics has been widely developed for the
applications, for example, lab on a chip, DNA chip, and micro-mixer system [1-3]. Due to
the micro-scale of the channel in microfluidics, the electro-osmotic force plays an important
role and will become a powerful tool to control the fluid phenomena [4]. Therefore, one
of the key to success in the microfluidics advance, especially in a system design, is the
understanding in the behavior of the electro-osmotic flow (EOF) [5-7]. To investigate the
phenomena of EOF, the finite difference method (FDM) is one of the well-known methods
giving a good accurate numerical result and fast convergence. Recently, there are a number
of researches involving FDM on EOF. Aboelkassem [8] presented the numerical simulation
of electro-osmotic flow patterns using FDM. Their governing equations are simplified by
eliminating transient and convection terms in momentum equations. Li et al. [9] and
Reshadi et al. [10] also investigated the behavior of electro-osmotic flow in microchannel
using FDM. The pressure gradient term, in their works, on the Navier-Stokes equations
is ignored or assumed to be a constant. Although the simplification of the governing
equations is a general methodology in computational fluid dynamics, this may result in
an unrealistic behavior in certain circumstances when the eliminated term has a significant
value. Moreover, all works mentioned above do not propose the efficiency of the method
and the effect of the involved parameters.

In this paper, we propose the mathematical model of EOF induced by acceleration,
convection, pressure, viscosity and external electric field on an electrolyte fluid through a
cylindrical microchannel. The flow behavior is simulated using FDM and successive over
relaxation (SOR) method on the incompressible Navier-Stokes equations coupled with
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the electroosmotic body force expressed as the Debye-Huckle linear approximation. The
effects of the pressure weight parameter and the SOR tolerance on the convergent rate and
the error of the continuity equation are investigated to obtain the efficient algorithm. In
addition, the influence of applied external electric field is determined. The introduction
is presented in Section 1. The governing equations and the computational models are
given in Section 2. The main results with the discussions and the conclusions are shown
in Sections 3 and 4, respectively.

2. Governing Equations and Computational Models.

2.1. Governing equations. Assuming an axisymmetric flow around the z-axis, we ex-
press the dimensionless fundamental equations of the transient incompressible electro-
osmotic flow through a cylindrical tube in a cylindrical coordinate system (r, ϕ, z) as:
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∂2ũr

∂z̃2
− ũr
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Here ur and uz are the fluid velocity in r- and z-direction, p is the fluid pressure, Ψ is
the potential distribution inside the tube, E is the external electric field, Eref is the chosen
referenced value of electric field, R is the radius of channel cross-section (see Figure 1(a)),
and ρ, µ, ε, ζ, and λD are the fluid properties shown in Table 1; the dimensionless variables
are defined as: r̃ = r/R, z̃ = z/R, VEOF = εζEref/µ, ũr = u/VEOF , ũz = uz/VEOF , p̃ =

p/(εζEref/R), Ψ̃ = Ψ/ζ, Ẽ = E/Eref , λ̃D = λD/R, t̃ = t/(R/VEOF ), Re = ρRVEOF /µ.
Equation (1) is known as the continuity equation, while Equations (2) and (3) are the
incompressible Navier-Stokes equations with electro-osmotic force. In case of a low-value
of potential inside the tube (less than 25 mV), Ψ̃ can be expressed by the Debye-Huckle
linear approximation as shown in Equation (4).

We, in this study, consider electro-osmotic flow through a cylindrical tube as shown in
Figure 1(a). The computational domain is in 2 dimensions (ϕ-direction is vanished by
the symmetric property of the flow around the z-axis) and is demonstrated in Figure 1(b)

with the dimensionless radius R̃ = 1 and the dimensionless length l̃ = 5. Fluid is assumed
to be an aqueous KCl solution (1 : 1 electrolytes) with Re = 1.6× 10−3 and its properties
are presented in Table 1. The referenced external electric field Eref is set at 500 Vm−1.

(a) (b)

Figure 1. (a) The cylindrical tube, and (b) the 2-dimensional computa-
tional domain
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Table 1. Fluid properties [4]

Parameters Symbol Value Unit

Fluid density ρ 1.00 × 103 kgm−3

Fluid viscosity µ 0.90 × 10−3 kgm−1s−1

Fluid permittivity ε 6.95 × 10−10 CV−1m−1

Zeta potential ζ 2.49 × 10−2 V

Electrical double layer thickness λD 2.50 × 10−5 m

The boundary conditions are given by: 1) Inlet: ũr = 0 and ũz = 1.04; 2) Outlet:
p̃ = 0; 3) Channel center: ũr = 0 and Ψ̃ = 0; 4) Wall: no slip and Ψ̃ = 1.

2.2. Computational models. By computing Equations (2) to (4) using FDM, now we
can update the value of next time step of the dimensionless fluid velocity ũk+1

r and ũk+1
z .

However, in general, ũk+1
r and ũk+1

z do not satisfy the continuity equation (1). Moreover,
there is no computation for updating the fluid pressure p̃k+1. To deal with this issue, the
new system of equations to update the next level of fluid velocity and pressure [11] is
presented as follows:
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∂ũk
z

∂z̃
− β

∂p̃k

∂z̃
+

1

r̃

∂

∂r̃

(
r̃
∂ũk
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The variables ûk
r and ûk

z are known as the predicted velocities where β is the pressure
weight parameter and ∆t̃ is the time step size. The variable δ in Equation (5) can be
obtained by solving the following Poisson’s equation:
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The numerical result is simulated using the Euler forward method with ∆t̃ = 1 × 10−5

and FDM with 51 and 251 points on r- and z-directions, respectively. The value of δ in
Equation (8) is computed using the SOR method for a relaxation parameter ω = 1.9 until
the relative error of δ is less than the given SOR tolerance τ .

3. Main Results and Discussions.

3.1. Fluid phenomena. The fluid pressure and the fluid velocity in z-direction of the
steady state electro-osmotic flow (at time step 106) through a cylindrical tube are pre-
sented in Figure 2. The velocity in r-direction, which is almost zero in the entire channel,
is omitted.

The results in Figure 2(a) show that, the pressure drop decreases in the model with
positive value of the external electric field (Ẽ = 1) compared with the model without the
external electric field (Ẽ = 0). However, the pressure drop increases in the model with
negative value of the external electric field (Ẽ = −1). In addition, the difference of fluid
velocity between the channel center and the wall decreases when positive value of Ẽ is
applied as seen in Figure 2(b). In contrast, the difference of fluid velocity increases when
we apply the negative value of Ẽ.
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Figure 2. (a) Pressure p̃ and (b) z-axis velocity profile ũz of electro-
osmotic flow through a cylindrical tube at time step 106 with 3 different
values of Ẽ: −1, 0, and 1

Due to the fact that all equations of the SOR method in each time step are the same,
the convergent rate of the SOR method can be represented by the number of SOR time
steps. Furthermore, to preserve the mass, the fluid velocity should satisfy the continuity
equation. However, in a numerical method, the value of the velocity is not equal to zero
(we call this as the error of continuity equation). Therefore, in this study, the effect of the
pressure weight parameter β, the SOR tolerance τ , and the external electric field Ẽ on the
convergent rate of the SOR method and the maximum error of the continuity equation
are investigated.

3.2. Effect of the pressure weight parameter β. Figure 3(a) demonstrates the num-
ber of time steps to achieve the SOR method with tolerance τ = 10−5 in each velocity
time step starting from 1 to 150000 with 5 different values of β: 0.1, 0.2, 0.4, 0.6, and
0.8. It can be clearly seen that, when β is decreased, the number of SOR time steps
decreases even though there is a slightly difference between the models with β = 0.1 and
0.2. Figure 3(b) presents the maximum error of the continuity equation in each velocity
time step starting from 1 to 150000 with 5 different values of β. The figure shows that
the maximum error is around 2 × 10−6 in the model with β = 0.1, and decreases as the
value of β is increased.

3.3. Effect of the SOR tolerance τ . In Figure 4, using β = 0.1, we present the effect
on the convergent rate of the SOR method and the maximum error of the continuity
equation as the tolerance of the SOR method is increased. The result in Figure 4(a)

Figure 3. (a) The number of SOR time steps and (b) the maximum error
of the continuity equation versus velocity time step with 5 different values
of β: 0.1, 0.2, 0.4, 0.6, and 0.8
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Figure 4. (a) The number of SOR time steps and (b) the maximum error
of the continuity equation versus velocity time step with 5 different values
of τ : 10−1, 10−2, 10−3, 10−4 and 10−5

shows that, after velocity time step 50000, the number of SOR time steps reduces from
around 60 to around 10 time steps when we increase τ from 10−5 to 10−3. But, the number
of SOR time steps increases in the model with τ = 10−2 compared with the models with
τ = 10−3 and 10−4. However, when we increase the value of τ to 10−1, the number of SOR
time steps decreases to around 10 time steps again. Furthermore, when the tolerance is
increased to 100, fluid velocity and pressure diverge at a few hundreds of the velocity time
step. Figure 4(b) clearly shows that there is no significant effect on the maximum error
of the continuity equation when τ is decreased.

3.4. Effect of the external electric field Ẽ. It is worth mentioning the effect of the
external electric field on the convergent rate of the SOR method and the maximum error
of the continuity equation as shown in Figure 5 (β = 0.1 and τ = 1 × 10−3). In Figure
5(a), It can be found that the number of SOR time steps tends to increase when we apply
the external electric field. However, there is no significant effect on the maximum error
of the continuity equation when Ẽ is decreased as seen in Figure 5(b).

Figure 5. (a) The number of SOR time steps and (b) the maximum error
of the continuity equation versus velocity time step with 5 different values
of Ẽ: 0, 1, 2, 4, and 6

4. Conclusions. We, in this study, aim to present the computational model of electro-
osmotic flow through a cylindrical tube and investigate the influence of the pressure weight
parameter β, the SOR tolerance τ , and the external electric field Ẽ on the convergent rate
and the maximum error of the continuity equation. Our results show that one should use
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a low-value of β and a high-value of τ to obtain the better computation time. However,
too high value of τ can result in the divergence of the velocity value. Moreover, when
the electro-osmotic force is applied, the computation time rises up. Therefore, the proper
value of the parameters affecting the convergent rate has a high impact on reducing
the computation time for the EOF simulation. In future work, we will focus on an
application of electro-osmotic forceona control of the concentration gradient of cytokinin
which influences the movement of neutrophilin liquid.
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