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ABSTRACT. This paper studies the problem of fault detection filter design for a class
of nonlinear discrete-time systems in presence of parameter uncertainties based on the
interval type-2 (IT2) T-S fuzzy model. On the basis of the IT2 T-S fuzzy model, the pa-
rameter uncertainty is tackled via membership functions with lower and upper bounds. A
novel IT2 fault detection filter is constructed to ensure the residual system to be asymp-
totically stable and satisfy the predefined Ho, performance. It is worth noting that the
filter to be designed does not share the same premise variables, number of fuzzy rules
and membership functions with the fuzzy model, which will lead to more flexible design.
Finally, a practical example is given to illustrate the effectiveness of the method proposed
in this paper.

Keywords: Nonlinear systems, Parameter uncertainties, IT2 T-S fuzzy model, Fault
detection filter

1. Introduction. In recent few decades, nonlinear systems have drawn considerable at-
tention. Due to the limited capability of traditional linear system theory, various nonlin-
ear control theories have been proposed, such as fuzzy control [1], sliding model control
2, 3] and adaptive control [4]. Compared with other nonlinear control strategies, Takagi-
Sugeno (T-S) fuzzy model [5] can employ the priori and approximate the nonlinearity to
any accuracy with so-called “IF-THEN” rules, which has been applied successfully in [6].

On the other hand, fault detection has been an active research field since the high
safety, reliability and performance are demanded in industrial applications [7]. Using T-S
fuzzy model, considerable results about fault detection for nonlinear systems have been
reported. The authors in [8] proposed a filter-based fault detection scheme for a category
of uncertain nonlinear systems. The problem of robust fault detection for a class of
nonlinear systems with sensor faults and unknown bounded disturbances was investigated
in [9]. The authors in [10] proposed a filter scheme for nonlinear networked systems with
mixed delays and successive packet dropouts. An observer-based fault detection scheme
was provided for nonlinear systems with sensor fault in [11]. Considering networked
measurements, the authors in [12] focused on the problem of fault detection for nonlinear
systems based on the fuzzy-model-based approach.

However, it should be mentioned that the results mentioned above are on the basis
of type-1 T-S fuzzy model, in which membership functions are determined. Using such
membership functions, there exist some conservativeness when uncertainties appear in
systems. The interval type-2 fuzzy set was proposed in [13]. Membership functions of
[13] are interval rather than determined and in this case, the uncertainty can be captured
and expressed via membership functions with lower and upper bounds. Recently, some
remarkable results have been scattered in the literature, see for example, [14, 15, 16, 17]
and references therein. As an extension, the authors in [18] combined the IT-2 fuzzy
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set theory and T-S fuzzy model and constructed the I'T2 T-S fuzzy model. With such
model, the stability and stabilization problems for nonlinear systems subject to parameter
uncertainties were investigated [18]. To consider more uncertain information, the footprint
of uncertainty was taken into consideration in [19]. Considering unmatched membership
functions, the authors in [20, 21] provided state-feedback-based and output-feedback-
based control strategies and filter design for uncertain systems in the framework of 1T2
T-S fuzzy model. In [22; 23], the IT2 T-S model was applied to nonlinear uncertain
networked systems. However, there exist few fault detection results concerning nonlinear
uncertain systems on the basis of IT2 T-S fuzzy model, which motivates this work.

This paper investigates the problem of fault detection filter (FDF) design for a class of
nonlinear discrete-time systems subject to parameter uncertainties. The main contribu-
tions can be summarized as follows. 1) The problem of uncertainties existing in systems
is handled through IT2 T-S fuzzy model, which can facilitate capturing and expressing
uncertainties and reduce design conservativeness. 2) The problem of design flexibility is
improved via adopting independent premise variables, membership functions and number
of fuzzy rules for the FDF to be designed. 3) The problem of design conservativeness is
taking into consideration by considering the footprint of uncertainty. Finally, simulation
results are given to demonstrate the effectiveness of the method proposed in this paper.

The remainder of the paper is organized as follows. Section 2 describes the problem of
fault detection subject to parameter uncertainties. The conditions of designing the FDF
are formulated in Section 3. An practical example is provided to verify the usefulness of
the proposed method in Section 4. Finally, Section 5 concludes the paper.

Notation: Notations without explicit statement in this paper are as same as existing
relative papers.

2. Problem Statement and Preliminaries. Consider the following I'T-2 T-S model
for a class of nonlinear systems with parameter uncertainties.

Plant Rule i: TF f; (0(k)) is M;1, and f5 (o(k)) is Mp and, ..., and fp (o(k)) is M,
THEN

x(k+1) = Az (k) + Byu (k) + Eyw(k) + Ey f(k),
y (k) = Cix (k) + Dyu (k) + Fryw(k) + Fo f(k), i =1,2,...,r, (1)

where M;; denotes the fuzzy set, and f(o(k)) = [fi (o(k)), fa(0(k)),..., fo(a(k))]"
stands for the premise variable. z (k) € R" represents the state; y (k) € R" stands for
the measured output; u (k) € R™ denotes the control input; w (k) € R™ and f(k) € R™f
stand for the external disturbance and the fault vector to be detected, respectively, which
belong to I3 [0,00). A;, Bi, Evi, Eo, C;, D;, Fy; and Fy; are system matrices with ap-
propriate dimensions. The following interval sets present the firing strength of the ith
rule:

where

Il
T

0
QMip (Sl (k) = 0, mi(a(k)) = | [@as, (fr(a (k) = 0, (2)

sy, (fo(o(k ))) g, (fp(o(k))) =0, mi(o(k)) Zimi(d(k)) >0, (3)
gMip(fp(a(k:))) Ung,, (fp(o(k ))), m;(o(k)) and m;(o(k)) denote lower and upper member-

ship functions, lower and upper grade of membership, respectively.
The overall dynamics of the IT2 T-S model (1) can be represented as follows:

k? + 1 Z TTLZ (k?) + B;u (k’) + Eh‘w(k) + Eng(k?)] )
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= Z m; (o(k)) [Csz (k) + Diu (k) + Frw(k) 4+ Fa f (k)] (4)

where m; (o(k)) = TQi( o(k))m,(o(k))+ai(o(k))mi(o(k)) >0, o m; (o(k)) = 1,0<a k) <

(k) X (@i(a(k)m (o (k))+as (o (k)ymi( (k) B Z (k) < alo(k)) <
1,0 <a(o(k)) <1, aq;(o(k)) +a;,(c(k)) =1 with g,(c(k)) and @;(c(k)) being nonlinear
weighting functions and m; (o(k)) regarded as the grades of membership.

The filter-based fault detection scheme is adopted in this paper. To construct more
flexible IT2 filter, the FDF to be designed does not need to share the same premise
variables, number of fuzzy rules and membership functions with the plant. And the I'T2
FDF with s-rule is described as follows:

Filter Rule j: IF g (o(k)) is Nj1, and gy (0(k)) is Nj2 and, ..., and gg (0(k)) is N;g,
THEN

zy(k+1) = Apjay (k) + By (k),
7”(]{3) = ij.iEf (k?)+ijyf(l{f), ] = 1,2,...,8, (5)

where x¢ (k) € R™ denotes the state of the FDF; r (k) € R" is the “residual” that is
compatible with f(k) and Ay;, Byj, Cy; and Dy; are FDF matrices to be determined.
The following interval sets describe the firing strength of the jth rule:

Qj(o(k)) = [w;(a(k), @;(o(k))],

=0

where w;(0(k)) = T un,, (94(0(k))) = 0, Wi(o (k)= li[1 Uun,,(94(0(F))) = 0, Un;, (94(0 (K)))

q=1 q
> uy; (94(0(k))) = 0, w,( (k) = wi(o(k)) = 0, uy, (gp(a(k))), un,,(9p(0(k))), wi(o(k))
and w;(o(k)) denote lower and upper membership functions, lower and upper grade of
membership, respectively.
Then, the overall fuzzy FDF is represented as follows:

1) = Z%’ (o(k)) [Agjzs (k) + Brjyr(k)],

k) = ij (oK) [Crjzs (k) + Dyjyp (k)] (6)

bj (o (k))w; (o(k))+b; (o (k))w; (o (k) :
where w; (x(k)) = == L L . > 0, w;(o(k)) = 1, b;(c(k)) €
i (k) jgl(bj(U(’f))ﬂj(U(k))erj(U(k))wj(U(k))) ; i (o(k)) ]< (k)

[0 1], bj(a(k)) € [0 1], bj(o(k)) + bj(o(k)) = 1, bi(o(k)) and b;(o(k)) are pre-
defined nonlinear functions and w; (o(k)) is regarded as the grade of membership.

In order to identify the fault timely when it arises, a residual reference model is intro-
duced in the form of f(z) = W(z)f(z). A minimal realization of f(z) = W(z)f(2) is as
follows:

#(k+1) = Ay2(k) + By f(k),
f(k) = Cui(k) + Duf(k), (7)

This section gives the evaluation function ||r|| and threshold Jy, to determine whether
a systems is suffering fault or not. The details are as follows:

|7l > Jen — with faults — alarm,
7]l < Jin — no faults,
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where

to

S rk)Tr(k), L=ty—ti+1, Ju & sup ||
k=t w(k)€lz, f(k)=0

1
Il £ =

L

The residual system is represented as follows:

i(k+1) = Z Z m; (o (k) w; (o(k)) [Ar;@ (k) + Buja (k)] ,
z(k) = sz (0 (k) w; (o(k)) [Cuij (k) + Dy (k)] (8)
where
B(k) = [2T(k) af(k) 27(k) )", a(k)=[uT(k) wT(k) f7(k)]"
A; 0 0 B; Ex; Ey;
Ayj = | ByCi Ag; 0 |, Buyj= | ByyDi BpjFu BpFy |, z(k) =r(k) — f(k),

0 0 Ay 0 0 By,

To consider more information of uncertainty and facilitate stability analysis of system
(8), following the idea in [19], the state space of interest H consists of g connected sub-state
spaces H, (z = 1,2,...,q) with H = U!_,H,. Then we divide the FOU into ¢ 4+ 1 sub-

FOUs. Forl =1,2,...,¢c+1. Expressions of lower and upper membership functions in the
¢ 2 2 2 ng

I-th sub-FOU are rewritten as h,;(o(k)) = 231 121 ‘21 - Zl Hl Vrirzt (07 (8)) Dijisig. i oo
z=1li1=11i2= ing=1T=

o) = 3535 3 0 3 v (00 0) Tyt whete 0 < hy(o(h)) <

1i1=1142=1 Ing
Ewl( (k) <1, Yijirig.ina < @Z jivigeinzls Yijirig. inz1 a0 Eiﬁmminzl are constant scalars
to be determlned 0 < vy a(z-(k)) < 1 with the property v,1, (0-(k)) + vrou (0-(k)) =1
for 7, s = 1,2,...,ny; l 1,2, ..,g—i— 1; i, = 1,2; x(k) € H,; and v (0,(k)) = 0 if

q Ny
otherwise. Thus, > Z Z Z [ vri,i (0-(k)) = 1 for all [ is achieved, which is
=lii=lig=1  ing=17=1
used to analyze the system stability. For simplisity, the variable o (k) is omitted.
Then, system (8) can be rewritten as follows:

i=1 j=1
= Z Z hij [Chi;® (k) 4 Dyga (k)] (9)
i=1 j=1
where
s+1 o
hij = miw; = sz’jl (Qiﬂhijl + Cijzhijz> ;
=1
1, hij € sub-FOU I, v~ -
pit = { 0, clse, 2.2 hy=1,0< S S G = 1

i=1 j=1
where the functions Qiﬂ and Ziﬂ are not required to be known. ¢ gt T Zijl =1 for ¢, 7 and

l.
The purpose of the paper is to design a FDF on the basis of I'T-2 framework such that
the following conditions are satisfied simultaneously.
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1) The residual system in (9) is asymptotically stable;
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2) Under zero initial condition, with a given positive scalar 7, the inequality

should be satisfied.
2

\/ZZOZO z (k) z (k) <~

NeSRICHT

3. Main Results. In this section, for given FDF gain matrices Ay;, Byj, Cy;, Dy;
(j = 1,2,...,s), the sufficient criteria are given to ensure residual system (9) to be

asymptotically stable and satisfy the predefined H., performance.

Theorem 3.1. Considering fuzzy system in (9), for a positive scalar 7y, system in (9)
is asymptotically stable and satisfies a giwen disturbance attenuation indez, if there exist
symmetric matrices Hy > 0, V. >0, W >0, Wiy > 0, and matrices Agj, Byj, Cyj, Dyj,

M, where
Wit Waii -+ Wiz My My --- Mg
- * W?ijl ce Wllijl _ * M7 ce M11
Wijl - . . ) M = . .
* * . : * * :
* * * Wguﬂ * * * M21

satisfying the following conditions:

P il P i,
ot 0 2 0
[ * Dy =Y [ * () } =
where
ANTY /:1fj 0 Asij Ayij As;j
.= | B Ay 0 Agij Az Asij
Y 0 0 VA, 0 0 VB, ’
i D C; Cyj —Cy DyjD; Dy Fyy Dy Fy — Dy,
[ —H, -W 0
Q = * =W 0 ,
o * =V
[ Dy @2@‘1 e §)Gijl O 92 e 96
k * c. : k k °. .
* * * ‘i)mjl * * * QZl

P = dmg{Q, —I}, Alij = fv’IlAAZ -+ ijC’i, Agij = WTAZ —+ ijC’Z-,
Az = HB; + ijDz', Ayij = HiEy; + ijFlia Asij = Hi By + ijF2i7

(10)

Agij = WEB; + By;Dy, Agij = WTEy + By Fui, Agij = W Ey + By Fy;,

o= =9 H— (9. =0 Wi+ (0. . —
cI)ll]l 1J11%2...1n 21 1 ( 1J11%2...1n 21 Zﬂlm---anI) 1ijl 1J%1%2...0n 21

wiil = ~DijiviginaW = Qijivin.inat — Dijivig.inzt) Wigist

1 _
+ <ﬁijm‘2...z’nzz - —) My, 1o =2,7,

rs

(I)m'jl = (ﬁz‘jili2...inzl - ﬂijilig...inzl) Wblijl

1 _
+ (ﬁijilig...inzl - _> M, t1=38,...,11,

rs

(I)12ijl = _Qijilig.“inzlv - (Qijilig...inzl - ﬁijmz...inzl) Wl?z‘jl + (Qijiliz...z’nzl -

1 _
_> Mlu
rs

1 _
_) MlQa
rs
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q)bzijl == (ﬁijiliz...inzl - ﬂijiliz...z‘nzl) Wm‘jl

1 _

+ (ﬁijili%inzl — —) M,, 1o=3,...,6,13,14,15,17, 18, 20,
TS

(T)Lsijl = _ﬁz‘jili2...z’nzz’72] - (Qijilig...inzl - Eijililnind) WLsijl

1
+ (Qijilig...inzl - E) ML37 L3 = 167 19, 21,

1= —H; — Wlijl + My, Qp=-W — WQijl + My, Q7 =-W — W?ijl + M,
w =W+ M, 1u=3,...,6,13,14,1517,18, 20,

= W+ M, 15=28,9,10,11, Qip = =V — Wig; + M2,

Q= =7 — Wi + M, 15 =16,19,21.

Furthermore, if the aforementioned conditions hold, the FDF gain matrices in the form

A¢i By W=t 0 Ar: By
of (5) can be computed b 7 fi ] = [ ] [ ~fi 21 ] )
f ) Py [ Cri Diy 0 I ][ Cpy Dy

2
|

N

eliyel

4. Numerical Example. Consider the tunnel diode circuit governed by the dynamic
equation: ip(k) = 0.002vp(k) + dv3(k), where @ is an uncertain parameter and 0 €
[0.01,0.03].

Define z1(k) = vo(k), x2(k) = iy (k) and f = 0.002 + 9v% (k). Then, one can get

Cl‘l(l{?) = —f.Tl(k') + 1’2(]{?),
Lxy(k) = —x1(k) — Rao(k) + w(k),

where C' = 20 mF, L = 1000 mH and R = 10 €.
For demonstration, the external disturbance and fault are given as:

_ | rand[0, 1], 20 <k < 70, ] 1, 30 <k <60,
w(k) = { 0, else, k) = { 0, else,

Referring to the modeling process in [18] and computing the LMIs (10) with v = 1.05,
the effectiveness of Theorem 3.1 can be validated.

Figure 1 and Figure 2 show the fault detection without the disturbance and fault
detection with the disturbance, respectively. From these figures, we can see that the
designed FDF can distinguish the fault signal from the disturbance.

-4

x 10
14 T T
with fault
‘-—-— without fault
12F
10r
g
g
[
% 8
_3
=
6,
4,
2 ™ =T SEmEmEmgrEm g m = =
0 10 20 30 40 50 60 70 80 90 100
Time(k)

FIGURE 1. Fault detection without input u(k) and disturbance w(k)
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FIGURE 2. Fault detection with disturbance w(k)

5. Conclusions. In this paper, the problem of filter-based fault detection for a cate-
gory of nonlinear systems subject to uncertainties has been studied. By using the T2
T-S fuzzy model, the uncertain systems have been modeled and uncertainties have been
captured and expressed through lower and upper membership functions. Employing in-
dependent premise variables, membership functions and number of fuzzy rules, the I'T2
FDF designed in this paper increases the design flexibility. The footprint of uncertainty
has been considered for more uncertain information and less conservative results. Based
on these techniques, sufficient conditions have been derived to design the desired IT2
FDF and ensure the residual system is asymptotically stable and satisfies disturbance
attenuation performance. Finally, simulation results have been provided to demonstrate
the effectiveness of the methodology proposed in this paper. In future work, time delay
will be considered to handle fault detection problem based on the IT2 T-S fuzzy model.
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