
ICIC Express Letters ICIC International c⃝2016 ISSN 1881-803X
Volume 10, Number 8, August 2016 pp. 1879–1885

THE COMBINED WEIGHTED ARITHMETIC AVERAGING
ALGORITHM TO MULTIPLE ATTRIBUTE DECISION-MAKING

WITHIN TRIANGULAR FUZZY NUMBERS

Qingjian Zhou, Man Liu, Qiang Liu and Jia Jiao∗

Department of Science
Dalian Minzu University

No. 18, Liaohe West Road, Jinzhou New District, Dalian 116600, P. R. China
{Zqj68; liuman dl; liuqiang }@dlnu.edu.cn; ∗Corresponding author: jiaojia@dlnu.edu.cn

Received December 2015; accepted March 2016

Abstract. In this paper, the Combined Weighted Arithmetic Averaging Algorithm is
proposed to solve the multiple attribute decision-making within triangular fuzzy numbers.
Firstly, all the attribute values in the form of triangular fuzzy numbers can be translated
into real numbers with their mathematical expectations. Secondly, the multiple attribute
decision-making problems with triangular fuzzy attribute values are transformed into the
problems with their mathematical expectations. Thirdly, the Combined Weighted Arith-
metic Averaging Algorithm is adopted to rank all alternatives as well as select the best.
Finally, a numerical example is given. The approach proposed in the paper can very well
solve multiple attribute decision-making within triangular fuzzy numbers, and it can be
seen that the approach is feasible and valid according to the illustrative example.
Keywords: Multiple attribute decision-making, Triangular fuzzy number, Combined
Weighted Arithmetic Averaging Algorithm

1. Introduction. As is well known, multiple attribute decision-making is characterized
by a decision maker, who is called to rank all alternatives as well as select the best from a
given alternative set. So far, multiple attribute decision-making has been one important
part of modern decision sciences.

In many situations, a decision maker often cannot give the information with precise
attribute values because of the complexity of the problems or lack of knowledge. So
many attribute values have to be given in the form of fuzzy numbers, and triangular
fuzzy numbers are one important form of fuzzy numbers. Then the problems of multiple
attribute decision-making with triangular fuzzy numbers have arisen, and so far a lot of
research has been done on it, as in [1-7,11-17].

In this paper, we mainly research on multiple attribute decision-making within triangu-
lar fuzzy numbers. Yen et al. gave the definition of triangular fuzzy numbers in the work
of [8]. Li introduced some type of fuzzy number in [9]. Facchinetti et al. respectively
gave a method to rank fuzzy triangular numbers in [10]. Zhou et al. gave the information
entropy based algorithm to multiple attribute decision making with attribute values in the
form of triangular fuzzy numbers in [14]. Xu introduced the method of possibility degree
to multiple attribute decision-making with triangular fuzzy numbers in [17]. However,
most of above methods are not easy to operate.

So in this paper, we will develop one new concise and practical decision analysis method
to multiple attribute decision-making within triangular fuzzy numbers. In the first place,
all the attribute values within triangular fuzzy numbers can be translated into real num-
bers with its mathematical expectation, and then the Combined Weighted Arithmetic
Averaging Algorithm is adopted to rank all alternatives as well as select the best. At last,
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one numerical example is used to illustrate the feasibility and the validity of the approach
proposed in the paper.

In order to do so, this paper is set out as follows. In Section 2, the decision-making
process of the Combined Weighted Arithmetic Averaging Algorithm to multiple attribute
decision-making within triangular fuzzy number attribute values is given. In Section 3,
a numerical example is used to illustrate the validity of our approach. Conclusions and
final remarks follow in Section 4.

2. Decision Making Analysis.

2.1. Triangualr fuzzy number.

Definition 2.1. M̃ = [l,m, u] is called a triangular fuzzy number, and its membership
function is the following:

µM̃(x) =


x − l

m − l
, x ∈ [l,m];

u − x

u − m
, x ∈ [m,u];

0, others.

Here, 0 < l < m < u are real numbers. Specially, when l = m = u, M̃ is degraded into
a real number, as in [8,9].

Figure 1. Membership function of triangular fuzzy number

Here, U is one fuzzy set of a given domain. For any x ∈ U , there is one corresponding
µ(x) ∈ (0, 1), and then µ(x) is called as the membership function of x.

In Figure 1, l and u are respectively the lower and upper limits, and m is the most
likelihood value. So the fuzzy number M̃ is expressed as [l,m, u].

Triangular fuzzy number is an important form of fuzzy number and it can express
uncertain information very well.

Property 2.1. For two triangular fuzzy numbers ã = [al, am, au], b̃ = [bl, bm, bu], and
λ ≥ 0,

(1) ã = b̃ if and only if al = bl, am = bm, au = bu,

(2) ã + b̃ = [al + bl, am + bm, au + bu],
(3) λã = [λal, λam, λau], and when λ = 0, λã = 0.
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2.2. The mathematical expectation of triangular fuzzy number.

Definition 2.2. E
(
M̃

)
=

∫ ∞
−∞ x · µM̃(x)dx =

∫ m

l
x · x−l

m−l
dx +

∫ u

m
x · u−x

u−m
dx is called

the mathematical expectation of triangular number M̃ . As the mathematical expectation

in probability, the mathematical expectation of triangular fuzzy number E
(
M̃

)
expresses

the averaging value of the triangular fuzzy number M̃ in probability meaning. So the
mathematical expectation can well express the value of the corresponding triangular fuzzy
number.

So in this paper we will substitute the mathematical expectations of triangular fuzzy
numbers for the triangular fuzzy numbers in the problems of multiple attribute with at-
tribute values in the form of triangular fuzzy numbers. And then the problems to rank the
alternatives with triangular fuzzy numbers can be transformed to rank the mathematical
expectations.

2.3. Combined Weighted Arithmetic Averaging Algorithm. For some multiple
attribute decision making problems, let X = (x1, x2, · · · , xn) as one alternative set, U =
(u1, u2, · · · , um) as one attribute set.

Definition 2.3. Let CWAA : Rn → R.
If

CWAAω,w(α1, α2, · · · , αn) =
n∑

j=1

wjαj,

where
w = (w1, w2, · · · , wn)T

is the weight vector related to CWAA, and

wj ∈ [0, 1],
n∑

j=1

wj = 1,

and bj is the jth number in the weighted data (nω1α1, nω2α2, · · · , nωnαn), where

ω = (ω1, ω2, · · · , ωn)

is the weight vector of (α1, α2, · · · , αn), and

ωj ∈ [0, 1],
n∑

j=1

ωj = 1,

n is the balance factor, and then CWAA is called the Combined Weighted Arithmetic
Averaging Algorithm.

CWAA considers not only the importance degree of each data, but also reflects the
degree of the importance of the location of the data. So we can solve multiple attribute
decision-making with triangular fuzzy numbers by CWAA.

2.4. Steps of decision-making analysis.
Step 1. Replace each triangular fuzzy number M̃ = [al, am, au] of the original decision

matrix with its mathematical expectation E
(
M̃

)
, so the original matrix is transformed

into the matrix composed by their mathematical expectations A = (aij), here aij =

E
(
M̃

)
.

Step 2. Standardize the matrix A = (aij) into standardization matrix R = (rij).
In general there are two usual attribute types: benefit type and cost type. Let I1, I2

respectively represent the subscript sets of the benefit type and the cost benefit attributes.
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In order to eliminate the influence on the decision result of different physical dimension,
we standardize the original attribute value as:

rij =
aij

max
i

(aij)
, i = [1, 2, · · · , n], j ∈ I1, (1)

rij =
min

i
(aij)

aij

, i = [1, 2, · · · , n], j ∈ I2. (2)

So we can get the standardization matrix R = (rij).
Step 3. Obtain the overall value of each alternative by

zi = CWAAω,w(rij). (3)

Step 4. Rank the alternatives and select the best by zi(ω).

3. Illustrative Example. Let us consider the following example. One consumer is plan-
ning to buy one building from four buildings xi, i = 1, 2, 3, 4 under four attributes:

u1: the stand of location,
u2: building area,
u3: distance between work units and building,
u4: natural environment.
And the evaluating results are shown in Table 1 with attribute values within interval

numbers, where the stand of location, building area and natural environment are benefit
attributes, and the distance between work units and building is cost attribute. Which
building should be selected for the consumer?

Table 1. Decision making matrix table

u1 u2 u3 u4

x1 [7,8,10] [5,6,8] [7,8,9] [5,7,8]
x2 [5,8,10] [4,5,7] [4,6,7] [6,8,10]
x3 [6,7,9] [6,7,8] [7,8,9] [6,8,9]
x4 [6,8,9] [6,7,8] [6,8,10] [5,7,9]

Step 1. Replace each attribute value of triangular fuzzy number of M̃ = [al, am, au]
in the original decision matrix in Table 1 with its mathematical expectation and get the
matrix composed by their mathematical expectations,

A = (aij) =


12.5 9.50 8 10

19.1667 8 8.5 16
11 7 8 11.5
8 7 16 14

 .

Step 2. Calculate the standardization matrix by Formulas (1) and (2)

R = (rij) =


0.6522 1 1 0.6250

1 0.8421 0.9412 1
0.5739 0.7368 1 0.7188
0.4174 0.7368 0.5 0.8750

 .

Step 3. According to the importance of four attributes, we set the weight vector of
the data

ω = (ω1, ω2, ω3, ω4) = (0.4, 0.3, 0.2, 0.1).

And to eliminate the influence of the injustice factors as far as possible, let the weighted
vector related to CWAA

w = (w1, w2, w3, w4) = (0.1, 0.2, 0.3, 0.4),



ICIC EXPRESS LETTERS, VOL.10, NO.8, 2016 1883

and aggregate each alternative xi by CWAA algorithm, i = 1, 2, 3, 4.
For x1:

4ω1r11 = 4 × 0.4 × 0.6522 = 0.8899,

4ω2r12 = 4 × 0.3 × 1 = 1.2,

4ω3r13 = 4 × 0.2 × 1 = 0.8,

4ω4r14 = 4 × 0.1 × 0.6250 = 0.25,

then
b1 = 1.2, b2 = 0.8899, b3 = 0.8, b4 = 0.25.

By (3) get its overall value z1(ω),

z1 = CWAAω,w(r11, r12, r13, r14)

= 0.1 × 1.2 + 0.2 × 0.8899 + 0.3 × 0.8 + 0.4 × 0.25 = 0.6380.

For x2:

4ω1r21 = 4 × 0.4 × 1 = 1.6,

4ω2r22 = 4 × 0.3 × 0.8421 = 1.0105,

4ω3r23 = 4 × 0.2 × 0.9412 = 0.7530,

4ω4r24 = 4 × 0.1 × 1 = 0.4,

then
b1 = 1.6, b2 = 1.0105, b3 = 0.7530, b4 = 0.4.

By (3) get its overall value z2(ω),

z2 = CWAAω,w(r21, r22, r23, r24)

= 0.1 × 1.6 + 0.2 × 1.0105 + 0.3 × 0.7530 + 0.4 × 0.4 = 0.7479.

For x3:

4ω1r31 = 4 × 0.4 × 0.5739 = 0.9182,

4ω2r32 = 4 × 0.3 × 0.7368 = 0.8842,

4ω3r33 = 4 × 0.2 × 1 = 0.8,

4ω4r34 = 4 × 0.1 × 0.7188 = 0.2875,

then
b1 = 0.9182, b2 = 0.8842, b3 = 0.8, b4 = 0.2875.

By (3) get its overall value z3(ω),

z3 = CWAAω,w(r31, r32, r33, r34)

= 0.1 × 0.9182 + 0.2 × 0.8842 + 0.3 × 0.8 + 0.4 × 0.2875 = 0.6237.

For x4:

4ω1r41 = 4 × 0.4 × 0.4174 = 0.6678,

4ω2r42 = 4 × 0.3 × 0.7368 = 0.8842,

4ω3r43 = 4 × 0.2 × 0.5 = 0.4,

4ω4r44 = 4 × 0.1 × 0.8750 = 0.35,

then
b1 = 0.8842, b2 = 0.6678, b3 = 0.4, b4 = 0.35.

By (3) get its overall value z4(ω),

z4 = CWAAω,w(r41, r42, r43, r44)

= 0.1 × 0.8842 + 0.2 × 0.6678 + 0.3 × 0.4 + 0.4 × 0.35 = 0.4820.
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Step 4. Utilize zi (i = 1, 2, 3, 4) to rank the alternatives:

x2 ≻ x1 ≻ x3 ≻ x4.

So the 2nd building is the best.

4. Conclusions. In this paper we mainly proposed a multiple attribute decision making
algorithm with triangular fuzzy number attribute values. We have researched the following
three aspects of work:

(1) to define the mathematical expectation of the triangular fuzzy number,
(2) the multiple attribute decision-making problems with triangular fuzzy numbers can

be transformed into the problems with the mathematical expectations,
(3) to adopt the Combined Weighted Arithmetic Averaging Algorithm to rank all al-

ternatives as well as select the best.
And from the solution to the above example we can see the approach is precise and

practical. In the future, we will continue to research on the other algorithms to attribute
values in the form of triangular fuzzy numbers.
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