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ABSTRACT. For a given sparse graph sequence GN, we give definition of convergence of
graph structure. We study a colouring process on a convergent graph sequence. At each
time t, a yet uncoloured vertex, w(t), is coloured by a state (color) in S. The state is

drawn by distribution v, (-|GN’S’t) € P(S), where vy (~|7r(t)7 Gf(f)'fi) depends on time t,

7(t),d
the subgraph (with colour) within distance d to vertex w(t) at time t, denoted by GTZ:,(SZ

Such coloring strategy is called local coloring strategy. We prove that for a convergent
sequence of sparse graph, if the graphs are not too interactive, then any such colouring

N,St\ - .,
strategy, v: -’Gﬂ(t) 4 ) tnduces a convergent sequence of empirical process on coloured

graph structure. We point out the possible application of this weak convergence result to
large deviation theorems on probability model defined by graph. Such models are natural
generalization of, i.i.d. setting, discrete markov chain and mean field probability model.
Keywords: Large deviation theory, Graph coloring, Local control, Random graph

1. Introduction. Large deviation principles (LDP) on dense graph have drawn large
attention [1,3]. The kind of graph considered in these results are dense in the sense that
each vertex of the graph is connected with a significant portion of all other vertexes. The
focus of these studies is on graph (coloured or not) structure, i.e., “how many graphs are
there with certain property P”.

In this paper, we study the coloring process controlled by a local strategy. Establishing
weak convergence property is a component of the proof of large deviation. For example, in
the proof of Sanov theorem (LDP for i.i.d. model), weak convergence property is simply the
law of large number for i.i.d. model. We pointed out in Section 3 that to establish LDP for
probability model induced by sparse graph, it is necessary to study the coloring process
on the graph. Our main result proves the convergence (as the graph size approaching
infinity) of the empirical process on colored graph structure controlled by a local strategy
under the condition that the graph is “not very interactive”.

For a sparse graph, each vertex is connected with constantly many vertexes. Various no-
tions of randomness and thus convergence on sparse graph are proposed [9]. Under Erdés-
Rényi randomness, the rate function of any sparse graph would be —oo, thus making LDP
for sparse graph meaningless. What is also interesting is LDP for probability model defined
(implicitly or explicitly) by a sparse graph; such models include i.i.d. setting, discrete time
Markov process and mean field model. To see this, let us introduce some notations. A cen-
tered graph G = (V, E,v) is a directed graph (V, E') with a specified center v € V. (Some
times we write G, to indicate v as its center.) For a directed graph G = (V, E), a vertex i €
V, let G; 4 denote subgraph consisting of vertexes within distance d to ¢, which specify 7 as
its center. Let S be a set. A coloured graph G = (V. E, f) is a graph G = (V, E) together
with a partial function f : V — S. The discrete homogeneous markov process model
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can be seen as a probability model of X, Xy, -+, X, with joint distribution H q (G 2)

)

where the graph G is a simple chain. And let Gy = ({v1,v2}, {(v1,v2)}, center = 1),
Go = ({v1,v2,v3}, {(va,v3), (v1,v2) }, center = vy), Gz = ({v1,v2}, {(v1,v2)}, center = vy),
then ¢ (GY) = p(f(v1)), ¢(G3) = p(f(va)|f(v1)), a(G5) = p(f(v2)|f(v1)), where p is
transition probability of the process Xg, X1, -+, X,,.

The problem on limit behavior and LDP of these models arise naturally. Take the
discrete markov process model as an example. For a finite set S, a given p. What is the
limit distribution of ({vy,ve}, {(v1,v2)}, f), f(v1) = s, f(v2) = &', as n — oco. What is the
speed of convergence of empirical distribution of states to that limit (wrt time length).
For discrete time markov process, the first problem is long known, and the second question
is answered in [4,5]. [3] studied dynamic sparse graph with independent color. Research
on graph coloring process also arises in ecology study. [7,8] study the limit behavior (wrt
time) of various contact processes. The contact process simulating the survival of a species
is a 2-colored graph process. The state of each vertex evolves according to the states of
its neighbors. [2,6,10] study the limit behaviors of multitype contact process. The central
problem is, when can two species coexist. However, research on relation of convergence
of general graph coloring process with graph structure is vacant.

In Section 2 we introduce a class of probability model induced by graph. In Section 3
we outline a proof of large deviation of such models. And point out the relation to weak
convergence theorem of local coloring strategy. In Section 4 we give our main result. And
in Section 5 we prove 4.1. In Section 6 we conclude the paper.

2. Sparse Graph Limit. To discuss LDP, let us first define convergence for sparse graph
sequence. We say a sequence of graphs converge if the empirical distribution of any given
finite graph in that sequence has a limit. Details are as the following.

Let G, G°, Gfd be directed graph, coloured directed graph, and centered coloured
directed graph resp. [G], [Gs ], [GZS ] denote their isomorphism equivalent class. When no
ambiguity is made, we simply write G, G¥, G7, for [G], [Gs} [Gs] resp.

For a directed graph G = (V, E), coloured dlrected graph G° = (V, E, f), let,

Vi Vi

£ = 0ot £ = 157 e .

Ga ={[G] : G = (V, E,center = v), (Vx € V)d(z,v) < d}
G; ={[G°] : G° = (V,E, f,center =v), (Vo € V)d(z,v) < d} (2)

Clearly, LG € P(Gy), LdGS epP (gf ) The convergence of graph structure is defined by
convergence of L. G, is clearly a countable set, and P(Gy) is clearly a subspace of [0, 1]>
So it is natural (and enough for this paper) to equip P(G4) with product topology. Under
product topology, convergence of a sequence LgN is equivalent to convergence of LdGN (Gy)

for all G4 € G,.
The probability model induced by a graph can usually be written as,

exp {NF (Lg“s)} I1 p(dX;)

<N

Jo ex0 {NF (E§)} T plaX)

Xy, Xn|GN ~ (3)

where X1,---, Xy|G" is the joint distribution of Xi,---, Xy given graph GV. And
F e G, (73 (Q;?) ,R). Take discrete time Markov process as an example, F (LdGN’S> =

fg5 log (¢ (G®)) L& (dG®), with d = 1.
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It is natural to ask, for probability model (3), if the sequence of graph G converges
in the sense that LG" converges, then the coloured directed graph LdGN’S (whose law is

determined in an obvious way through model (3)) also converges. And if LgN’S converges,
what is the speed?

3. An Outline of LDP on Probability Model Induced by Sparse Graph. The
LDP for model (3) could be, for any given d, F € C, (73 (Q;?) ,]R), if LﬁN converges to
some L% for all d’, then L™ satisfies LDP with some rate function. LDP is usually
obtained by transforming the problem into a control problem (see [5] Chapter 1,2). In
our model, we study a random order coloring process. Random order instead of graph
structure specific order, enables the application of this result to any convergent graph
sequence. More specifically, let 7 : N — N be a uniformly random permutation of

{1,2,--- ,N}. Let v, (|G7]:[(£t> Dt X Gf:[(’g’t — P(S), which can be viewed as a coloring

strategy. We define the following stochastic process, GN*vt ¢ € [0, 1].
Definition 3.1.

G0 — (VN,EN, fo) , dom(fo) = 0.
Fori=1,2,--- N

N,S,v,(i—1)/N
Xa(i) ~ Vi/N ('\Gm) )

Let fi(7(1)) = Xrq), fi(k) = fima(k) if k # 7(0).
Finally,
GN,S,v,t — (‘/N7 EN7 f[tN]) (4)
Recall that chv’s’”’t is coloured graph GN-5v with specified center k. Note that the coloring
strategy at time t does not use information of m(s), s > t. The superscript v in GNSwit

indicates that law of GN5V is induced by v.(+|-). Without ambiguity, we write 7(t) for
m([tN]).

Clearly, GN5vt ¢ e [0,1], induces a natural empirical process, LG """ ¢ e [0,1].
We sometimes write LgN’S’U" to denote stochastic process LGN’S’U’t, t € [0,1]. The control
problem is to minimize the following cost by choosing v,

cost) = | [ R (o (1635°") ) e+ (15)] ®

where R(ul|p) is Kullback-Leibler distance between pu, p.

The optimal strategy is actually conditional probability. So the optimal strategy colour
is a vertex 7(i) at time /N by a distribution on S depending on the current state of the
whole graph GN-5v#/N_ However, it is reasonable to conjecture that local strategy can
approximate performance of the optimal strategy. i.e.,

Vi={v:[0,1] = (G] = P(9)), ie, v (-|G5,) € P(S). (VG2,) v (-|GZy) is  (6)
piecewise continuous wrt ¢, and has finitely many discontinuity point.}

The strategy in Vy is such a strategy that it colours a vertex with distribution depending
on current local coloured subgraph GTJ:[(’S’ZJ. We also write v4,. to denote such local strategy
as a stochastic process vgy, t € [0, 1], and write vy, to denote the strategy at time ¢ which
is a (random) function vg, : G5 — P(S). It is reasonable to conjecture,

inf t(v) = inf cost 7
vd,.elwl/ld,dew cost(v) inf cos (v) (7)

To verify Equation (7), we can show that for any € > 0, there exists sufficiently large
M for all N > M, the optimal strategy v* for colouring G¥ is closed (within distance e
by certain metric) to some vy . € Vy on a small (but constant) probability event, and the
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performance is close to the optimal performance. Using weak convergence result 4.1, we
N,Sv gy -

are able to show that on that small probability event, as N — oo, LG “" approaches to
. 757 !yt .

a fixed orbit, LZO 7" Therefore, the performance of v . is always close to performance
. . N.Swgr o Syvgr

of the optimal strategy v*; since LS " approaches to LZO bdr, ,

1
weost) = int [ B [R( (162) 1)) o+ F (25)}
dlvvd’,-evd’de R 0 ’

(8)

In this paper, we establish the weak convergence result. i.e., if v, v,. are close enough,
.. NS, N.Sva,.:
then the empirical process LdG0 : 7LdG0 are also close.

4. Main Result. Our weak convergence result applies on graph that is slightly inter-
active. To characterize interactiveness of a graph, we need the following notions. For a
graph GV, a set of vertex A, let

OpA = {z e GN . d%V (i, A) < k:} Oy iy A = {z €GNk < d (i, A) < k:Q}

i.e., the neighbor of A that is of distance less than k£ to A. And for a sequence of graph,
GV, let
Ny = max {[Ok{c}|}, Dip= max {|Ox{c} — dh_1{c}},
N,ceVN

N,ceVN

Dkl,k2 = NI’TCIS}/(NHakz{C} - akl {C}|} (9)

Fast growing Ny, Dy wrt k clearly means being more interactive. Our main result is as
follows.

Theorem 4.1. Let GV be a sequence of convergent directed graph, i.e., for every d’ there

A}im LG" = LY. Let vg. € V4, v be such that, (Vw,t)Hv (|GN-swt) —
(63| < v
) Tl'(t),d 1
If there exists 0 =ty < t; < --- <tg =1—¢, let O = tpy1 —tg for k < K —1 s.t.,
(VE < K — 1)0k Dyt (K —k)ds1,do+(K—k+1)d < €.
Then we have, for some function C(-), liII(l) C(e) = some universal constant,
e—

exists LY s.t.,

lim sup HL(%N’S’U’t — L(%N’S’Ud"’t
N—004¢(0,1) 1
C(e)
< P2eNy, + Z - 02 Dy (K —7)d-1,do+(K—j+1)d Do+ (K —j—1)d+Ldo-+ (K —j)d
j<K-1
+ 66deo+(K—j)d (1O>

From Theorem 4.1 we are able to derive condition on graph law ensuring convergence

N,S,v; .
of empirical distribution, LdGO * ", for all local coloring strategy.

Corollary 4.1. Let GV be a sequence of convergent directed graph, i.e., for any d’ there
exists some Ly € P (G3), (Vd' € w) A}im LS = L.

Let Dy, Ny be defined as (9) for GN. Let Dy, = m<akx{Di}, Dy, gy = Hi%X{Dm‘_H@_kl}.
1S 1SR1

Suppose, for all d, dy € w > = 1 = 0.

=0 Pag+id+1,dg+(i+1)d
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Then we have, for any local coloring strategy vq., any dy € w, the empirical process
N,S,vg, s . . 00,5,v4 .,
sequence LdG0 converges, i.e., there exists Ld0 4 st
N,S,vq . 00,5,04..,
lim LY P Ly~ (11)

N—oo

vad,-v‘

00, . . .
Furthermore, L 18 continuous in vg...
Y do 3

The proof is simple, simply let §; = O (1/Ezo+(K7i)d+1’do+(K,iH)d>.

5. Proof of Theorem 4.1. The proof is not hard but tedious. Within each time seg-
ment, [tg, t + %), and for every d”, the coloring strategy v, vq., each induces a transition
probablhty on space G3,. To deﬁne such transition probability, for ¢t < ¢/, GC d G’fd”, let,
. N,Sv,t ~ S N,S,v,t/ ~ S
Hze VN GNSot e G, A GRSt = G H
[V

N v
LG ’ ’[tt (ch/ ch//) - (12)
For a fixed vad,svt the probability vadfvt transferred to G%,:g” at time ¢’ is induced
by updating path chosen by 7, and coloring strategy v. We write L%, LZiI,"’t for LG,
Lg,N P4t Theorem 4.1 is due to spread of difference between L"%, L' during [ty, tj +
Jk)) as Lemma 5.1 illustrates.

Lemma 5.1.

e Givend' > d, GN, 6 > 0 s.t. §Dgriyarsa,0Dgn_gy1.a0 < € << 1; and suppose
t+0<eg;

o Letvg. € Vy, v be such that, (Yw,t)

v (16N~ (16N

Then we have, for some function C(+), liH(l) C(g) = some universal constant,
E—

<e€
1

. N,S,v,t+6 N Svd ,t+0 N,S,v,t N Svd ot
A}lm HLg/ Ld” “LdG/’/+d Lg/_;'_d + €5Nd//
— 00
Cle
( )52Dd/'+1,d”+dDd”—d+1,d" (13)

Lemma 5.1 clearly implies Theorem 4.1.

5.1. Proof of Lemma 5.1. We begin by analyzing the transition probability induced
by 7, v.

Definition 5.1. For i € VY let path(i,d’, [t,t')) denote the vertex sequence within dis-
tance d' to i, chosen by m during [t,t") with time point recorded, i.e.,

path(i,d',[t,t") = (n1, 1) X (ng,72) X - x (g, 77) (14)

where {ny,--- ,m}={j€ogf{i}: It e t,t),n(r) =5 t<m<m<---<7<t
7 = inf{7 : w(7) = n;}. We write PATH (G2 ) for the path space of G, PATH (G3)
for union of path space of Gf’d/ €Gy.

When no ambiguous is made, we always omit Gf » and write PATH instead. We
write 0 (G24) = G4 to denote 6 is an isomorphism between G2, G2 ;. Note that
an isomorphism between two graphs also induces an isomorphism between path space
between two graphs, i.e., 0((ny,7) X -+ X (n;, 7)) = (0(nq),71) X -+ x (0(n), 7).

The coloring process on GV within time [¢,#') induces nature random measure on G5 X
PATH (gg?,) x G35, with d" < d'.
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Definition 5.2. For, any Pa C PATH, G,

LGN,S,U,[M/) (Gc " Pa7G§d//)

B Hz cvN 3,0 (Gid,) = GNP A0 (path(i,d, [t,1'))) € Pa A Gt ng,,}
- [V

(15)

{z’ € VN :30,0(GS,) = GNSU A0 (path(i, d, [t,1'))) € Pa}

N,S
LGS, Pa) = V]

(16)

. N . : s s
When no ambiguity is made, we write Lv,[t,t’), Lvatt) for G ,v,[t,t')’ LGNS v ltt)

By definition,

t+(5 vg,.,t4+0
Jrs - = |
1 G

_Lvd,.,[ti-‘r(s) (dGcsl,d”-i-d’ dpath, dGCSQ’d//)] ‘ (17)

[ 8 )
X

'’ +d

S
For every G2 v og, let

PATHl (Gc d”+d) {path € PATH (GC d”—‘rd path ﬂ ad//+1 d//+d{C} @}

PATH2 (Gc d”—l—d) {path € PATH (Gc d”-‘rd path ﬂ ad// d+1 d//{C} @}

By slightly abuse notations, we write G5, x PATH; to denote {(Gf o € Qf,d,,,path) :
path € PATH, (G2 ) }, ete.

Clearly,
.

dl/

/gs PATH [Lv’[t’tﬂs (dGc d"+d’dpath’dezad”)
X

d' +d

_Lvd"’[t’t+6) (dehd”-i-d’ dpath, dGCS2,d//)i| ‘

<
gS

dar’

/ [Lv [t,t+6) (dGC A +d> dpath, de; d//)
G5, xPATH,; |

d'’ +d

_[va[tt+d) (dGS d,,+d,dpath dGcg d”)] ‘

!
gS

dr’

/ [LU’[t’t+6 (dGc A" +d> dpath? dGCSQ d")
gS X PAT Ho |

d''+d

L) (4GS dpath, dGS. )] ‘

<,
gS

dar’

[ LV (AGE, go-4» dpath, dG, 1)
g3

51 g X (PATH—PATH,—PAT H)

_ [ vd.[tt+9) (dGS d”-}-d?dpath dG d”)] ’

=[1+11+1I1 (18)
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We claim that, 1\}1_{%0[ + 11 <P “LZ’erd ZHZ .

+ 6(5Nd// and

C(e)
—6 Dd//_}'_d’d//_['_lDd//,d//_d_j’_l
€

lim 777 <P
N—o0

where lim C'(¢) = some universal constant.

E—

Claim. lim 7] <D Cle 52Dd”+d d”-‘rlDd” d"—d+1

N—oo

It is easy to see,

111 < / . LU (dGS .y, dpath)
g

51 g X (PATH—PATH,—PATHz)

+ /g L’Ud,‘,[t,t-‘r& (del’d//_,'_d, dpath) (19)

o 4 X(PATH—PATH,~PATHy)

Note that, since 7 is independent from G5 for any PATH' C PATH, any coloring
strategy v, any d’, d”, let
L’Ul’[t’t—i_(s) (Gsd//+d/,path)

v’ [t,t+6) S =
80 i G2 g) = £ o

(20)

we have,
Jultt+d) (path|G§,d”+d) =P L) (path| G grrq) (21)

e., Lvltt+o) (path|G§ #+q) depends only on graph structure of Gi @1q and path and
is independent of v, state structure of Gi 41+q- Furthermore, according to condition in
Lemma 5.1, t + § < e << 1, we have, for any Gid,,+d,

C
lim LU’[t7t+6) (dpath|Gc d”+d> SD (6) 52Dd”+d7d”+1Dd”,d”—d—i—l
N—=00 | pATH-PATH,—PATH, €
(22)
C
lim LY [t:+9) (dpath|Gc d”-‘y—d) SD ﬂ(SQDd//_i_d d”—i—lDd” d’—d+1
N—00 | pATH—PATH,—~PATH, € 7 ’
(23)
Thus the claim follows.
Claim. lim [ + [T <P ) Lyt — Liiia)|, + 0w
Similar to (20), for any Pa C PATH, let
L’U,[t,t/) GS 17 ,Pa, GS 1
va[tt (Gc d”|Gc ,d""+d>» PCL) = ( st N ) (24)

Loltt) (Gid”-i-d? Pa)

It is easy to see that, for a certain path, path, we can define a nature conditional
probability, L") (G5,|GS g o q> path).

The key point is for 4, s.t. path(i,d” + d,[t,t + 0)) € PATH; U PAT Hy, the coloring
distribution for X,,, in adn{z} during [¢,t + (5) is not affected by state of X,,; in Ogr gr1q{i}
assigned during [t,t + d). By induction on |path N dg{i}| we have,

J;

dl/

L> 1) (Gc d”‘Gc d”—i—d?path) B Lvd"y[mt/ ( cd”ch d”—i—d?path) ‘ = |path’ n ad”{c}|6

(25)
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Now using (25), we have,

II < /gs . LY (dGE 4 g, dpath) - [path N Ogr—g{ci}| - €
d”+d>< 2
+ /g e | Lo (dGE 40y g, dpath) — LY (dGS 0y, dpath)|
ar’a” 2
=11, + 11, (26)
In exactly the same way, we also have,
I< /g e LY (dGE g, dpath) - [path N Ogr{ci}| - €
d”+d>< 1
+ /g o | Lo (dGE, iy g, dpath) — LY (dGS 4y, dpath)|
arya” 1
=hL+1 (27)
Clearly,
[2 + IIQ S /gs AT ’Lv7t (del,d”'f‘d) Lv’[t7t+6) (dpath'thdn_"_d)
o a ™ T

_ LUd,t (dGi,d//—i-d) Lvd"7[t7t+5) (dpath|Gf1,d"+d> ‘ S HLZ;It+d N LZ,dqfiHl (28>
On the other hand,

L +1hL < / LY (dG2 giiq) LV[tto) (dpath|G2 40 yq) - [path N Og{c1}] - €
g

5,,+d><PATH

< PeS Ny (29)

6. Conclusion. In this paper, we proved the weak convergence property for empirical
process of subgraph with color controlled by local coloring strategy under the condition
that the graph is not so interactive (see condition of Theorem 4.1). We left the problem
of whether this weak convergence property holds for polynomial graph. We also pointed
out the application of this weak convergence theorem on establishing LDP for probability
model induced by graph.
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