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ABSTRACT. In this paper, an adaptive fuzzy control scheme is proposed for a class of
multiple input and multiple output (MIMO) nonlinear systems with unmodeled dynamics.
To solve the difficulties from the unmodeled dynamics, a dynamic signal is introduced.
Fuzzy systems are used to approximate the packaged unknown nonlinearities, and an
adaptive fuzzy control approach is developed via backstepping, which guarantees that all
the signals in the closed-loop system are semi-globally uniformly ultimately bounded. Sim-
ulation results are used to show the effectiveness of the proposed control scheme.
Keywords: Adaptive fuzzy control, MIMO nonlinear systems, Unmodeled dynamics

1. Introduction. During the past several decades, a large number of research results
[1-6] have been obtained on adaptive backstepping control of multiple input and multiple
output (MIMO) nonlinear systems which extensively existed in the practical engineering.
For example, in [1], a robust stabilization control approach is proposed for a class of
MIMO nonlinear systems via backstepping. Further, Chen et al. [2] consider the problem
of adaptive backstepping tracking control of strict-feedback MIMO nonlinear systems with
input constraints. Alternatively, by using universal approximators, such as fuzzy systems
and radial basis functions neural networks, together with adaptive backstepping technique,
many approximation-based adaptive backstepping control schemes [3, 4] are developed for
nonlinear systems with unknown functions. It is well known that unmodeled dynamics
frequently exist in practical systems and are often a source of instability of the control
systems. Therefore, in the controller design process, the effect of unmodeled dynamics to
the control systems could not be ignored, and there exist many significant results which
have been reported in [5, 6] and the references therein.

Motivated by the above observations, in this paper, an adaptive fuzzy control approach
is proposed for a class of MIMO nonlinear systems with unmodeled dynamics. During
the controller design, fuzzy systems are introduced to approximate the packaged unknown
nonlinearities. Then, an adaptive fuzzy control scheme is derived via backstepping, which
can guarantee the semi-global boundedness of resulting closed-loop systems. The main
advantage of this research is that only one adaptive law is required to be updated online
for each subsystem. Finally, a numerical example is provided to illustrate the effectiveness
of the presented approach.

2. Problem Formulation and Preliminaries. In this paper, we consider a class of
MIMO nonlinear systems. Its ith (i = 1,2,..., N) subsystem is

Z = qi(2i, 74),
Tin; = Ging (Ln) Ui + fin, (LJ) + Aip, (LW 2, t) .
Yi = Zq,
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where ; = [x;1, Ti2, . . ., Tin,|T € R™, y; € R and u; are the state vector, the scalar output
and control input of the ith nonlinear subsystem, respectively; x,, = [Ti1, iy - ., x| €
R7. z; € R™ in (1) denotes the unmeasured portion of the state. The z-dynamics in (1)
is the unmodeled dynamics, A;;(+) is an uncertain dynamic disturbance, f;;(.) and g;;(.)
are unknown smooth nonlinear functions with f;;(0) = 0. It is supposed that A;;(-) and
¢;(+) in (1) are uncertain Lipschitz continuous functions.

The objective of this paper is to design an adaptive fuzzy control scheme such that all
the signals in the closed-loop system are semi-globally uniformly ultimately bounded.

Assumption 2.1. [5] For the dynamic disturbances A;; in (1), there exist unknown non-
negative smooth functions ¢;j1(-) and ¢;jo(-), such that

|Ai;| < dijn (‘&Z] ) + ¢ija(]zil). (2)

Assumption 2.2. [5] The unmodeled dynamics in (1) is exponentially input-to-state prac-
tically stable (exp-ISpS); i.e., for the system Z; = q;(2;, x;), there exists an exp-ISpS Lya-
punov function Vi(z;) such that

ain(|z]) < Vi(z) < aal|z)), (3)

oVi(z)
(92’1»

where a;y, o and p; are of class Ko -functions, ¢; and d; are known positive constants.

¢i(ziy ;) < —;iVi(zi) + pil|xa|) + d;, (4)

Assumption 2.3. [8] For 1 < j < n,;, the signs of g (Ly) are known, and there exist
unknown positive constants b and by; such that

0<b< }gij (iw)l <by <00, VI; € R™. (5)

Lemma 2.1. [7] Let f(x) be a continuous function defined on a compact set Q). Then for
any given constant € >0, there exists a fuzzy logic system W7 S(z) such that sup,cq |f(x)—
WTS(x)‘ <e, where W = [wl,wg, ...,wn|T is the ideal constant weight vector, S(z) =
[s1(2), .. T/Z] L Sj(x) is the baszs function vector, N >1 is the number of the fu-

(2=p)T (2~ m)}

n; ’
i=1,2,...,N with u; = (i1, ftio, - - -, pin)” being the center vector and n; the width of the
Gaussian function.

zzy rTules and sj( ) are chosen as Gaussian functions, that is, s;(x) = exp [

In the next section, a backstepping-based adaptive control procedure will be proposed.
Both the virtual control signals and adaption laws will be designed as

_ _ 1
aij(Ziz) = —(Xij +0.5)Zi — 5 —5 450,87 (X)) S5 (Xi5), (6)
ij
R i Vi R
j=1

where, for 1 < i < N, 1 < j5 < n;, Ay, aij, 7 and o; are positive design parameters,

T
X = [ T, 0, rl] with 2, = (241, Zia, . . . ,x;;]7, and T;; satisfies the following coordinate

transformation:
Tij = Tij — Qi(j-1), (8)
where o,y = 0, éz is the estimation of unknown constant #; which is defined as
1
b= Wyl 1<i<N, 1<) <n, (9)

where || W;; || denotes the norm of the ideal weight vector of fuzzy logic systems, which
will be specified at the jth design step. Specifically, «;,, denotes the control input u;.
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Lemma 2.2. [5] If V; is an exp-I1SpS Lyapunov function for a control system, i.e., Equa-
tions (3) and (4) hold, then for any constant ¢; in (0,cy), any initial condition x;y =
zi0(0), and any function fw(x;y) > wu(|za|) there exists finite time Ty = Tio(CiyTio0, Zi0)s
nonnegative function D;(t) defined for allt > 0 and a signal described by

Fi= =i+ fa(za () + i, 1i(0) = rio, (10)
such that D;(t) =0 for all t > T,
Vi(z:i(t)) < ri(t) + D;(t). (11)

For all t > 0, the solutions are defined. Without losing of generality, this paper takes
fi(.) as pi(s) = s*uio (s%), where ji;(.) is a monegative smooth function. Therefore, the
dynamical r; defined by (10) becomes

7"@' = —Eﬂ"i + x?l,uio (|$?1|) + dz’(], TZ(O) = Tj0, (12)
where (9 1S a nonnegative smooth function.
3. Adaptive Fuzzy Control Design. For simplicity, the time variable ¢ and the state

vector z,; are omitted from the corresponding functions and let Sj;(Xy;) = Sij.
Step 1. Based on Z;; = w1, let us first consider the subsystem

Z = qi(zi, 1),

Tin = gnTio + fa + D (201, 23, ). (13)
To stabilize the subsystem (13), we consider a Lyapunov function as
1 1 b ~
Vii = T4 + —7 + —62. 14
1 2le + )\iOT + 27z i ( )
Then, the time derivative of Vj; is
) C;
Vit < Zal(gazio + fa) + |Za|Gana (|zar]) + |Zir|ira(|2i]) — )\_Ti
i0
1, 9 b~
+— (ZL'ﬂ,U,io (‘Izl‘) + dzo) — —0181, (15)
Aio Yi

where 6; = 6; — §;. By Assumption 2.1 and 0 < || — ntanh (L) < e, 6 = 0.2785, we
obtain

|Zi1| i (Jzal]) < fﬂﬁgm(ﬂfu) + €11, (16)
where €, = 0.2785¢;1; and Qgill(xil) = ¢i11(|za]) tanh (—i“‘m“('m“l))

€311
By using the same derivations as [5], the following result holds:

1
|ji1‘¢i12(‘zi|> < xz1¢112($117 7"1) + 6@12 + - 1 7,1 + dzl( ) (17>

where ¢/, = 0.2785¢:12, di (t) = (12 0 ai " 1(2D;(t)))? and
$i1¢i12(7“i)>

€12

Gz (i1, 7:) = Pina(r;) tanh (

with @i19(rs) = ¢iz 0 @i~ (2r).
Substituting (16) and (17) into (15) results in

: 1 A A 1
Vit < ZTa (gﬂxn + fin + Zfﬂ + Gin1(wi1) + Gira(Tin, i) + )\—552‘1#1‘0 (‘%21}))
i0

7@' z b 54
c 0 - Z i+ da(6) = 00 (18)
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Step j. (2 < j < n;) Similar procedures are taken for i = 2,...,n; as those outlined
in Step 1. The dynamics of Z;; = x;; — ay(;—1) is given by

Tij = 9ijTig+1) + Jij + Dij — &), (19)
where
dai(j-1) Oaig-1) 5 Ocigj-1)
Qi(j—1) Z Dy (girichn) + fir + Dix) + a6, + or, (20)

Consider a Lyapnov function candidate as V;; = %f Then, differentiating V;; gives

i

804 1 8a 1)
V;g < Ty <9¢j$i(j+1) Z azgk)gzk%(kﬂ +f1] Z azg fik

k=1 k=1
_Oaigy 5%( 1)
—I |+ |7 A 20, 21
87"2' } J J‘ aez ( )
where A;; = A — i: 11 %g;—Jk”Azk By using triangular inequality and Assumption 2.1,
one has
i 8%@ 1)

|z 05| < |34 (Cbigl z,]) + Pik1 (|£zk|))

+ |74 (%2 |2i]) Z

k=

80‘1 oQij-1)

¢z‘k2(|%‘\)> : (22)

Subsequently, by following the similar estimation methods to (16) and (17) for terms
at the right hand side of (22), we rewrite (21) as

: _ 8041 1 ! 8041 1)
Vij = Ty <9z‘j$i(j+1) Z 8:(; )gzsz(kﬂ) + fij — Z &z(cjk fir + @;1 (—w 0;, T’Z>
k=1 k= v

. . Ty
+ Qijo (&ijaez',?”z') + ZJ

g Oovi(j—1 2 O
1 i(j—1) . i(j—1) .i dz t
+;( Oy, > or; o |+ di(1)
2 j—1

/ _ (90@ 1) A
+> e =T Y a(é. D). (23)

k=1 k=1

Now, choose the following Lyapunov function for the whole systems:

V= ZZ%—ZZ— +—92 (24)

=1 j5=1 =1 j5=1

By considering (18) and (23), we obtain

N n;—1 N Cs:
V < Z Z ng {gwaw + fzg i } szm {gmzuz + flm( zm)} B Z )\C—;ri
=1 j=1 =1 "

ng

N 2 N N N b~ -
ZA_O+ZZZ€§jk+ZZdij 2;99@ (25)
i=1 i=1 j=1 i=1

k=1 i=1 j=1
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where the following result has been used:

3 aal(] Vg < Al Do 0 O Doy 1) — Vi 72 6T g
33 2 < 55, P - 53, 2§ s
i=1 j=2 i=1 j=2 i i=1 j=2 i 2%k
O‘z k 1)
Zj it (26>
i=1 j= 2 'LJ
and ﬁj(XZ-j), 1 <i<N,1<j<n; are defined as
. 1 - . 1 _ _
fi(Xa) = fu + Zfil + Gin (win) + dara(wa, i) + )\—xilﬂio (|-73221|) ) (27)
i0
Jj—1 Jj—1
" _ 80(2 80@ i—1 ~
fz‘j(Xij) = Gi(j—-1)Ti(j—1) — e )gzkxz k+1) +fzj Z (%(jk )fik +¢z'j1 ( ”,9177%)
k=1 ik k=1 !

~ Tii
+ Gijo (2 ( Uae’urz) ]

3041 1) aai( i—1) A aOéi( i—1) .
1 U= — iV — — i
—l—Z( D, ) ] + 2, 06 or. 7

—1
8051] 1) Vi 72 8azk 1)

Tk
90 2aj,

T
Szk Slk _I— $U
2]

(28)

]

k=1
Then, for any given ¢;; > 0 there exists a fuzzy loglc system W Sl-j(Xij) such that
fii(Xij) = WES;(Xi5) + 655(Xi), (29)

where 0;; refers to the approximation error and satisfies |§;;| < e;;. Furthermore, by
Young’s inequality, one has

N b 1 b 1
FoF (X)) < —2 T g2
Tij fi5(Xi5) < 2% 500551 + a 4+ = 5% + 55 Cis (30)

where the unknown constant 6; has been defined in (9).
Substituting (29) into (25) and using (30) produces

N n; N
V< Z qu (gijaij 2b Zii0; STS ) + ZZ Z

i=1 j=12 =1 j=1 1 j=1

1 1 1 b ~:
+2a +2b6”+ >+Zzl)‘zo zZ:)\Ocr Z ) ( )

Next, by designing the virtual control a;; in (6), we have

b b -
- =2 -2 -2
TijGijuj < —AijbTi; — ot T 92 i
[

L\ £ Mo )T N
1 O'ib 2
+ZZ Z ik T3 a +2—b€”+d (t) + 27‘92-
=1 j=1 k=1 t
= —Cl0V+b0, (33>

where ag = min{2X;;b,¢,0;,1 < i < N,1 < j < n;} and by = 221 L0 + Zl 1 /\Zg
SV >t (ZZ:1 el + 503+ gper + dig(t) + %:912> , and the result 6;60; < —102 + 102

27j
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has been used in the above inequality. Equation (33) means that all the signals in the
closed-loop system are semi-globally uniformly ultimately bounded in mean square. The
main result is summarized by the following theorem.

Theorem 3.1. Under Assumptions 2.1-2.3, consider the closed-loop nonlinear system
consisting of the system (1), controller (6), and adaptive law (7). Then, under the action
T

of controller (6), for any initial conditions [QZ(O), él(O)} € Qo (where Qq is an appro-

priately chosen compact set), all the signals in the closed-loop system are semi-globally
uniformly ultimately bounded in the sense of mean square.

4. Simulation Example. Consider the following second-order nonlinear systems

21 = —z1 + 051'%1 + 05, 22 = —29 + 051'%1 + 05,

jﬂ‘n = T2+ x%l Sin(xu) + 217211 Sil’l(&?n), .’jfgl = T9o + 27%1 + 29%91 sin(a:21),

i’12 = U1 + 11212 + 21X11212, .fgg = U2 + T21 Sin(l’gg) + 29921 SiIl(IgQ),
Y1 = Z11, Yo = T21.

Based on Theorem 3.1, choose the virtual control signal «;; in (6) (1 = 1,2, j = 1),
the actual controller u; and wug in (6) with ¢ = 1,2, j = 2 and the adaptive law in
(7). The simulation is run with the initial conditions [z11(0), z12(0), 221(0), 292(0)]" =

. 1T
[0.4,-0.2,0.3,—0.3]7, [01, 92] =[0,0]%, the design parameters ky; = k1o = koy = koy = 5,
a1 = Q12 = Q91 = G2 = 2, 71 = Y2 = 2 and 07 = 09 = 1. The simulation results are

shown in Figures 1 and 2. Apparently, Figures 1 and 2 show that all the signals in the
closed-loop system are bounded.

0.6

0.4 i X |

Time(Sec)
FIGURE 1. State variables x11, x12, £21 and x99y

5. Conclusion. In this paper, a fuzzy adaptive control approach has been proposed for a
class of MIMO nonlinear systems with unmodeled dynamics and dynamics disturbances.
The proposed controller guarantees that all the signals in the closed-loop system remain
semi-globally uniformly ultimately bounded. Simulation results have been provided to
illustrate the effectiveness of the proposed control scheme. Our future research will mainly
focus on the output-feedback control for the original system (1) based on the result in
this paper.
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FIGURE 2. The actual control inputs u; and wus
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