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ABSTRACT. In this paper, the problem of solution of fuzzy number linear system is stud-
ted. The concepts of r-solution and r-interval value solution are given through turning
linear systems (equations) with fuzzy number coefficients into equivalent linear systems
(equations) with interval number coefficients, and fuzzy number value solution is defined
for such fuzzy number linear system. Then we obtain a method of solving trapezoidal
fuzzy number solution for linear systems (equations) with trapezoidal fuzzy number coef-
ficients, and give two examples to show the application of the method.

Keywords: Fuzzy number, Trapezoid fuzzy number, Fuzzy linear equations, Fuzzy
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1. Introduction. The concept of fuzzy set was first put forward by Zadeh [1] in 1965. In
1972, Chang and Zadeh [2] proposed the concept of fuzzy numbers to study the properties
of probability functions. With the development of theories and applications of fuzzy
numbers, it becomes more and more important.

On the other hand, linear systems and related problems are also an important area
of research. In conventional mathematical equation, coefficients of problems are usually
determined by the experts as crisp values. However, in reality, in an imprecise and uncer-
tain environment, it is an unrealistic assumption that the knowledge and representation
of an expert are so precise. Therefore, fuzzy and stochastic approaches are frequently
used to describe and treat imprecise and uncertain elements present in a real decision
problem. For example, in 1991, Buckley and Qu [3] discussed fuzzy matrix A is square
and always non-singular in fuzzy matrix equation and presented six new solutions and
showed that the solutions of fuzzy matrix equation Ax = b is a fuzzy vector; In 1998,
Friedman et al. [4] developed mathematical models and numerical procedures that would
appropriately treat general fuzzy linear systems and solve them; In 2004, Allahviranloo [5]
proposed using the iterative Jacobi and Gauss Sidel methods for solving fuzzy systems of
linear equations with convergence theorems; In 2013, Chakraverty and Behera [6] studied
the fuzzy system of linear equations which are solved in terms of fuzzy center and get the
solution of the original system with width; In 2014, Behera and Chakraverty [7] studied
fuzzy complex system of linear equations and handled it in a straight way; Chutia [8] dis-
cussed the basic arithmetic operations of the interval-valued trapezoidal fuzzy numbers
and the necessary and sufficient condition for existence of solutions of linear equation;
Allahviranloo et al. [9] proposed a method to find a trapezoidal solution for a fully fuzzy
linear system and consider 1-cut and O-cut of a fully fuzzy linear system which are two
fully interval linear systems. In the above studies, it is found that the coefficient matrix A
is a crisp matrix and the unsolved vector z, the right hand b are fuzzy vector in [5, 6, 7.
While the coefficient matrix A is a fuzzy matrix and the unsolved vector z, the right hand
b are fuzzy vector in [4, 8, 9]. And most of the authors have considered the fuzzy number
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as trapezoid fuzzy number in their investigation. Here a new method is proposed and the
same is used to solve fuzzy linear system with trapezoid fuzzy number.

As discussed above, the unsolved vector x is considered as fuzzy while it may be a
real vector in the equation or in an imprecise and uncertain environment. So we use a
new method distinguished from the above method to solve the fuzzy linear system of
equations.

Due to the complexity of structure of solutions of linear systems (equations) with fuzzy
number coefficients, there are still few good results to solve such a linear system. In this
paper, we discuss the solution problem of the fuzzy system of linear equations Ax = b,
where, the elements of coefficient matrix A and the right hand vector b are all fuzzy
numbers. The specific arrangements of this paper are as follows: In Section 2, some
basic notions, definitions and results about fuzzy numbers are presented; In Section 3,
linear systems (equations) with fuzzy number coefficients are successfully translated into
equivalent linear systems (equations) with interval number coefficients. Then, by defining
the real solution, horizontal solution and horizontal interval value solution of the fuzzy
system of linear equation, the definition of their fuzzy number solution is given; In Section
4, we obtain a method of solving trapezoidal fuzzy number solution for linear systems
(equations) with trapezoidal fuzzy number coefficients, and give two examples to show
the application of the method. At last, we make a conclusion in Section 5.

2. Basic Definitions and Notations. R is the real number field, R™ is the n-dimensio-
nal real number column vector space. A fuzzy subset (in short, a fuzzy set) of R is a
function v : R — [0, 1]. For each such fuzzy set u, we denote by [u]" = {x € R : u(z) > r}
for each r € [0, 1], its r-level set.

If u is a normal and fuzzy convex fuzzy set of R, u(x) is upper semicontinuous, and
[u]® is compact, then we call u a 1-dimensional fuzzy number (in short, fuzzy number),
and denote the collection of all fuzzy numbers by E.

It is known that for any v € E and r € [0,1], [u]" is a closed interval (denote it as
u(r), a(r)]).

For any a € R, define fuzzy number a by
a(z) = 1 ifr=a
1 0 ifx#a
Let u,v € E, the addition, multiplication and scalar multiplication on E are defined by

(u+v)(z) = sup minfu(y),v(z)]

y+z=x
(uv)(2) = sup minfu(y), v(z)]
oo -3 17
Let u,v € F and k € R, then u+v,w, ku € F and [u+v]" = [u]"+ [v]", [wv]" = [u]"[v]",
[ku]" = Ek[u]", for any r € [0, 1].

We call
Uyr U2 o Uln
Ugr U2 - U2p . .
U= , , _ (in short, denote it as [t;;|mxn)
Um1 Um2 - Umn
an m x n fuzzy number matrix, where, u;; € F, i =1,2,--- ,m; j=1,2,--- ,n. And we

denote the collection of all m x n fuzzy number matrixes by F,,«,. As n = 1, we denote
Fm = Fm><1 and u = (U’Z)?ll = [uij]mxl for u € Fm
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The additions and multiplications of interval number matrix and fuzzy number matrix
are defined like real number matrix.
For any two m X n real number matrixes

a1 d12 C'Lln
. a1 Qo2 (2n
A= ' . ] (in short, denote it as [@ij]mxn)
Am1 Cmo Amn
and : . .
1?11 l?l2 1?1”
B=| 2 " 2 <in short, denote it as [sz} )
. mXn
bml bmg bmn
we define A < B if and only if a;; < b;;, where i =1,2,--- ,m; j=1,2,--- n.

For any wuy,us € E, we denote u; < uy if and only if [uy]" < [ug]” for any r € [0, 1], i.e.,
w(r) < us(r), m(r) <Wm(r) for any r € [0, 1]

For any U,V € F,x,, we denote U < V if and only if w;; < vy, ¢ = 1,2,--- ,m;
=12 n.

For U,V € Fyxn with U <V, we say [U, V] ={W € Fxn :
m X n matrix interval.

For any U = [Wijlmxn € Fuxn, 7 € [0, 1], we denote

U<W <V} to be an

155 O s S
[U]T _ U2-1 U2.2 U2n
[Um1]" [tma]" [Wmn]”
h (), 510 [ T50)] e [uaal), ()]
v | (), @i (r)] [usa(r), waa(r)] [wan (1), T2n (7)]
= : : :
[%(T)’u_ml(r)} [M(T)au_m?(r)} [uﬂ(r)vumn(r)}
and denote
EEEr]
oy = % r @ r Ugp (7
L U (7)  Uma(7) Upnn(T)
and
= E R
W _ u21: T uzg: r U2n' r
L Wt (1) Uma(r) U (1)

For U = [Uij]lmxn € Rmxn, we denote U € [U]" (r € [0,1]) if and only if u; €
[uij(r),u_ij(r)} fori=1,2,--- m,j=1,2,--- n.

Let aj,as,a3 and ay € R with a1 < ay < ag < ay. If fuzzy number u : R — [0,1] is
defined by

1, x € [ag,ag]
L= € [ay, ag)

u(x) = 27y’ ’
(z) e, x € (a3, a4
0, T ¢ [ay, a4
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then u is called a trapezoid fuzzy number, and denoted as u = F'(ay, as, ag, as). Specially,
if as = as, u is called a triangle number, and denoted u = F(aq, as, ay). And we denote
the collection of all trapezoid fuzzy numbers by Er,., and the collection of all triangle
fuzzy numbers by Er,;.

2.1. Fuzzy linear system of equations. Let A = [a;j]mxn € Frxn, b = (b)) € F,.
In this paper, we consider the following linear system of equations with fuzzy number
coefficients:

Ar=b (1)
i.e.,
a1 + a12T9 + -+ A1nTy = bl

a21T1 + Q2279 + -+ Aonly, — bg

(2)

Am1%1 + ATy + -+ AppTn = by
where, x = (;)7_, is the to be solved n-dimensional column vector.
If the solution of the fuzzy linear system of Equation (1) (i.e., (2)) is regarded as a real
number vector, then the following such solution of the fuzzy linear system of equations

can be easily thought of.

Definition 2.1. A real vector x* = (x7})}_, is called a real solution of fuzzy linear system

of Equation (1) (i.e., (2)) if Ax* =b.

However, in fact, to directly solve such solution of (1) is very difficult due to the
complexity of the division operation of fuzzy numbers which must be met in solving
process. So we should find other methods to solve the problem.

It is known that for U,V € E, U =V <= [U]" = [V]" for any r € [0,1]. So we have
that Az = b <= [Az|" = [b]" for any r € [0,1]. So, if z € R", we can turn the fuzzy
linear system of Equation (1) into:

[Az]" = [b]" for any r € [0, 1] (3)

for any r € [0,1]. Therefore, if 2 € R", we can equivalently turn the fuzzy linear system
of Equation (1) into a linear system of equations with interval number coefficients, i.e.,
we have:

Theorem 2.1. Let A = [aj]mxn € Frxn, b = (bi)% € F. Then for x € R™, x is a
solution of fuzzy linear system of Equation (1) (i.e., (2)) if and only if for any r € [0,1],
x 18 a solution of

| Az = (o) @
o a1 x1 + Jaw] ™z + -+ + [aw]zn = [b1]
"ry 4 [ag]re + -0 4+ [ag.] T, [ba]”

(5)

[am1]" 21 + [ama]"2e + 4+ [@mn] Tn = [bm]"
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Definition 2.2. Let A = [ajlmxn € Fuxn, b = (b)), € F,. For any r € [0,1],

A = [aw}mm < [A]T (i.@., A = [CLZ]]an < Rmxn cmd aw € [aij(r),@(r)} 5 1= 1, 2, e, MM,
j=12--n) andbz(b) e [b" (i.e., b—(z) € R™ andbie[@(r),b_i(r)},
i=1 i=1
i=1,2,--- ,m), there exists a real vector x* (x;‘)n_ such that

7j=1
Az =b
1.€.,
C'LHZET + C'ngl'g + -+ Cllnl’: = 1?1
6.12133){ + dggl’; + -+ &znl':; = bg
a1 T+ Aoty + o F At = by

then we call x* = (x;“):zl an r-solution of fuzzy linear system of Equation (1) (i.e., (2)),

and denote it as x (A, b, 7’) = (xj (A,i), T))n X
j=
For A = [aijlmxn € Fan b = (b)), € F, and r € [0,1], we denote z( r)
min{az(A,b,r). Ac[A]",b []}andf(r)zmax{x(/l,fy,r) AecA }

Definition 2.3. Let A = [aij|mxn € Finxn, b= (b))% € F,,. For any r € [0 1] zfx( )
min {x (A, b, 7“) - Ae[A] be [b]T} and T(r) = max{x (A b, 7’) 0]
exist, then we call [z(r), Z(r)] an r-interval value solution of fuzzy linear system of Equ

tion (1) (i.e., (2)), call the fuzzy set & = (7;)7_, which is defined by

sup {T €0,1]: te [&(r),xj(r)]} t € Urepo,1] [ﬁ(r)u‘r_](rﬂ

0 t € Uprglo,] [ﬁ(?‘),x_](r)}

j

‘%J(t): 7j:1727"'7n

where, T;(t), j =1,2,---,n is a component of x(r), a fuzzy set solution of fuzzy linear
system of Equation (1) (i.e., (2)). Specially, if ¥ = (%;)7_, € E, then we call it a fuzzy
number solution of fuzzy linear system of Equation (1) (i.e., (2)).

3. Solution of Trapezoid Fuzzy Number Linear System. For linear system of equa-
tions with trapezoid fuzzy number coefficients (Where A = [aijlmxn € Finxn, b= (b)) €
F,, and a;;,b; € Erye, i =1,2,--- ,m; 7 =1,2,--- ,n), we have the following result.

Theorem 3.1. Let A = [aij|mxn € Finxn, b = (b;)1% € Fy, be trapezoid fuzzy number ma-
triz and trapezoid fuzzy vector, respectively, i.e., a;j,b; € Eryq for anyi=1,2,--- ,m and

j=1,2--.n. [f{:r; (A,b,1) L Ae Al be [b]l} and {:z: (A,b,o) CAe AP be [b]o}
are all nonempty, then z(1) = min {x (A,b, 1) - Ae[A]'be [b]l}, Z(1) = max {;1:(/1, b,
- Ae[A'be [b]l}, z(0) = min {x <A,b, 0) - Ae[A]be [b]o} and 7(0) = max

{x (A, b, 0) c Ae[A]be [b]o} satisfy x(0) < z(1) < Z(1) < 7(0), and the trapezoid
fuzzy number F (z(0),z(1),7(1),%(0)) is the fuzzy number solution of fuzzy linear system
of Equation (1) (i.e., (2)).

Proof: From the definitions of z(1) and Z(1), we see z(1) < Z(1). So to prove z(0) <
z(1) < (1) < %(0), we only need to show z(0) < z(1), (1) < 7(0). In fact, it can
be seen from [A]' C [A]°, [B]' C [B]° and the definitions of z(0), z(1), E(l), z(0).



180 C. LI AND G. WANG

Therefore, trapezoid fuzzy number F'(x(0),z(1),Z(1),7Z(0)) can be indeed defined, and its
membership function is

Lo we (). a()

Fl(0),2(1),7(1),5(0)) () — | 2020 € Oh2l)
0070 O = S oy
0, z ¢ [2(0),7(0)]

and

F(2(0), 2(1),z(1), 7(0))(r)

In the following we show that for any r € |0,

F(z(0), z(1), =(1),7(0))(r), F(2(0),z(1),7(1),Z(0))(r) |,

ie, [z(0) + (z(1) — z(0))r, Z(0) — (z(0) — Z(1))r] is an r-interval value solution of
fuzzy linear system of Equation (1) (i.e., (2)). Firstly, from z(0) < z(1) < z(1) <
z(0), we see that for any r € [0,1], (1 — r)z(0) + rz(1) < (1 — r)z(0) + rz(1), i.e.,
2(0) + (z(1) = 2(0))r < F(0) — ((0) = F(1)r, s0 [£(0) + (z(1) — 2(0))r, F(0) - (F(0) -
Z(1))r] is indeed a closed interval. In order to prove that [z(0) + (z(1) — z(0))r, Z(0) —
((0) — Z(1))r] is an r-interval value solution of fuzzy linear system of Equation (1)

i.e., (2)), we only need to show that for any 7 € [0,1], A = [@i;]mxn € [A]" and b =
(bl>zl e [b]", there exists z(A,b,r) = (xj (A, b, 7“))31:1 with Az (A b 7") — b such that
2(0) 4+ (z(1) —z(0))r = min {x (A b 7‘) cAe[A]be [b]’”} and Z(0) — (Z(0) —z(1))r =
max {x <A, b, 7’) c Ae[A],be b } In fact, from the definitions of z(0), z(1), Z(0) and
Z(1), we see that there exist A(0) € [A]°, b(0) € [0]°, A(1) € [A]", b(1) € [b]", ( )
Bb(0) € [0]° and A(1) € [A]', b(1) € [B]' such that z(0) = :1:( (0), b(0), ) 1:( )
x<A<1),§<1),1), 7(0) = x(Z(O),E(O),o) and 7(1) = :r;<_ ),b(1) ,1), ie., A0

b(0), A(1)z(1) = b(1), AQ)Z(0) = b(0) and A(1)z(1) = b(1). O

7(0) = (z(0) = z(1)r
1,

—~

4. Numerical Example. In the following, we give two practical examples to show the
application of Theorem 3.1.

Example 4.1. Consider fuzzy linear system (1,2,3,4)x = (6,7,8,9).
From the definitions of x(0), Z(0), z(1), T(1), we have

2(0) :mln{x (A b, 0) Ae1,4,be [6,9]}
7(0) :max{x <A,b 0) CAe,4),be [6,9]}
(1) :min{x (A,b 1) L Ae2,3),be [7,8]}
7(1) :max{x <A,b, 1) cAe2,3)be [7,8]}

We can get



ICIC EXPRESS LETTERS, VOL.11, NO.1, 2017 181

and

So, by Theorem 3.1 we know trapezoid fuzzy number (§ g, 4, 9) 18 a fuzzy number solution

of the fuzzy linear system (equation) (1,2,3,4)z = (6,7,8,9).

l\')

Example 4.2. Consider fuzzy linear system

{ ((2,3,5,6) (3,4,6,7) } { 1 ] _ { ((8, 15,42, 70) ] ‘
(

1.5,2,4,5) (3.5,4,5,6) 7,12.5,34,59)

From the definitions of z(0), ©(0), z(1), T(1), we have

smnfs(a0): ac[ 5% 57 ]oe [ )
:max{x<A,b,0> A€H2 6]5] [z£>35725]}b€H§£H}
:min{x<z4,b,1> Ae [ E’Z {i?} } e [ [1[1255@1] H
:max{x(A,b,1> AG{ Z {i?ﬂbe[ﬁfﬂﬂ}

50,

61’1 + 71‘2 0) 8
51’1 + 61‘2 0) 7

{ 2771(0) + 375(0) = 70
1.5Z7(0) + 3.573(0) = 59

521 (1) + 629(1) = 15

{ 47, (1) + 5ra(1) = 12.5
1
1

{ 371(1) + 475(1) = 42
277(1) + 472(1) = 34

we can get

and

So, by Theorem 3.1 we know trapezoid fuzzy number vector

fuzzy number solution of the fuzzy linear system (equation) [ (

z1\ [ (8,15,42,70)
@y ) T\ (7,125,34,59) )
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From the aboved two examples, if the fuzzy linear system of equations satifies the
definations of x(0), Z(0), z(1), T(1), we can get the trapezoid fuzzy number solution by
Theorem 3.1. And the procedures as given may be an easy way to handle the trapezoid
fuzzy linear system of equations. The challenge will be how to handle the system of
equations when the coefficient matrix and the right hand are general fuzzy numbers.

5. Conclusion. In this paper, we gave the concept (Definition 2.1) of real solution of
fuzzy linear system of equation with fuzzy number coefficients, and equivalently translated
the fuzzy linear systems (equations) into interval number systems (equations) with interval
number coefficients by horizontal set (Theorem 2.1). Then we defined horizontal solution
of the fuzzy linear system (Definition 2.2), and proposed the concepts of fuzzy set solution
and fuzzy number solution of the fuzzy linear system via defining its horizontal interval
value solution (Definition 2.3). And then, we obtained a method of solving trapezoidal
fuzzy number linear systems (equations) (Theorem 3.1). At last, we gave two examples
(Examples 4.1 and 4.2) to show the application of proposed theory. In the future, we can
study the structure of the solutions of fuzzy linear systems (equations), and apply the
theories related to solutions of fuzzy linear systems (equations) to a wider range of areas.
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