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Abstract. Pattern reformation problem is an interesting problem. A pattern refor-
mation problem with a group of mobile robots moving on a squared grid plane has been
studied for several years and a systematic algorithm for this problem has been developed.
In this paper, the motion plane for the group of mobile robots is a hexagonal grid in-
stead of a squared grid plane. The properties of hexagonal grid plane are different from
squared grid plane. A distance matrix is defined and a simple algorithm has been pro-
posed to solve the pattern reformation problem in the scope of task assignment. Examples
are illustrated in this paper to show that the proposed algorithm can complete the task of
pattern reformation on a hexagonal grid plane.
Keywords: Hexagonal grid, Pattern reformation, Task assignment

1. Introduction. Pattern reformation problem is an interesting problem. In ancient
war, a warring army often changed the battle array to confuse the enemy and thus could
eventually win the game by a surprise. The match-past performance of the cheerleader
parade is also an example of pattern reformation. For a pattern reformation problem,
each member has to move from his current position to his target position as soon as
possible. This is evidently a minimum-time problem. Usually, a minimization problem
is to minimize the total cost or the total spending time. However, the overall task for a
pattern reformation problem is completed only when all of the members reach their target
positions. The member who needs the longest time to achieve his target position plays
the key role in this problem. We must minimize this maximal spending time so that the
pattern reformation problem has been solved. So we say that members of the team in a
pattern reformation problem play a cooperative game [1]. For a cooperative game, the
best of each individual does not mean the best of the overall group.

Without loss of generality, the motion plane for a pattern reformation problem could
be assumed as a grid plane. In the past few years, we spent much time on studying
the pattern reformation problem on squared grid plane [2-4]. The pattern reformation
problem can be divided into two sub-problems: one is the task assignment problem, and
the other one is the route programming problem. We supposed that there are some mobile
robots moving on a squared grid plane. As mentioned earlier, the task assignment problem
is a game problem. The target position of every mobile robot should be determined in
this stage in order to have the maximal spending time for all mobile robots moving to
their corresponding target position being minimal. A distance matrix is defined and
a simple algorithm has been proposed to solve the task assignment problem. With our
proposed algorithm, the solution of the game problem, task assignment problem of pattern
reformation on squared grid plane, could be solved. Once the task assignment problem
is solved, the route programming problem will be solved consequently since the distance
matrix defined all possible routes for each mobile robot.
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More and more researchers applied hexagonal grid cells on path finding problems. For
example, Tsatcha et al. applied hexagonal meshes and iterative deepening A* algorithm
on maritime routing problem [5]. Moser et al. applied hexagonal grid on the analysis of
network mechanisms [6]. These motivate us to extend our previous studies to the scenario
of hexagonal grid plane. Therefore, in this paper, we will focus on the pattern reformation
problem for mobile robots moving on a hexagonal grid plane. The properties of hexagonal
grid plane are quite different from squared grid plane. Consider the scenario as shown in
Figure 1. There are 5 mobile robots on the plane. The plane is composed of hexagonal
cells. The dotted positions form the target pattern of the group of mobile robots. Each
robot can move in six directions to cross the edge to a neighboring cell, as shown in Figure
2. The question is: how do the mobile robots move to change their formation to the new
formation assigned by the dots as soon as possible?

Figure 1. Scenario of the considered pattern reformation problem

Figure 2. Moving direction of a robot

This paper is organized as follows. Some properties of hexagonal grids are illustrated in
Section 2. Section 3 shows how to obtain the distance matrix for the problem and also the
task assignment procedure. An example of pattern reformation on hexagonal grid plane
is shown and solved in Section 4. Finally, some discussions and conclusions are made in
Section 5.

2. Properties of Hexagonal Grid. Hexagonal grid plane, like honeycomb, is a common
planar structure. However, it is not so straightforward as squared grid plane. For a
squared grid plane, each cell has 4 neighbors and the moving path forms squares on the
plane. However, each cell on a hexagonal grid plane has 6 neighbors and the moving paths
form triangles on the plane, as shown in Figure 3.
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Figure 3. Moving paths on a hexagonal grid plane

Figure 4. Coordinate change for a hexagonal grid plane

Figure 5. Coordinates of some cells on a hexagonal grid plane

There are several coordinate systems for a hexagonal grid plane, and the most common
approach is to offset every other column or row. One can either offset the odd or the
even column/rows, so the horizontal and vertical hexagons each have two variants [7].
Suppose that we want to coordinate the hexagonal grid plane like Figure 3, we can use an
ordered pair (x, y) to represent the coordinate of each cell. A move directly right or left
means a positive or negative change in the x coordinate only, and a move to the upper-
right means a positive change in the y coordinate only. Thus, a move to the upper-left
means a negative change in the x coordinate and a positive change in the y coordinate
[8]. The change in coordinates, from any cell, can be represented like Figure 4, where 0
means unchanged, + means incremental and – means decremental. The coordination of
a portion of hexagonal grid plane is shown in Figure 5.
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For this coordinate system, the distance d (moving steps) between two cells (x1, y1) and
(x2, y2) is given by

d = max (|x2 − x1| , |y2 − y1| , |(x2 + y2) − (x1 + y1)|) . (1)

For example, the distance between (0,−1) and (3, 1) is max(|3 − 0|, |1 − (−1)|, |(3 +
1) − (0 + (−1))|) = max(3, 2, 5) = 5. We can verify this from Figure 5 that it needs 5
steps to move from (0,−1) to (3, 1).

If we straighten the saw-tooth-like line segments on a hexagonal grid plane, we will
have an interlocked squared grid plane, as shown in Figure 6. It looks like squared grid
plane but with every other row being shifted half grid. For any cell on an interlocked
squared grid plane, there are also 6 moving directions. This is the same as moving on a
hexagonal grid plane. Hence, we can claim that all properties of hexagonal grid plane are
suitable for interlocked squared grid plane.

Figure 6. Interlocked squared grids

3. Distance Matrix and Task Assignment Procedure. Once the initial and the
target patterns being determined, the distance from any one robot to any possible target
position can be obtained by (1). Assigning an ID to every robot and every target position,
one can easily form a distance matrix ∆ where the row represents the robot and the
column represents the target position. Hence the element ∆i,j means the distance from
the position of Robot i to Target j. For the case shown in Figure 1, let the robot from
top to down be numbered from R1 to R5, respectively. And the target position from top
to down is numbered from T1 to T5. Then we can have the distance matrix ∆ as:

∆ =



T1 T2 T3 T4 T5

R1 4 4 4 4 5
R2 4 3 3 3 4
R3 4 3 2 2 3
R4 5 4 3 2 3
R5 6 5 4 3 3

 (2)

The task assignment procedure is summarized as follows.

Step 1: Number the mobile robots and target positions.
Step 2: Find the first distance matrix ∆1.
Step 3: Find the minimum, the second minimum, number of the second minimum, and

the sum for each column and row of the distance matrix. If there are double
minimum in some column or row, then set the second minimum the same as the
minimum.

Step 4: If the maximum of the second minimums is not repeated, then pivot the col-
umn/row and go to Step 8.

Step 5: If the maximum of the column/row-sum is not repeated, then pivot the col-
umn/row and go to Step 8.
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Step 6: If the maximum of the second minimums of the columns or rows satisfying the
condition of Step 5 is not repeated, then pivot the column/row and go to Step 8.

Step 7: Pivot the larger maximum of the minimums of the columns or rows satisfying the
condition of Step 6. If there are multiple columns or rows satisfying the condition,
choose the first column/row in the searching order.

Step 8: Circle any one of the nonzero minimum elements of the pivoted column/row. And
discard the column and row where the circled element located.

Step 9: Repeat Steps 3-8 until all rows or columns are discarded.

Step 10: The maximum of the circled elements, symbolled as τ1, is the temporary task
completing time. Replace the elements greater than or equal to τ1 of the distance
matrix by a sufficiently large number Z, e.g., 99. This forms the 2nd distance
matrix ∆2.

Step 11: Use the Hungarian algorithm [9] to check the minimum working time t2 for ∆2.
If t2 >= Z, then stop and the obtained task assignment is the optimal one, i.e.,
the temporary task completing time is the optimal task completing time; else go
to Step 3 and find the next τ .

The sum of each column/row in Step 3 is not necessary for each iteration since it is
possible that the requirement of Step 4 may be met. For the case of Figure 1 with distance
matrix (2), the optimal task completion time is 4. One of the possible task assignments
is: R1→T1, R2→T2, R3→T3, R4→T4, and R5→T5.

4. Illustrated Example. Consider the example shown in Figure 7. There are 5 mobile
robots moving on a 5× 5 + 2 hexagonal grid plane. The dotted cells represent the target
positions. At first, we number the robots from left to right and from top to bottom, and
the target positions in counter-clockwise. Then we have the first distance matrix as:

∆1 =


5 4 4 5 6
4 3 3 4 5
4 3 3 4 5
3 2 2 3 4
5 4 3 4 5

 (3)

Figure 7. Example of 5 mobile robots on a hexagonal grid plane

The operations of finding the optimal task assignment are shown in Figure 8. The first
iteration is shown with solid line, and the dashed line and dotted line are for the 2nd and
3rd iterations, respectively. The relative conditions of the pivoted column/row are marked
with squares. For the 1st and 3rd iterations, the sum of column/row is not necessary since
the maximum of the 2nd minimum is unique for each of these two iterations. Now we
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Figure 8. Operations on 1st distance matrix

Figure 9. Trajectories of the mobile robots on the hexagonal grid plane

are in Step 10 with the maximum of the circled elements being 4. Replace all elements
greater than or equal to 4 of the distance matrix by 99. We have:

∆2 =


99 99 99 99 99
99 3 3 99 99
99 3 3 99 99
3 2 2 3 99
99 99 3 99 99

 (4)

Applying Hungarian algorithm to (4), the minimum working time t2 is 206 > 99. This
means that the result is an optimal solution. The best solution for the pattern reformation
is: R1→T2, R2→T1, R3→T4, R4→T5, and R5→T3. And the optimal completion time
is 4. The moving trajectories of the mobile robots are shown in Figure 9 after route
programming. Here the Robot 5 moves to the Target 3 spending 4 steps to prevent
colliding with Robot 3.

5. Conclusions. In this paper, we showed a näıve research result of pattern reformation
on hexagonal grid plane which is much more complex than that on squared grid plane.
Because the properties of hexagonal grid plane are different from squared grid plane, the
solving process for the pattern reformation problem on hexagonal grid plane is slightly
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different from that on squared grid plane. We also apply the Hungarian algorithm to
guaranteeing the optimality of the solution of this problem.

Properties of a hexagonal grid plane are also suitable for an interlocked squared grid
plane. Results obtained in this paper can be applied on an interlocked squared grid plane.

This paper is only a näıve research. We mainly focus on the task assignment process
for this problem in this paper. More examinations on the route programming results of
the pattern reformation problem are needed. Moreover, we will extend the results to more
complex situations in the near future.
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