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ABSTRACT. Formal concept analysis, as an important tool for data analysis and knowl-
edge processing, has been applied to many fields. However, the visual effect of its Hasse
diagram is not satisfactory especially for a large or complex formal context, since edges
may intersect each other. To solve this problem, partial-order formal structure (PFS for
brief) is proposed and has been successfully applied to the field of data analysis. This
paper studies mainly on the nodes of PFS from the perspective of comparing with con-
cept lattice. Specifically, a necessary and sufficient condition of a node of PFS to be a
pseudo-concept, and two sufficient conditions on which the node set of PFS is a proper
subset of that of concept lattice are proposed and proved in detasl.
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1. Introduction. Formal concept analysis (briefly FCA) was initially proposed by Wille
in 1982 [1]. And in 1999, Ganter and Wille summarized the early framework and theoret-
ical results of FCA in their works Formal Concept Analysis: Mathematical Foundations
[2]. After decades of developments, FCA now has evolved into an important branch of
applied mathematics and been widely used in various areas, such as knowledge discovery,
data analysis, text retrieval and software engineering [3-8].

There are two key components in FCA: formal concept and concept lattice. For a formal
context K, a formal concept is a pair of an object subset (extension) and an attribute
subset (intension), which determine each other mutually. A partial order among the formal
concepts can be established according to the inclusion relationship of their extensions.
All the formal concepts together with their partial order form a complete lattice called
concept lattice, which shows the hierarchical organization of concepts and is the core of
FCA. Hasse diagram is introduced to visualize the hierarchical relation among formal
concepts. However, the visual effect of Hasse diagram is not satisfactory especially for a
large or complex formal context, since a lot of edges may intersect each other.

Concerning this problem, our team put forward the idea of partial-order formal struc-
ture (PFS) [9]. PFS, with nodes similar to those of Hasse diagram of concept lattice,
is a closed, acyclic tree diagram. Thus, there is no cross of lines and the visual effect
is perfect. Meanwhile, PFS is a good tool of knowledge discovery and rules extraction
since it can illustrate the universality and specificity of attributes (objects). And scholars
have successfully applied it in knowledge discovery of Chinese traditional medicine and
languages [10-12].
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When comparing attributes of objects, we find that some are universal while some are
more specific. It is the essence of cognizing and distinguishing objects to find their speci-
ficities out of universial common attributes. PFS, based on the fundamental principle of
human’s cognition, is just such a new theory that takes exploration of attributes’ relation-
ships and distinction of objects as its basic purpose, while FCA is a strict mathematical
theory that studies on the relationships among concepts. Although the two theories have
different focuses, they are both powerful tools in data mining, similar to each other but
possessing their own advantages. Thus, in order to make better use of them, it is necessary
to give a comparison between concept lattice and PFS.

In this paper, we study mainly on the nodes of PFS, from the perspective of comparing
them with those of concept lattice. And the paper is organized as follows. In Section 2,
formal contexts and concept lattice are reviewed. Section 3 introduces the constructing
method of PFS. And Section 4 focuses on the nodes of PFS. Specifically, a necessary
and sufficient condition of a node of a PFS to be a pseudo-concept, and two sufficient
conditions on which the node set of PFS is a proper subset of that of concept lattice
are proposed and proved in detail. Finally, main results of the paper are summarized in
Section 5.

2. Formal Contexts and Concept Lattice. In this section, we review the basic defi-
nitions regarding concept lattice.

Definition 2.1. [13] A formal context K = (G, M, I) consists of two sets G and M and
a relation I between them. The elements of G and M are called objects and attributes

respectively. (g,m) € I or gIm denotes that the object g possesses the attribute m.
For subsets A C G and B C M, define

f(A) ={m e M|xIm for all x € A}, g(B) = {x € G|lxIm for all m € B}.

Definition 2.2. [13] A formal concept of a formal context K = (G, M, I) is a two-tuple
(A, B), where A C G, B C M, and f(A) = B, g(B) = A. A and B are the extension
and intension of the concept (A, B) respectively.

Definition 2.3. [13] If (A1, B1) and (Aa, By) are two concepts of a formal context, and
Ay C Ay (i.e., By C By), then (Ay, By) is called the sub-concept of (As, Bs), and (As, Bs)
is called the sup-concept of (Ay, By), denoted by (A1, By) < (A, Bs). All the formal
concepts of the formal context K = (G, M, 1) with the above order form a complete lattice
called concept lattice, denoted by B(G, M, 1).

3. Constructing Method of Partial-Order Formal Structure. If an object x sat-
isfies that f(x) = M, there is little significance to consider it. Therefore, we omit such
objects from formal contexts.

The main procedures of constructing PFS of a formal context are as follows.

(1) The maximal common attribute m is found, i.e., the attribute m satisfying that
g(m) = G. Accordingly, the top node (m, g(m)) is acquired (Here m is used to replace the
attribute subset {m} for simplity. Similar processings will not be mentioned hereinafter.).
If there is no such an attribute, then the top node is denoted by (®, G).

(2) The attributes of the simplest cover of G are found, i.e., attributes my, ms, ..., my
satisfying the following items:

i) iLleg(mi) =G;

ii) Forevery l € {1,2,....k}, U g(m;) # G;
i=1il
k
iii) > |g(m;)| is the largest among attributes satisfying item i) and item ii);
i=1
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iv) k is the minimal positive integer satisfying item i) and item iii).

(3) The first-layer nodes (m;, g(m;)), i = 1,2,..., k are established, and located under
the top node. Lines are drawn between the top node and every first-layer node. If there
exists the maximal common attribute m, then m should be added to these nodes, i.e.,
(mm;, g(mmy;)), i =1,2,... k.

(4) For every m; (i = 1,2,..., k), the corresponding sub-context K,,, = (g(m;), M, I,,,)
can be got, where I,,,. denotes the relation I N (g(m;) x M). Under the sub-contexts K,,,,
the attributes of the simplest cover of g(m;) (i = 1,2,...,k) are found sequentially, and
denoted by mt, mj, ... ,mi(i) (s(i) € N*, i =1,2,...,k). And then the corresponding
nodes (mgm', g (mym')) are acquired (j = 1,2,...,s(i), i = 1,2,... k). The above
nodes constitute the second-layer nodes, located under the first-layer ones. Lines are
drawn between them and their corresponding first-layer nodes.

Note: i) If the objects of a node are included in the object sets of some already-existing
nodes, then the node is omitted.

K kos() ,
i) If ‘U1 g(m;) # ‘Ul 'U1 g (m;m3), then ¢ lines are drawn between the first-layer nodes
1= 1=1y=

b kos(i) |
and the bottom node (M, ®), where ¢t = ||J g(m;) — U U g (mim3)|.
i=1 i=1j=1
(5) Step (4) is repeated until no new node can be formed under the existing nodes.
And then lines are drawn between the nodes and the bottom node (M, ®).

Example 3.1. The following Table 1 is the formal context of lives and water which is
typical in [13]. The universe is G = {fishleech, bream, frog, dog, waterweeds, reed, bean,
corn}, elements of which are denoted by numbers from 1 to 7, and the attribute set is
M = {needs water to live, lives in water, lives on land, needs chlorophyll, dicotyledon,
monocotyledon, can move, has limbs, breast feeds}, elements of which are denoted by
letters a, b, ¢, d, e, f, g, h, i, j respectively. If an object possesses an attribute, then a
cross is drawn in the intersection of the row where the object is located and the column
where the attribute is located. The corresponding concept lattice and PFS are shown in
Figure 1 and Figure 2 respectively.

TABLE 1. Formal context of lives and water

a b ¢ d e f g h i
1 fishleech X X X
2 bream X X X X
3 frog X X X X X
4 dog X X X X X
5 water weeds X X X X
6 reed X X X X X
7 bean X X X X
8 corn X X X X

From Figure 1 we see that some edges of the concept lattice intersect with each other. In
Figure 2, PFS is a closed, acyclic tree diagram without edges’ intersection and is simpler.

Although there are less edges and nodes in Figure 2, the hierarchy of attributes is il-
lustrated clearly. Specifically speaking, the attribute a, possessed by every object, is the
most common one and therefore is located on the top. Comparing among other attributes
except a, the attributes b and ¢ are possessed by more objects and thus placed on the first
layer under a. Similarly the rest attributes are located in the same way.

As for the nodes of the two figures, except for (acg, 34) and (abd, 56), nodes in Figure
2 are included in Figure 1, while nodes (ag, 1234), (ad, 5678), (agh, 234), (adf, 568)
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(2, 12345678)

(abedefghi, )

F1GURE 1. Concept lattice
(a.12345678)
®

(ab,12356)¢ y(ac,34678)

(abedefghi, D)

FIGURE 2. PFS

and (abe, 36) of Figure 1 do not appear in Figure 2. The relationship between nodes of
concept lattice and PFS which seems complicated will be discussed in the next section.

4. Comparison of Nodes between PFS and Concept Lattice. From Section 3, we
know that all the nodes of PFS have such a form as (B, g(B)), where B C M. Generally
speaking, it is not definitely a formal concept, for the equality f(g(B)) = B may not hold
sometimes. Then we are concerned about how to determine from the diagram of PFS
whether a node is a concept or not. And the following Theorem 4.1 and Corollary 4.1
will solve it.

Theorem 4.1. In PFS, the node (B, g(B)) is a pseudo-concept if and only if there is only
one branch stemming from (B, g(B)) and the object set of the node under it is also g(B).

Proof: Firstly, the necessity is to be proved. Suppose that (B, g(B)) is a pseudo-
concept. Then f(g(B)) D B, i.e., there is an attribute a € M such that a € f(g(B))\B.
Since a € f(g(B)), we have that g(a) 2 ¢g(f(9(B))) = ¢g(B). Thus, g(aU B) = g(a) N
g(B) = g(B). According to the constructing rule of PFS, we know that g(a U B) is the
simplest cover of g(B) and then the node (aU B, g(aU B)) = (aU B, g(B)) is the unique
one under (B, g(B)). Therefore, there is only one branch stemming from (B, g(B)) and
the object set of the node (a U B, g(B)) under it is also g(B).

Next the sufficiency is to be proved. Suppose that there is only one branch stemming
from (B, g(B)) and the object set of the node under it is also g(B). Then it is reasonable
to suppose that the node under (B, g¢(B)) is (a U B,g(B)). Accordingly, f(g(B)) =
flglau B)) D aU B D B. Therefore, f(g(B)) # B, which means that (B, g(B)) is a
pseudo-concept.
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Corollary 4.1. In PFS, the node (B, g(B)) is a formal concept if and only if there are at
least two branches stemming from it or there is only one branch stemming from (B, g(B))
but the object set of the node under it is properly included in g(B).

Proof: It is straightforward according to Theorem 4.1.

From Corollary 4.1, we know that the node set of PFS is a subset of that of concept
lattice, if we take no consideration of pseudo-concepts. Now there is an interesting ques-
tion: provided that pseudo concepts are not considered, when is the node set of PFS a
proper subset of that of concept lattice and when are they the same? Before discussing
this question, the definition of multi-attribute associated attribute is to be introduced.

Definition 4.1. In a formal context K = (G, M, I), the attribute my is called a multi-
attribute associated attribute of mo,ms, ..., my, if the attributes my,ma, ..., my satisfy
the following items:
(1) Any two elements of {g(m1), g(ma),...,g(my)} do not have the inclusion relation;
k
(2) g(m1) € U g(mi).
=2
Theorem 4.2. In the PFS of a formal context K = (G, M, 1), if for the attributes of the

simplest cover of G, there is a multi-attribute associated attribute, then the node set of PFS
15 a proper subset of that of concept lattice, without considerations of pseudo-concepts.

Proof: Suppose that for the attributes my, ms,...,my € M, their object sets g(my),
g(ms), ..., g(my) form the simplest cover of G. Then (my, g(m1)), (m2, g(ms)), ..., (Mg,
g(my)) constitute the first-layer nodes of PFS. Suppose that m € M is a multi-attribute
associated attribute of my,mso, ..., mg. Then

gm) € (J glmy). )

and for arbitrary ¢ € {1,2,...,k},
g(m) & g(m). (2)

It follows from (1) that in PFS, m is located under the attributes mq,mo, ..., mg. That
is to say, in PF'S, nodes containing m only appear in such a form as (B Um; Um, g(B U
m; Um)), where B C M may be null and m; € {my,ma, ..., my}.

On the other hand, from (2) it can be inferred that the concept (f(g(m)),g(m)) is in
the concept lattice but not in PFS (Here the positions of the object set and the attribute
set are exchanged for consistency with PFS.). It can be proved by contradiction. Suppose
that (f(g(m)),g(m)) is a node in PFS. Then according to the above statements, there is
some m; € {my, ma, ..., my}, such that (f(g(m)),g(m)) = (BUm; Um, g(BUm; Um)).
Hence m; € f(g(m)), which means that {m,m;} C f(g(m)). Therefore,

g(m) = g(f(g(m))) € g(m,m;) = g(m) 0 g(mi) S g(m).
It follows that g(m) C g(m;), which contradicts with (2). So the concept (f(g(m)), g(m))
is in the concept lattice but not in PFS, and thus Theorem 4.2 holds.

Corollary 4.2. Suppose that (B, g(B)) is a node in the PFS of a formal context K =
(G, M,I), and it is the first one among the nodes in the same layer. If for the attributes
of the simplest cover (or sub-universe cover) of g(B), there is a multi-attribute associated
attribute in the sub-context (g(B), M,INg(B) x M), then the node set of PFS is a proper
subset of that of concept lattice, without considerations of pseudo-concepts.

The proof of Corollary 4.2 is similar to that of Theorem 4.2, so it is omitted.
Now let us return to Example 3.1. From Table 1, we know that ¢(b) and g(c) form the
simplest cover of GG, and attributes d and g are multi-attribute associated attributes of b
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and c. Then according to the proof of Theorem 4.2, in PFS, nodes containing d or g do
not appear unless b or c¢ is included in the attribute set. From Figure 1 and Figure 2, we
get that the formal concepts (ag, 1234) and (ad, 5678) do not appear in the PFS (Figure
2) indeed, which coincide with Theorem 4.2.

5. Conclusions. This paper focuses mainly on the nodes of PFS from the perspective
of comparing with concept lattice. Firstly, a necessary and sufficient condition of a node
of PFS to be a pseudo-concept is proved, which indicates that in PF'S, every node in PFS
is a formal concept, except for the nodes, each of which has only one branch stemming
from it and whose object set is the same as that of the node under it. This result may
provide a new method to find formal concepts from a formal context. Secondly, by means
of multi-attribute associated attributes, two sufficient conditions on which the node set of
PFES is a proper subset of that of concept lattice are proposed and proved. However, the
question when the node set of PF'S and that of concept lattice are the same is not solved
yet, which we will go on to study.
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