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Abstract. In this paper, an extended state observer (ESO)-based nonlinear output feed-
back constrained control strategy is proposed for a variable speed wind turbine (VSWT).
First, the dynamic model of VSWT is described. Next, a model transformation is pro-
posed for VSWT dynamic model that converts the VSWT system into a strict-feedback
form through state transformation. Then, an ESO is developed, which is used to design
nonlinear output feedback constrained controller. In the design procedure of the controller,
a novel dynamic anti-windup compensator is presented to deal with the magnitude and
rate saturations of input. Finally, simulation results are given to demonstrate the effec-
tiveness and potential of the proposed constrained control scheme.
Keywords: Extended state observer, Control input saturation, Anti-windup, Variable
speed wind turbine

1. Introduction. Wind is a kind of renewable energy with great potential. The wind
power does not require the use of fuel and does not produce radiation or air pollution; it
is forming a wave in the world [1-3].

Wind power is to turn the kinetic energy of the wind into the mechanical energy and
convert the mechanical energy into the electricity kinetic energy. Wind capacity in the
world has grown at a rate of 20%-30% per year over the past decade [4]. The wind turbine
is an important component to turn the kinetic energy of the wind into the mechanical
energy, which is composed of two (or more only) impellers in the shape of propeller.
When the wind blows to the blade, the aerodynamic force generated on the blade drives
the wind wheel rotation. Because the speed of the wind wheel is relatively low and the
size and direction of the wind often change, leading to the unstable speed, before driving
the generator, it is necessary to attach a transmission gear box to increase the rotation
speed to the rated rotation speed of generator, and add a speed regulating mechanism for
stable speed, and then connect to the generator.

With the development of control theory and technology of wind power generation, the
wind power generator control system improves from the initial fixed pitch and constant
speed control to the current variable pitch and variable speed control. Due to the great
advantages of the variable speed wind turbines (VSWT) in the utilization of wind energy,
the VSWT has become the main control study object [5-10]. Because of the factors of
the inherent nonlinearity and uncertainty of wind turbine system and the existence of
external operating condition effects, the controller designed by using the nominal linear
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system model makes the robust performance of the actual system poor and reliability
low. Therefore, in recent years, people have tried to use various nonlinear control theories
based on models for studies on the control of wind turbine generator systems [7-11].

However, few modified control methods consider the actuator saturation problem. If
the actuator saturation factor is not considered, the closed-loop control system may di-
verge. Many researchers have paid close attention to dynamical systems subject to input
saturation due to the frequent occurrence in many systems. In linear systems, a general
method to solve this problem of saturation is to treat the system as the sector nonlinearity
[12,13]. The linear differential inclusion approach is another effective way for solving this
problem; this strategy puts the saturated linear feedback inside the convex hull of the set
in auxiliary linear feedbacks [14,15]. However, in nonlinear systems, there is no general
effective method to deal with the saturation problem due to complex dynamic charac-
teristics of the nonlinear systems. In [16], a new method of anti-windup compensator
for nonlinear systems was proposed in the condition that people must find the equiva-
lent functions to replace the original unknown nonlinear function. In practice, it is very
difficult to realize.

In this paper, we give a novel nonlinear output feedback constrained control approach
for VSWT. Inspired by the work of extended state observer (ESO) technique [17-19],
we present a constrained control strategy after model transformation of VSWT via anti-
windup approach. The major advantages of this dissertation are displayed as follows. In
the design procedure of controller: 1) only the output measurement of VSWT is required;
2) explicit model dynamics and structural information of the VSWT do not need to be
known; 3) the problem of input saturation in VSWT is considered and solved.

ωr: rotor speed (rad/s); Tg: generator electromagnetic torque (N· m);
ωg: generator speed (rad/s); uf : field voltage (V);
υ: wind speed (m/s); L: constant inductance of the circuit;
ρ: air density (kg/m3); Rf : resistance of the rotor field;
R: rotor radius (m); Jr: rotor inertia (kg/m2);
β: pitch angle (rad); Kr: rotor external damping (H · m/rad · s);
Ta: aerodynamic torque (N· m); Br: rotor external stiffness (H · m/rad · s);
ng: gearbox ratio; Jg: generator inertia (kg/m2);
Tls: low-speed torque (N· m); Kg: generator external damping (H ·m/rad · s);
Ths: high-speed torque (N· m); Bg: generator external stiffness (H · m/rad · s);
If : field current (A); Jt: turbine total inertia (kg/m2);
Kϕ: machine-related constant; Bt: turbine total external stiffness (H·m/rad·s);
Kt: turbine total external damp-

ing (H · m/rads);
Tem: the generator torque (N· m).

2. System Model and Problem Formulation. The basic composition of VSWT in-
cludes three parts; they are wind turbines, growth container and generator. The block
diagram of the variable speed wind turbine is shown in Figure 1.

The rotor dynamic is described as

Jrω̇r = Ta − Krωr − Br

∫ t

0

ωr(τ)dτ − Tls (1)

And the generator dynamic is given as

Jgω̇g = Ths − Kgωg − Bg

∫ t

0

ωg(τ)dτ − Tg (2)
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Figure 1. Schematic block diagram for the structure of VSWT [8]

Because of the gearbox ratio, the following relationship (3) is obtained for the speed ωr,
ωg, and torque Tls, Ths.

ng =
ωg

ωr

=
Tls

Ths

(3)

According to the (1) to (3), and since Jt ̸= 0, hence we can obtain

ω̇r =
1

Jt

(
Ta − Ktωr − Bt

∫ t

0

ωr(τ)dτ − Tg

)
(4)

where Jt = Jr + n2
gJg, Kt = Kr + n2

gKg, Bt = Br + n2
gBg, Tg = ngTem. Ta and Tem can be

described as follows [6,9],

Ta = Kw · ω2
r , Tem = Kϕ · c(If ) (5)

where Kw is a wind speed to power transfer parameter depending on factors like air
density, radius of the rotor, the wind speed and the pitch angle. c(If ) is the flux in the
generating system function. The electrical subsystem dynamics of VSWT is governed by
[9]

İf = −Rf

L
If +

1

L
uf (6)

Hence, from (4) to (6), the dynamic model of VSWT can be described as
ω̇r =

Kw

Jt

ω2
r −

Kt

Jt

ωr −
Bt

Jt

∫ t

0

ωr(τ)dτ − ngKϕ

Jt

c(If )︸ ︷︷ ︸
f1(ωr,θr,If)

İf = −Rf

L
If +

1

L
uf

(7)

where angle θr =
∫ t

0
ωr(τ)dτ . Assume that function f1(ωr, θr, If ), Rf and L are all un-

known. In practice, because of limit of the power and physical structure, the control
input field voltage uf cannot change too fast within a small time interval, and uf magni-
tude cannot reach infinity. Hence, the control input uf is subject to magnitude and rate
constraints as follows:

umin
f ≤ uf ≤ umax

f u̇min
f ≤ u̇f ≤ u̇max

f (8)
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The control objective of this paper is to ensure that output rotor speed ωr can follow
a reference trajectory ωd with field voltage uf in the function f1(ωr, θr, If ), Rf and L
being unknown. The controller design and the stability analysis also require the desired
reference trajectory to be the first order integrable, that is∫ T

0

|ωd(τ)| dτ < ∞

with T being finite (i.e., ωd ∈ L1 ∩ L∞ and ω̇d, ω̈d ∈ L∞).

3. Main Results.

3.1. Model transformation. Define new state x1 = ωr, x2 = ẋ1 = ω̇r = f1(ωr, θr, If ).
Then the time derivative of x2 can be expressed as

ẋ2 = ḟ1(ωr, θr, If )

=
∂f1(ωr, θr, If )

∂ωr

ω̇r +
∂f1(ωr, θr, If )

∂θr

ωr +
∂f1(ωr, θr, If )

∂If

İf

= f(x̄) + g(x̄)uf

(9)

where

f(x̄) = f(ωr, θr, If )

=
∂f1(ωr, θr, If )

∂ωr

f1(ωr, θr, If ) +
∂f1(ωr, θr, If )

∂θr

ωr −
Rf · ∂f1(ωr, θr, If )

L · ∂If

and

g(x̄) = g(ωr, θr, If ) =
∂f1(ωr, θr, If )

L · ∂If

with x̄ = [ωr, θr, If ]
T . Hence, the dynamic model of VSWT (7) is now transformed as

ẋ1 = x2

ẋ2 = f(x̄) + g(x̄)uf

y = x1

(10)

To account for the uncertainties in VSWT parameters, we rewrite the dynamics (10) as
ẋ1 = x2

ẋ2 = d(t) + gouf

y = x1

(11)

where go is the best available estimates of g(x̄), while ∆g is its associated uncertainties.
The quantity d(t) = f(x̄)+∆guf is the combined uncertainty and may also include other
sources such as external disturbance acting on the system.

3.2. Extended state observer design. We assume that only power angle ωr = y can
be measured for VSWT (7). So in this paper, the third-order ESO is designed, which
is used to estimate the state x2 and combined uncertainty d(t). Define the combined
uncertainty d(t) as an extended state x3. Let x3 = d(t), ẋ3 = ϖ, where ϖ is an unknown
function. We assume that |ϖ(t)| < r. Then system (11) is equivalent to

ẋ1 = x2

ẋ2 = x3 + gouf

ẋ3 = ϖ

y = x1

(12)
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In order to estimate the state x2 and combined uncertainty d(t), we design the following
third-order ESO [12,14]: 

˙̂x1 = x̂2 − l1ỹ

˙̂x2 = x̂3 + gouf − l2fal(ỹ, α1, σ1)

˙̂x3 = − l3fal(ỹ, α2, σ2)

ŷ = x̂1

(13)

where ỹ = y − ŷ = x1 − x̂1 and x̂1, x̂2, x̂3 are the observer of x1, x2, x3. 0 < α1 < 1,
0 < α2 < 1, σ1 > 0, σ2 > 0, li > 0, i = 1, 2, 3 are parameters of observer (13). And the
nonlinear function fal(·) is defined as

fal(ϵ, α, σ) =

{ |ϵ|αsgn(ϵ), |ϵ| > σ
ϵ

σ1−α
, |ϵ| ≤ σ

(14)

Let T be sampling period of control, in generally, σ is selected as σ = 5 ∼ 10T . Until
now, there is no reliable theoretical analysis method available for the hird-order ESO.
Fortunately, according to [12], if suitable parameters of observer (13) are selected, the
following results can be obtained.

lim
t→∞

|x̃2| < l1

(
r

l3

)1/α2

= εx2 , lim
t→∞

|d̃| = lim
t→∞

|x̃3| < l2

(
r

l3

)1/α2

= εd (15)

where x̃2 = x2 − x̂2, d̃ = d − d̂, x̃3 = x3 − x̂3. Hence, we know the suitable observer
parameters can make the state estimation errors x̃1, x̃2 and combined uncertainty error
d̃ = x̃3 are uniformly ultimately bounded (UUB).

3.3. Output feedback constrained controller design and stability analysis. De-

fine xd =
[
xd

1, x
d
2

]T
=

[
yd, ẏd

]T
with yd = ωd. The ESO-based output feedback controller

without input constraint can be designed as the following

u∗
f =

1

go

(
−d̂(t) + ÿd + KT e

)
(16)

where e = [e1, e2]
T =

[
yd, ẏd

]T − [x1, x̂2]
T , and K = [k1, k2]

T is the feedback gain vector
determined such that s2 + k2s

1 + k1 is strictly Hurwitz.
Consider the input constraint (8), and then the controller (16) is evolved as ufc =

1

go

(
−d̂(t) + ÿd + KT e + l2fal(ỹ, α1, σ1) + ζ

)
uf = Cons(ufc)

(17)

where ζ will be designed later. The block diagram of constraint function Cons(ufc) can
be described as Figure 2 [20,21]. Also its state-space dynamic model is given as

Magnitude

Limiter

Rate

Limiter

2 n

1

s
fcu

fu1

s

2

2

n

n

Figure 2. Structure of Cons(ufc)
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ż1 = z2

ż2 = 2ςωn

[
Satr

(
ω2

n

2ςωn

(Satm(ufc) − z1)

)
− z2

]
uf = z1

(18)

where ς and ωn are the damping and the bandwidth of the filter, respectively. With
Satr(·) and Satm(·) functions being defined as

Satr(a) =


u̇max

f a ≥ u̇max
f

a u̇min
f < a < u̇max

f ,

u̇min
f a ≤ u̇min

f

Satm(a) =


umax

f a ≥ umax
f

a umin
f < a < umax

f

umin
f a ≤ umin

f

Redefine output tracking error ē = [ē1, ē2]
T as

ē1 = e1 − ξ1, ē2 = e2 − ξ2 (19)

where {
ξ̇1 = ξ2

ξ̇2 = −κ1ξ1 − κ2ξ2 + go(ufc − uf )
(20)

(20) can be called “anti-windup compensator”. Let ξ = [ξ1, ξ2]
T , and (20) can also be

rewritten as
ξ̇ = A1ξ + B1ν1 (21)

where ν1 = go(ufc − uf ) and

A1 =

[
0 1

−κ1 −κ2

]
, B1 =

[
0

1

]
A1 is the stability matrix, that is s2 + κ2s

1 + κ1 is strictly Hurwitz. If we design ζ =
−k1ξ1 − k2ξ2, from (19), (20) and control law (17), we have

˙̄e = A2ē + B2ν2 (22)

where ν2 = [ξ1, ξ2]
T , and

A2 =

[
0 1

−k1 −k2

]
, B2 =

[
0 0

κ1 κ2

]
The solution to (21) and (22) are

ξ(t) = eA1tξ(0) +

∫ t

0

eA1(t−τ)B1ν1(τ)dτ, ē(t) = eA2tē(0) +

∫ t

0

eA2(t−τ)B2ν2(τ)dτ (23)

Define ν̄1 = supt |ν|1 = Ψ1, ν̄2 = supt |ν|2 = Ψ2. And making the absolute value on both
sides of (23) yields

|ξ(t)| ≤
∣∣eA1t

∣∣ |ξ(0)| +
∫ t

0

∣∣eA1(t−τ)
∣∣ dτB1ν̄1 ≤ m1e

−α1t| |ξ(0)| + m1 |B1|
α1

Ψ1

|ē(t)| ≤
∣∣eA2t

∣∣ |ē(0)| +
∫ t

0

∣∣eA2(t−τ)
∣∣ dτB2ν̄2 ≤ m2e

−α2t| |ē(0)| + m2 |B2|
α2

Ψ2

(24)

where mi and αi are the positive constants that satisfy
∣∣eAi(t−τ)

∣∣ ≤ mie
−αi(t−τ) with

i = 1, 2. They can be made arbitrarily small by choosing sufficiently large α2 ≫ α1.
Hence, it can be seen that ξ and the redefined output tracking error ē are UUB.

To give a clear idea of the overall design procedure, we give a flow chart as Figure 3.

Remark 3.1. The observer law (13) and control law (17) are designed only by online
measurable signal of VSWT. Compared with other control methods [5,6], [7-9], [10], ex-
plicit model dynamics and structural information of the VSWT do not need to be known
for controller design.
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rfufcu
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Anti-windup
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21,

d

Figure 3. Proposed control scheme for VSWT

Remark 3.2. Actuator magnitude and rate limitations are existing in VSWT because of
physical constraint of electrical subsystem. We know, design the control law that ignore
input constraints may cause the closed-loop system performance to degenerate or even
unstablility. In this study, anti-windup compensator approach is used to accommodate the
reference trajectory ωd, which can ensure the control input within constraint range.

4. Simulation Results. In this section, the simulation results are shown to demonstrate
the validity of the proposed constrained control algorithm. In simulation, the system
parameters of VSWT are chosen as the same as [6,9], which are considered as Rf = 0.02Ω,
L = 0.001H, Jt = 24490, Bt = 52, Kt = 52, Kω = 3, ng = 30, Kϕ = 1.7, c(If ) = 1000If .

And the reference angular velocity signal ωd(t) = yd is selected as:

ωd(t) = 2 + sin(0.5t)

The cut-in wind speed uc = 4.3m/sec, rated wind speed ur = 7.7m/sec, furling wind
speed ut = 17.9m/sec. The constraints of control input uf are given as

−0.008 ≤ uf ≤ 0.008 − 0.005 ≤ u̇f ≤ 0.005

For the simulation, we choose ESO parameters as l1 = 102, l2 = 104, l3 = 105, α1 =
α2 = 0.9, σ1 = 102, and σ2 = 103. The parameters of anti-windup compensator are
selected κ1 = 500, κ2 = 500. The controller gains are selected as g0 = −2000, and K =
[5000, 5000]T . The initial state values are ωr(0) = 1, and If (0) = 0.

The results of simulation 1 (with sinusoidal reference trajectory) are shown in Figures 4-
6, where Figure 4 illustrates the reference ωd, actual rotor velocities ωr , the field voltage
uf (control input), and rate of voltage uf change (u̇f ). Figure 5 shows the estimation
errors for x1, x2 and d(t). Figure 6 presents the responses of anti-windup compensator
(20). It can be seen from the response figures, tracking and estimation errors converge to
very small values, and furthermore the ESO-based output feedback constrained controller
achieves good performance.

In addition, we have compared the proposed constrained control method with PID con-
trol and active disturbance rejection control (ADRC) [17]. In PID and ADRC simulation
results, due to the facts that constraints of control input uf are considered in VSWT’s
rotor speed control system, it makes rotor speed output capacity reduction and the field
voltage cannot follow the supplied voltage.

5. Conclusion. In this paper, we have developed a nonlinear output feedback con-
strained control strategy based on ESO, which provides an alternative to the VSWT
control problem. A dynamic constraints unit with anti-windup compensator scheme is
adopted to keep control input within a safe range as long as possible. This proposed
control approach of VSWT is particularly effective while the explicit analytical model of



974 W. YAN, X. FANG, L. GENG, L. SHENG, G. WANG AND D. XU

0 10 20 30 40 50
0

1

2

3

4

R
ot

or
 V

el
oc

ity
 (

R
ad

/s
)

 

 

0 10 20 30 40 50
−0.01

−0.005

0

0.005

0.01

u f (
V

)

0 10 20 30 40 50
−0.01

−0.005

0

0.005

0.01

u̇
f

(V
/s

)

Time(s)

ω
d

ω
r

u̇
max

f

u̇
min

f

u
f
max

u
f
min

Figure 4. The VSWT output and control input responses curve
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Figure 6. The responses of anti-windup compensator

VSWT is difficult to be described and the states are not fully measurable. Our focus of
this paper is on the uncertainty, states incomplete measurable and control input satura-
tion. The simulation results have validated the proposed nonlinear constrained control
algorithm. Fault-tolerant control is our future research direction.
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