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Abstract. In this paper, the issue of composite anti-disturbance control is investigated
for singular stochastic Markovian jump system with multiple disturbances. Two dis-
turbances are considered: one is time-varying disturbance and described by an external
system; the other is multiplicative stochastic white noise. The method of composite anti-
disturbance control is constructed to ensure that the closed-loop system is asymptotically
bounded in mean square or asymptotically stable in mean square. Finally, a numerical
example is given to illustrate the effectiveness of the proposed approach.
Keywords: Singular Markovian jump system, Multiple disturbances, Stochastic distur-
bance, Composite anti-disturbance control

1. Introduction. In many actual systems, because disturbances exist due to many in-
ternal and external factors, the performances of control systems are often degraded, or
even result in instability of system. To deal with this problem, lots of meaningful control
methods have been presented, such as disturbance-observer-based robust control method
[1], robust adaptive neural network control strategy [2] and robust H∞ control method [3].
Many good control performances could be guaranteed for the systems which suffer from
single disturbance by using these mentioned methods. However, with the raising require-
ments for control precision, multiple disturbances should be considered when the controller
design of some actual systems is discussed. In [4,5], the composite anti-disturbance con-
trol schemes were studied. Nevertheless, the Markovian jump systems have not been
presented in the results above.

Markovian jump systems have raised concern for many well-known scholars, and many
meaningful results have been reported [6-8]. Recently, many papers are devoted to the
multiple disturbances problem’s study for Markovian jump systems, for example, in [9-
12]. In [11,12], the authors of this paper have investigated the composite anti-disturbance
resilient control problem for Markovian jump systems. In actual system, singular Mar-
kovian jump systems are able to better describe the physical system than regular ones,
and are noted by many experts, such as [13,14]. The problem of multiple disturbances
has been considered for singular Markovian jump nonlinear systems in [15]. However, the
issues of multiple disturbances have been rarely studied for singular stochastic Markovian
jump systems.

In this paper, the problem of the multiple disturbances is discussed for singular sto-
chastic Markovian jump systems by using the composite anti-disturbance control method.
The paper organization is as follows. The problem formulation and some preliminaries of
singular stochastic Markovian jump systems are presented in Section 2. The main results
obtained by composite anti-disturbance control are shown in Section 3. Section 4 gives a
numerical example to illustrate the effectiveness of the proposed approach. Finally, the
conclusions of the paper are provided in Section 5.
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2. Problem Statement and Preliminaries. Consider the following singular stochastic
Markovian system in probability space (Ω,F ,P):

Eẋ(t) = A(rt)x(t) + B(rt)(u(t) + d(t)) + F (rt)x(t)ξ1(t), (1)

where x(t) ∈ Rn and u(t) ∈ Rm are system state and control input, respectively.
d(t) ∈ Rm is a disturbance and assumed to be given by an exogenous system in Assump-
tion 2.1, and ξ1(t) is a one dimensional stochastic white noise as another disturbance.
E ∈ Rn×n may be singular, and A(rt), B(rt) and F (rt) are known matrices with appro-
priate dimension. And {rt} is a continuous-time Markovian process with right continuous
trajectories and taking values in a finite set S = {1, 2, . . . , N}. The transition probability
matrix is given by

Pr{rt+∆ = j|rt = i} =

{
γij∆ + o(∆), if j ̸= i,

1 + γii∆ + o(∆), if j = i,

where ∆ > 0, o(∆) satisfies lim
∆→0

(
o(∆)
∆

)
= 0, and γij is the transition rate from mode i at

time t to mode j at time t + ∆, γij ≥ 0 when i ̸= j and γii = −
N∑

j=1,j ̸=i

γij.

Assumption 2.1. The disturbance d(t) is given as the following exogenous system:

d(t) = V (rt)w(t) + H(rt)ξ2(t),

ẇ(t) = W (rt)w(t) + G(rt)δ(t),
(2)

where V (rt), W (rt), G(rt) and H(rt) are known matrices, w(t) is the internal state of the
system, ξ2(t) is a one dimensional white noise, which is independent of the ξ1(t), and δ(t)
belongs to the space of L2[0,∞).

For simplicity, for rt = i, the matrix A(rt) will be denoted by Ai, i ∈ S; and the same
setting for the other matrices, for example, B(rt) is expressed as Bi.

Assumption 2.2. (E, Ai, Bi) is impulse controllable and (Wi, BiVi) is observable.

Definition 2.1. [16] Let p > 0. System (1) is said to be asymptotically bounded in the
pth moment if there is a positive constant H such that

lim
t→∞

sup E|x(t; t0, x0, r0)|p ≤ H, (3)

for all (t0, x0, r0) ∈ R+ × Rn × S, when p = 2, we say that the stochastic system (1) is
asymptotically bounded in mean square.

Definition 2.2. [16] For p > 0, the trivial solution of system (1) is said to be asymptot-
ically stable in the pth moment if

lim
t→∞

E (|x(t; t0, x0, r0)|p) = 0,

for all (t0, x0, r0) ∈ R+ × Rn × S, when p = 2, it is said to be asymptotically stable in
mean square.

Lemma 2.1. [1] Assume that X and Y are vectors or matrices with appropriate dimen-
sion. The following inequality

XT Y + Y T X ≤ αXT X + α−1Y T Y,

holds for any constant α > 0.
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In this section, the composite anti-disturbance control method is presented for the
system (1). The disturbance observer is constructed as

d̂(t) = Viŵ(t), ŵ(t) = v(t) − LiEx(t),

v̇(t) = (Wi + LiBiVi)ŵ(t) + Li(Aix(t) + Biu(t)) +
N∑

j=1

γijLjEx(t),
(4)

where Li is observer gain. Then, the following composite anti-disturbance controller is
built based on the disturbance observer (4):

u(t) = Kix(t) − d̂(t), (5)

where Ki is the gain of anti-disturbance controller.
The estimation error is denoted as ew(t) = w(t)− ŵ(t). Then, the error system is given

by

ėw(t) = ẇ(t) −Aŵ(t) = (Wi + LiBiVi) ew(t) + LiFix(t)ξ1(t) + LiBiHiξ2(t) + Giδ(t), (6)

where A denotes the weak infinitesimal generator [18] of the random process {x(t), r(t)}.
Then, the composite closed-loop system is given as

Eη̇(t) = Aiη(t) + F iη(t)ξ1(t) + H iξ2(t) + Giδ(t), (7)

where η(t) =
(
xT (t) eT

w(t)
)T

, and

E =

(
E 0
0 I

)
, Ai =

(
Ai + BiKi BiVi

0 Wi + LiBiVi

)
, F i =

(
Fi 0

LiFi 0

)
,

H i =

(
BiHi

LiBiHi

)
, Gi =

(
0
Gi

)
.

According to [17], replace ξ1(t) and ξ2(t) with dW1(t)
dt

and dW2(t)
dt

, respectively, and Equation
(7) is written as

Edη(t) = Aiη(t)dt + F iη(t)dW 1(t) + H idW 2(t) + Giδ(t)dt, (8)

where W 1(t) and W 2(t) are independent standard Wiener processes, because we assume
that the white noises ξ1(t) and ξ2(t) are independent for each other in Assumption 2.1.

3. Main Results. Now, the asymptotical boundedness in mean square and asymptotical
stability in mean square of the composite closed-loop system (8) are discussed by using the
composite anti-disturbance control method and linear matrix inequalities (LMIs) technol-
ogy. The following theorem is given for the control design.

Theorem 3.1. Given parameter λ > 0, the system (8) is asymptotically bounded in mean
square, if there exist parameters εi > 0 and matrices Pi, i ∈ S, such that

E
T
Pi = P T

i E ≥ 0, (9)

A
T

i Pi + P T
i Ai + F

T

i E
T
PiF i +

N∑
j=1

γijE
T
Pj + ε−1

i P T
i GiG

T

i Pi + λE
T
Pi < 0. (10)

Proof: Based on (9) and (10), we have

A
T

i Pi + P T
i Ai +

N∑
j=0

γijE
T
Pj + λE

T
Pi < 0. (11)

It is easy to choose two nonsingular matrices M̂ and N̂ such that M̂EN̂ =

(
I 0
0 0

)
.

Then, the same proof process as [14], we obtain the system (8) is regular and impulse
free.
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Choose some nonsingular matrices Mi, i ∈ S and N , such that

MiF iN =

(
F1i F2i

0 F3i

)
, MiAiN =

(
A1i 0
0 I

)
, MiEN =

(
I 0
0 0

)
,

MiH i =

(
H1i

H2i

)
, MiGi =

(
G1i

G2i

)
.

Thus, the system (8) is equivalent with the following system:

dζ1(t) = A1iζ1(t)dt + F1iζ1(t)dW1(t) + F2iζ2(t)dW1(t) + H1idW2(t) + G1iδ(t)dt, (12)

0 = ζ2(t)dt + F3iζ2(t)dW1(t) + H2idW2(t) + G2iδ(t)dt, (13)

where ζ(t) =

(
ζ1(t)
ζ2(t)

)
= N−1η(t). From (13), it yields

E
{
ζT
2 (t)ζ2(t)

}
≤ κδ2(t) ≤ H1, (14)

where κ > 0. Choose Lyapunov function candidate as

V (η(t), r(t), t) = ηT (t)E
T
Piη(t). (15)

According to (8) and the generalized Itô formula, it yields

AV (η(t), i, t) = ηT (t)

(
A

T

i Pi + P T
i Ai + F

T

i E
T
PiF i +

∑
j∈S

γijEPj

)
η(t)

+ ηT (t)P T
i Giδ(t) + δT (t)G

T

i Piη(t) + Tr
(
H

T

i E
T
PiH i

)
.

(16)

Using Lemma 2.1 for (16), it yields

AV (η(t), i, t) ≤ ηT (t)

(
A

T

i Pi + P T
i Ai + F

T

i E
T
PiF i +

∑
j∈S

γijEPj + ε−1
i P T

i GiG
T

i Pi

)
η(t)

+ εiδ
T (t)δ(t) + Tr

(
H

T

i E
T
PiH i

)
. (17)

Since that δ(t) is a bounded disturbance, there exists a constant β, and from (10), it
yields

AV (η(t), i, t) ≤ −λV (η(t), i, t) + β. (18)

Based on (9) and (15), for a positive integer k, according to the generalized Itô formula,
for any 0 ≤ t0 ≤ t, we have

E
{
e−λtk(∥Eη(t)∥2)

}
≤ E

{
e−λtV (η(t), rt, t)

}
≤ V (η(t0), r0, t0) +

β

λ

∫ t

t0

e−λsds

≤ V (η(t0), r0, t0) +
β

−λ

[
e−λt − 1

]
.

Then, with t → ∞, there exists a positive number β′, such that

E
{
∥Eη(t)∥2

}
≤ β′. (19)

From η(t) = Nζ(t), for some appropriate parameters ci, i ∈ S, we have

∥MiENζ(t)∥2 = ζT (t)NT ET MT
i MiENζ(t) = ζT

1 (t)ζ1(t) = ∥ζ1(t)∥2 ≤ ciβ
′ = H2.

From (14), we have ∥ζ(t)∥2 ≤ H with H ≥ max{H1, H2}. Then, according to η(t) = Nζ(t)
and Definition 2.1, we obtain (8) is asymptotically bounded in mean square.
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Theorem 3.2. Given parameter λ > 0, under the disturbance observer and the controller
in form of (4) and (5). The system (8) is asymptotically bounded in mean square, if there
exist parameters εi > 0, α1i > 0, α2i > 0 and βi > 0, matrices Qi, P2i > 0, i ∈ S, such
that

QT
i ET = EQi ≥ 0, (20)

QT
i E − QT

i − Qi < −α1iI, P2i ≤ α2iI, (21)
Π11i BiVi QT

i Fi 0 Π15i 0
∗ Π22i 0 0 0 P2iGi

∗ ∗ −α1iI 0 0 0
∗ ∗ ∗ Π44i 0 0
∗ ∗ ∗ ∗ Π55i 0
∗ ∗ ∗ ∗ ∗ −εiI

 < 0, (22)

where

Π11i = QT
i AT

i + AiQi + BiXi + XT
i BT

i + βiI + (λ + γii)Q
T
i ET ,

Π22i = W T
i P2i + P2iWi + V T

i BT
i Y T

i + YiBiVi + λP2i +
N∑

j=1

γijP2j,

Π15i =
( √

γi1Q
T
i · · · √

γiNQT
i

)
, Π55i = −diag

(
α1iI . . . α1jI . . . α1NI

)
j ̸=i

,

Π44i =

 −α2iI YiFi 0
∗ −2I QT

i

∗ ∗ −βiI

 .

Moreover, the gains of controller and observer are given by Ki = XiQ
−1
i and Li = P−1

2i Yi.

Proof: Noting (21), and defining Yi = P2iLi, we have

α−1
1i QT

i F T
i FiQi ≥ QT

i F T
i ET Q−1

j FiQi and α−1
2i QT

i F T
i Y T

i YiFiQi ≥ QT
i F T

i Y T
i YiFiQi. (23)

By using Lemma 2.1 and Schur complement for (22), define Xi = KiQi and Qi = P1i. Pre-
multiplying diag

(
P T

1i I
)

and post-multiplying simultaneously by diag(P1i I) with (22),
and combining with (23), it yields(

Π11i′ BiVi

∗ Π22i′

)
< 0, (24)

Π11i′ = AT
i P1i + P T

1iAi + P T
1iBiKi + KT

i BT
i P1i + λET P1i + F T

i ET P1jFi

+
N∑

j=1

γijE
T P1j + F T

i LT
i P2iLiFi,

Π22i′ = W T
i P2i + P2iWi + V T

i BT
i Y T

i + YiBiVi + λP2i +
N∑

j=1

γijP2j + ε−1
i P2iGiG

T
i P2i.

Hence, form (9), letting Pi =

(
P1i 0
0 P2i

)
, we deduce (10). On the other hand, the

condition (9) holds under (21) and P2i > 0. According to Theorem 2.1, the system (8) is
asymptotically bounded in mean square.

In the following theorem, some sufficient conditions are presented to ensure the asymp-
totic stability in mean square of system (8) under the composite anti-disturbance control
method.

Theorem 3.3. For Hi = 0, Gi = 0 given parameter λ > 0, under the disturbance observer
and the controller in form of (4) and (5). The system (8) is asymptotically stable in mean
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square, if there exist parameters εi > 0, α1i > 0, α2i > 0 and βi > 0, matrices Qi, P2i > 0,
i ∈ S, such that

QT
i ET = EQi ≥ 0, (25)

QT
i E − QT

i − Qi < −α1iI, P2i ≤ α2iI, (26)
Π11i BiVi QT

i Fi Π14i Π15i

∗ Π22i 0 0 0
∗ ∗ −α1iI 0 0
∗ ∗ ∗ Π44i 0
∗ ∗ ∗ ∗ Π55i

 < 0. (27)

Moreover, the gains of controller and observer are given by Ki = XiQ
−1
i and Li = P−1

2i Yi.

Proof: According to Theorem 3.1 and Theorem 3.2, for Hi = 0, Gi = 0, we can obtain
AV (η(t), i, t) ≤ −λV (η(t), i, t). Hence, based on Definition 2.2, system (8) is asymptoti-
cally stable in mean square.

4. Simulation Example. In this section, a numerical example is presented to demon-
strate the effectiveness of the proposed scheme in two aspects, i.e., asymptotic bounded-
ness in mean square and asymptotic stability in mean square. Consider singular stochastic

Markovian jump systems under multiple disturbances (1) with E =

(
1 −2

0.5 −1

)
, and

the other parameters are presented as follows:
Mode 1:

A1 =

(
1 −0.3

0.6 1

)
, B1 =

(
−0.9

1

)
, G1 =

(
1.3
−0.6

)
, F1 =

(
1 −1

0.5 0.7

)
,

W1 =

(
0 0.8

−0.9 0

)
, H1 = 1, V1 =

(
1 −1.9

)
.

Mode 2:

A2 =

(
1 −1

0.3 −1

)
, B2 =

(
−1.2

1

)
, G2 =

(
0.5
1.2

)
, F2 =

(
−0.3 0.8
0.8 −0.4

)
,

W2 =

(
0 −1.4

0.9 0

)
, H2 = 0.9, V2 =

(
1 −2

)
.

Mode 3:

A3 =

(
−1 0.8
0.5 1

)
, B3 =

(
1.2
2.2

)
, G3 =

(
0.7
−0.6

)
, F3 =

(
−0.3 0.6

0 1

)
,

W3 =

(
0 1.6

−1.1 0

)
, H3 = 1.3, V3 =

(
0.8 1

)
.

Mode 4:

A4 =

(
−1.2 0.5

0 1.1

)
, B4 =

(
−1
2

)
, G4 =

(
0.4
−0.9

)
, F4 =

(
1 0.9

0.4 0.5

)
,

W4 =

(
0 −2.5

2.1 0

)
, H4 = −0.9, V4 =

(
1 −1

)
.

The uncertain matrix Si(t) is given as Si(t) = cos(t), i ∈ {1, 2, 3, 4}, the additional
disturbance is given as δ(t) = δ0(t) = δ1(t) = e−t sin(t), and the nonlinear function is
chosen as f(x(t), t) = x1(t) sin(t). Here, we choose the transition rate matrix as

Γ =


−0.7 0.2 0.2 0.3
0.4 −0.9 0.2 0.3
0.2 0.4 −0.8 0.2
0.3 0.3 0.3 −0.9

 .
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4.1. Asymptotical boundedness in mean square. According to Theorem 3.2, we
obtain the gains of controller and disturbance observer to ensure the asymptotical bound-
edness in mean square of system (8), which are

K1 =
(

4.0495 −5.7554
)
, K2 =

(
2.5301 −2.8137

)
, K3 =

(
0.7618 2.6841

)
,

K4 =
(

2.5836 5.7241
)
, L1 =

(
−0.8547 −4.4204
0.3981 2.0603

)
, L2 =

(
0.0745 0.8751
0.2816 3.3232

)
,

L3 =

(
0.0971 −0.2655
0.4989 −1.3651

)
, L4 =

(
0.3804 −1.0550
−0.5161 1.4315

)
.

The simulation results are given in Figures 1-3. In Figure 1, we can see that the system still
has a high control precision by the designed controller under the multiply disturbances.
Figure 2 shows that the disturbance d(t) can be efficiently estimated by the disturbance
observer. The control input is presented in Figure 3.

Figure 1. Response curves of system state

Figure 2. Curves of the disturbance and its estimation
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Figure 3. Curve of control input of system

4.2. Asymptotic stability in mean square. By using Theorem 3.3, the gains of con-
troller and disturbance observer are given to guarantee the asymptotical stability in mean
square of system (8), which are

K ′
1 =

(
4.0647 −5.9955

)
, K ′

2 =
(

2.5378 −3.0447
)
, K ′

3 =
(

0.9494 3.1216
)
,

K ′
4 =

(
2.3840 4.9735

)
, L′

1 =

(
−0.2475 −1.3350
0.2718 1.4659

)
, L′

2 =

(
−0.0475 −0.7548
0.1062 1.6874

)
,

L′
3 =

(
0.2818 −0.7566
0.3555 −0.9526

)
, L′

4 =

(
0.2978 −0.8187
−0.4103 1.1278

)
.

The simulation results are presented in Figures 4-6. From Figure 4, we can see, the system
is asymptotically stable in mean square under composite anti-disturbance control method.
In Figure 5, the disturbance observer can efficiently estimate disturbance. The control
input is presented in Figure 6.

Figure 4. Response curves of system state
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Figure 5. Curves of the disturbance and its estimation

Figure 6. Curve of control input of system

5. Conclusions. In this paper, the method of composite anti-disturbance control has
been developed for the problem of singular stochastic Markovian jump systems with mul-
tiple disturbances. The methods of Lyapunov stability and linear matrix inequalities have
been used to guarantee the asymptotically bounded in mean square or asymptotically sta-
ble in mean square of the closed-loop system. Finally, a numerical example is given to
illustrate the effectiveness of proposed approach.

In the future, we will consider to combine the dynamical output feedback control strat-
egy with the disturbance-observer-based-control method to handle the problem of singular
stochastic Markovian jump systems with multiple disturbances and unmeasurable states.
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