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Abstract. To represent the sound field of a sphere, optimal parameter values for a
set of spherical Haar wavelets forming an orthogonal basis are investigated. The Haar
wavelet basis is defined on a sphere, which is sampled using a triangular mesh. Results
from numerical experiments yield optimal parameter values that minimize the distortion
error of the nonlinear approximation for various sound fields generated using sinusoidal
waves of different frequencies.
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1. Introduction. Signals that can be spherically parameterized are found in a wide range
of scientific fields including astronomy, geoscience, fusion physics, and medical imaging.
An efficient representation for spherical signals is therefore important, especially when
large data sets need to be compressed. The classical standard approaches for the repre-
sentations of a function or data on a sphere are the spherical harmonics and the spherical
radial basis functions.

Wavelet-based approaches have recently been developed and proven to be useful tools
for representing spherical signals, including the discrete wavelet transform based on the
triangulation of a sphere [1, 2, 3, 4]. A notable example is the orthogonal Haar wavelets
on a sphere proposed in [5, 6] because it offers a means to construct a variety of orthogonal
systems. These types of wavelets have various applications in areas such as the analysis of
fluid flow [2], the texture of crystals [7], the cosmic microwave background [8], and image
inpainting [9].

Applied to fluid analysis, wavelets have a three-dimensional structure [10, 11]. From
the area of acoustic engineering, sound fields reflect a similar structure to fluids. They
represent spatial information carried by sound, and its preservation, reproduction, and
evaluation which includes the scattering analysis of sound [12] are one of the main topics
of acoustic engineering.

A spherical sound field is often used in simulation models to treat the three-dimensional
structure associated with the distribution of sound because its geometrical features can
simply be expressed and all sound is composed of spherical waves. In general, because
sound fields essentially fill the available three-dimensional space, which can be relatively
huge, the amount of data required to express it is enormous. Therefore, an efficient
representation of the spherical sound field is required.

Our study aims to develop an efficient method for representing spherical sound fields by
means of wavelets. In this paper, we focus on the orthogonal Haar wavelets on a sphere
given by Rosca [5, 6], and construct optimal basis functions for representing spherical
sound fields appropriate for various situations.

This paper is organized as follows. The following section provides a preliminary in-
troduction of our sphere and its triangulation, which sets the stage for our formulation.
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Section 3 introduces sets of the Haar wavelets on the sphere, showing that several pa-
rameters are required in constructing the spherical Haar wavelets. Section 4 gives fast
computational algorithms for a spherical signal. Our results from numerical experiments
are presented in Section 5, and we derive optimal parameter values for the spherical Haar
wavelets in the nonlinear approximation of the acoustic pressure of the spherical sound
fields. Section 6 gives conclusions.

2. Spherical Triangulations. Following Rosca’s formulation, we introduce a triangula-
tion of a sphere and spherical Haar wavelets. Let S2 = {η = (η1, η2, η3) ∈ R3; η2

1+η2
2+η2

3 =
1} be a two-dimensional unit sphere. Let Π ⊂ R3 be a convex manifold that has n tri-
angular faces Tn. We denote by T0 = {Ti}n−1

i=0 the set of faces of Π. We also define the
surface of Π by Ω ∋ (x1, x2, x3) = x.

The radial projection onto S2, p : Ω → S2 is written by

p(x) =
x

∥x∥
, x ∈ Ω.

Its inverse projection p−1 : S2 → Ω is defined by

p−1(η) =
−d

aη1 + bη2 + cη3

η, η ∈ S2,

where ax1 + bx2 + cx3 + d = 0.
We assume that Π is an icosahedron, which has n = 20 faces, and consider its triangu-

lation in Ω as {Tj}j∈Z+ , where Z+ = {j ∈ Z; j ≥ 0}. Let [M1M2M3] ⊂ Ω be one of the
triangles in T0 and [A1A2A3] be the midpoint of the edges M2M3, M3M1, and M1M2,
respectively. We then define a new set

T1 =
∪

[M1 M2 M3]∈T0

{[M1A2A3], [A1M2A3], [A1A2M3], [A1A2A3]} ,

which is a finer collection of 4-divided triangles of T0. By iterating this process, we obtain
a triangulation Tj of Ω. The triangulation can also be written by Tj = {Tj,k}k∈Kj

, where
Kj = {0, 1, 2, . . . , n · 4j − 1; j ∈ Z+} is an index set for the 4-divided triangles at each
level j. Note that {Tj,k}k∈Kj

is a disjoint set that contains only edges of the triangles each
other. The number of triangular faces in Tj is |Tj| = n · 4j.

Figure 1. Triangulation of a sphere
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In a similar way, we next consider a triangulation of S2. We define the projection
of Tj onto S2 by Uj = {p (Tj,k) ;Tj,k ∈ Tj}. As for the surface Ω, this triangulation
can be written as Uj = {Uj,k}k∈Kj

, and the number of disjoint spherical triangles Uj,k is
|Uj| = n · 4j. The whole sphere S2 can be covered by Uj (see Figure 1).

3. Spherical Haar Wavelets. For a given Uj,k ∈ Uj, we define a piecewise constant
function ϕUj,k

: S2 → R by

ϕUj,k
(η) =


1, η is inside Uj,k,

1/2, η is on the edges of Uj,k,

0, η /∈ Uj,k.

We call it the spherical Haar scaling function. As Uj ⊂ Uj+1, the spherical triangles Uj,k

are defined by their refined triangles Uj+1,k. The spherical Haar scaling function therefore
satisfies the dilation equation

ϕUj,k
(η) =

3∑
ℓ=0

ϕUj+1,4k+ℓ
(η).

The energy of the scaling function at the coarsest level is normalized to 1. From the
definition, the support of ϕUj,k

immediately follows, supp ϕUj,k
= Uj,k. If k, ℓ ∈ Kj and

k ̸= ℓ, each support of the scaling functions is disjoint because supp ϕUj,k
∩ supp ϕUj,ℓ

is
the empty set or an edge of Uj,k. Moreover, the measure is zero. Therefore, the scaling
function is orthogonal in the sense that

4j
⟨
ϕUj,k

, ϕUj,ℓ

⟩
S2 = δk,ℓ, for k, ℓ ∈ Kj and j ∈ Z+,

where ⟨f, g⟩S2 is the inner product for f, g ∈ L2 (S2), and δk,ℓ is the Kronecker delta
defined by

δk,ℓ =

{
1, if k = ℓ,

0, otherwise.

We next consider wavelet functions that are associated functions of the scaling function
on the sphere. The straightforward generalization of the multiresolution analysis (MRA)

shows that there are three wavelets
{
ψm

Uj,k

}
m=1,2,3

, which are defined by a system of

equations 
ϕUj,k

ψ1
Uj,k

ψ2
Uj,k

ψ3
Uj,k

 =


1 1 1 1
α1 β α2 γ
α2 β γ α1

γ β α1 α2



ϕUj+1,4k

ϕUj+1,4k+1

ϕUj+1,4k+2

ϕUj+1,4k+3

 (1)

with α1, α2, β, γ ∈ R. The supports of ψm
Uj,k

are similar to ϕUj,k
, namely, supp ψm

Uj,k
= Uj,k

for m = 1, 2, 3, and for k ̸= ℓ, supp ψm
Uj,k

∩ supp ψn
Uj,ℓ

= ∅ or an edge.
To determine the parameters α1, α2, β, and γ, we assume that the scaling function and

the wavelets are orthogonal for k, ℓ ∈ Kj and m,n = 1, 2, 3, in the sense that⟨
ψm

Uj,k
, ϕUj,ℓ

⟩
S2

= 0 and 4j
⟨
ψm

Uj,k
, ψn

Uj′,ℓ

⟩
S2

= δj,j′δk,ℓδm,n. (2)
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The orthogonal condition (2) yields γ = −(β + α1 + α2) and β = ±1/2. For β = 1/2,
matrix (1) becomes

Mβ+ =



1 1 1 1

α1
1

2
α2 −

(
1

2
+ α1 + α2

)
α2

1

2
−

(
1

2
+ α1 + α2

)
α1

−
(

1

2
+ α1 + α2

)
1

2
α1 α2


.

For β = −1/2, we obtain a matrix similar to the above having different signs:

Mβ− =



1 1 1 1

α1 −1

2
α2

(
1

2
− α1 − α2

)
α2 −1

2

(
1

2
− α1 − α2

)
α1(

1

2
− α1 − α2

)
−1

2
α1 α2


.

Hence, an orthogonal basis of the spherical Haar wavelets is determined by

E1 = 4
(
α2

1 + α1α2 + α2
2

)
+ 2(α1 + α2) − 1 = 0, for β = 1/2, (3)

E2 = 4
(
α2

1 + α1α2 + α2
2

)
− 2(α1 + α2) − 1 = 0, for β = −1/2. (4)

Figure 2 depicts ellipses E1 and E2 that represent (3) and (4), respectively. For ellipse
E1, the intervals for αi, i = 1, 2 are αi ∈ [−5/6, 1/2], whereas for ellipse E2, the intervals
are αi ∈ [−1/2, 5/6]. Any pair of (α1, α2) gives an orthogonal system of spherical Haar
wavelets including the results obtained in [2, 4]. For example, choosing α1 = α2 = 1/6

- 1.0 - 0.5 0.0 0.5 1.0

- 1.0

- 0.5

0.0

0.5

1.0

α1

α 2 E1

E2

Figure 2. Equations E1 and E2
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gives

Mβ+ =
1

2


1 1 1 1

1/3 1 1/3 −5/3
1/3 1 −5/3 1/3
−5/3 1 1/3 1/3

 , (5)

and for β = α1 = 1/2 gives

Mβ+ =
1

2


1 1 1 1
−1 1 −1 1
−1 1 1 −1
1 1 −1 −1

 .

Note that the coefficients for ϕUj,k
are normalized to 1/2 so that the system satisfies the

orthogonality condition Mβ+M
T
β+

= MT
β+
Mβ+ = I, where I is the identity matrix.

4. Spherical Wavelet Transform. The MRA underlies the fundamental structure of
the discrete wavelet transform (DWT) [13]. A straightforward application of the MRA to
S2 produces a nested sequence of spaces {Vj}j∈Z:

{0} → · · · ⊂ Vj−1 ⊂ Vj ⊂ Vj+1 ⊂ · · · → L2
(
S2

)
,

where the spaces Vj ⊂ L2 (S2), called approximation spaces, are spanned by the scaling
function

Vj = Span{ϕj,k(x)}k∈Kj
,

whereas the three wavelets generate the detail spaces

Wm
j = Span

{
ψm

j,k(x)
}

k∈Kj
, m = 1, 2, 3.

From (2), they are mutually orthogonal,

Wm
j ⊥ Wn

j ⊥ Vj, m ̸= n,

implying that the space Vj splits,

Vj = Vj−1 ⊕W1
j−1 ⊕W2

j−1 ⊕W3
j−1.

With the nested structure of the space Vj ⊂ Vj+1 and if
∪

j∈Z+
Vj is dense in L2 (S2), we

then have the MRA of L2 (S2).
In terms of a function fj ∈ Vj, this structure can be expressed as a decomposition of

functions [14], written by

fj(η) = fj−1(η) + g1
j−1(η) + g2

j−1(η) + g3
j−1(η), (6)

where

fj(η) =
∑
k∈Kj

⟨
f, ϕUj,k

⟩
S2 ϕUj,k

(η),

gm
j (η) =

∑
k∈Kj

⟨
f, ψm

Uj,k

⟩
S2
ψm

Uj,k
(η), m = 1, 2, 3.

The orthogonal wavelet expansion of f ∈ L2 (S2) is given by

f(η) =
∑

j,k,m∈Z

⟨
f, ψm

Uj,k

⟩
S2
ψm

Uj,k
(η) =

∑
j∈Z+

3∑
m=1

gm
j (η).

Let {cj,k}k∈Kj
and

{
dm

j,k

}
k∈Kj ,m=1,2,3

be the approximation and detail coefficients defined

by

cj,k =
⟨
f, ϕUj,k

⟩
S2 , dm

j,k =
⟨
f, ψm

Uj,k

⟩
S2
.
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Using (6), an approximation function fj ∈ Vj can be decomposed into its coarser approx-
imation function fj−1 ∈ Vj−1 using∑

k∈Kj

cj,kϕUj,k
(η) =

∑
k∈Kj

cj−1,kϕUj−1,k
(η) +

3∑
m=1

∑
k∈Kj

dj−1,kψ
m
Uj−1,k

(η),

which can be iterated to resolution level J ≤ j. The reconstruction of fi ∈ Vi, i > J is
achieved by the summation

fi(η) =
∑
k∈Kj

cJ,kϕUj,k
(η) +

i−1∑
j=J

3∑
m=1

∑
k∈Kj

dm
j,kψ

m
Uj,k

(η).

Let {hk}k∈Kj
and {gm

k }k∈Kj , m=1,2,3 be both real-valued filter coefficients, and set

Mβ+ =


h0 h1 h2 h3

g1
0 g1

1 g1
2 g1

3

g2
0 g2

1 g2
2 g2

3

g3
0 g3

1 g3
2 g3

3

 .

Then the coefficients {cj,k}k∈Kj
and

{
dm

j,k

}
k∈Kj ,m=1,2,3

are calculated by applying the de-

composition algorithm defined by

cj−1,k =
∑
ℓ∈Kj

hℓ−4kcj,ℓ, dm
j−1,k =

∑
ℓ∈Kj

gm
ℓ−4kcj,ℓ. (7)

To recover a finer level of the coefficients, we use the reconstruction algorithm

cj,k =
∑
ℓ∈Kj

hk−4ℓcj−1,ℓ +
3∑

m=1

∑
ℓ∈Kj

gm
k−4ℓd

m
j−1,ℓ.

5. Numerical Experiments. Various numerical experiments were performed to con-
struct an optimal spherical Haar wavelet for a spherical sound field produced using sinu-
soidal waves at various frequencies. We assumed a free sound field of a sphere of radius
r = 1 [m]. The point source ζ ∈ R3 is located outside the sphere. The distance from the
sound source to an edge of the sphere is also 1 [m]. In this setting, the sound pressure
generated with sinusoidal waves of different frequencies is given by

Φ(η) =
−Ak sin (ωt− k∥η − ζ∥)

∥η − ζ∥
,

where A ∈ R is a constant, k = ω/c the wave number, and c = 340 [m/s] is the acoustic
velocity. The level of triangulation is j = 7, which has 20 · 47 trixels. The frequencies
selected were 0.5, 1, 2, 4, 8, and 16 [kHz] and the sampling frequency was set to 44.1 [kHz].

In choosing the parameter values of the orthogonal Haar system, we considered only
E1 because E1 and E2 produce essentially the same results; the difference is only a sign.
Because α2 is given by α1,

α2 =
1

4

(
−2α1 − 1 ±

√
−12α2

1 − 4α1 + 5

)
,

we determined the optimal pair (α1, α2) on the ellipse E1 that while changing the value
of α1 ∈ [−5/6, 1/2] minimizes the distortion error of our setting.

The distortion error is given by

∥Φ − ΦM∥2 =
∑

(j,k,m)/∈IM

∣∣∣⟨Φ, ψm
Uj,k

⟩
S2

∣∣∣2 ,
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where
ΦM(η) =

∑
(j,k,m)∈IM

⟨
Φ, ψm

Uj,k

⟩
S2
ψm

Uj,k
(η),

is the nonlinear approximation of Φ obtained using a selected set of coefficients,

IM =
{
M largest coefficients of

{∣∣∣⟨Φ, ψm
Uj,k

⟩
S2

∣∣∣} ; j ∈ Z+, k ∈ Kj,m = 1, 2, 3
}
.

The coefficients are calculated using the decomposition algorithm (7).
With the frequency set at 1 [kHz], the results for several sets of coefficient IM , which

contains M largest coefficients of 100 [%] (original), 5 [%], and 1 [%], are shown in Figure
3. The parameter values (α1, α2) that we chose are given in (5). We see an apparent
increase in the distortion for decreasing values of the coefficients used for the nonlinear
approximation. Despite its narrow support, we note that the spherical Haar wavelets still
well represent the sound field even though the values of the coefficients are only 3 [%].
More details of the results are summarized in Table 1.

(a) (b) (c)

Figure 3. Nonlinear approximation of sound pressures ΦM of sinusoidal
waves at 1 [kHz] where |IM | = (a): 100 [%] (original), (b): 5 [%], (c): 1 [%]

Table 1. Distortion error ∥Φ − ΦM∥2

[kHz] \ [%] 1 2 3 4 5 6 7 8 9 10 Ave
0.5 −5/6 1/6 −5/6 1/6 1/6 −5/6 −5/6 1/6 1/6 1/6 −5/6
1 1/6 −5/6 1/6 −5/6 −5/6 −5/6 −5/6 −5/6 −5/6 −5/6 −5/6
2 1/6 −5/6 1/6 1/6 1/6 −5/6 −5/6 1/6 −5/6 −5/6 1/6
4 1/6 −5/6 −5/6 −5/6 −5/6 −5/6 −5/6 −5/6 −5/6 −5/6 −5/6
8 −1/6 0 −5/6 −5/6 −5/6 1/6 −5/6 −5/6 1/6 −5/6 −5/6
16 1/2 −1/2 −7/12 −7/12 −2/3 −3/4 1/3 1/3 1/4 −5/6 −3/4

Table 1 gives the optimal α1 that minimizes the distortion error ∥Φ−ΦM∥2 for both the
coefficient ratio and the frequency. The results indicate the following trends. In almost
every instance for coefficients M and frequencies, the parameter values α1 = −5/6 or
α1 = 1/6 are the best. These values do not depend on the coefficient ratio M . However,
they depend on the frequency, especially at the higher frequency 16 [kHz]. This behavior
can be explained using plots of the distortion errors as a function of α1 ∈ [−5/6, 1/2];
see Figure 4. In each figure, the bottom solid lines correspond to lower compression
ratios whereas the top solid lines correspond to higher compression ratios. At lower
frequencies, the curve representing the distortion has almost the same shape, but at the
higher frequency 16 [kHz], its shape is inverted depending on the compression ratio. This
implies that the optimal parameters of the spherical Haar wavelets change depending on
the frequency component that the sound field contains.
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Figure 4. Distortion error ∥Φ − ΦM∥2 at different α1 ∈ [−5/6, 1/2] and
different frequencies at (a): 1 [kHz], (b): 4 [kHz], (c): 8 [kHz], (d): 16 [kHz].
In each figure, the bottom solid lines represent lower compression ratios
whereas the top solid lines represent higher compression ratios.

6. Conclusions. For representing a spherical sound field, we investigated the optimal
parameter values of the orthogonal Haar wavelets on a sphere. In our numerical ex-
periments, sound fields were produced with simple sinusoidal waves. We evaluated the
performance of the nonlinear approximation using the spherical Haar wavelets and various
combinations of parameter values. In summarizing our findings, there are two optimal
values for the parameters, but the parameters depend on the frequency components of
the sound fields, especially at high frequencies. These results are believed to be useful in
representing a sound field that contains more complex frequency components.

To deal with a more realistic sound field, a smoother wavelet that has more support
would be required such as those of [15, 16]. In addition, wavelets that can analyze not
only spherical surfaces but also the interior of the sphere, where essentially the three-
dimensional information is contained, are necessary and remain an open problem for
future study.

Acknowledgment. This work was partially supported by JSPS KAKENHI Grant Num-
ber 17K12716. The author is grateful to the reviewers for valuable remarks and sugges-
tions, which have improved the paper.

REFERENCES
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