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ABSTRACT. To represent the sound field of a sphere, optimal parameter values for a
set of spherical Haar wavelets forming an orthogonal basis are investigated. The Haar
wavelet basis is defined on a sphere, which is sampled using a triangular mesh. Results
from numerical experiments yield optimal parameter values that minimize the distortion
error of the nonlinear approximation for various sound fields generated using sinusoidal
waves of different frequencies.
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1. Introduction. Signals that can be spherically parameterized are found in a wide range
of scientific fields including astronomy, geoscience, fusion physics, and medical imaging.
An efficient representation for spherical signals is therefore important, especially when
large data sets need to be compressed. The classical standard approaches for the repre-
sentations of a function or data on a sphere are the spherical harmonics and the spherical
radial basis functions.

Wavelet-based approaches have recently been developed and proven to be useful tools
for representing spherical signals, including the discrete wavelet transform based on the
triangulation of a sphere [1, 2, 3, 4]. A notable example is the orthogonal Haar wavelets
on a sphere proposed in [5, 6] because it offers a means to construct a variety of orthogonal
systems. These types of wavelets have various applications in areas such as the analysis of
fluid flow [2], the texture of crystals [7], the cosmic microwave background [8], and image
inpainting [9].

Applied to fluid analysis, wavelets have a three-dimensional structure [10, 11]. From
the area of acoustic engineering, sound fields reflect a similar structure to fluids. They
represent spatial information carried by sound, and its preservation, reproduction, and
evaluation which includes the scattering analysis of sound [12] are one of the main topics
of acoustic engineering.

A spherical sound field is often used in simulation models to treat the three-dimensional
structure associated with the distribution of sound because its geometrical features can
simply be expressed and all sound is composed of spherical waves. In general, because
sound fields essentially fill the available three-dimensional space, which can be relatively
huge, the amount of data required to express it is enormous. Therefore, an efficient
representation of the spherical sound field is required.

Our study aims to develop an efficient method for representing spherical sound fields by
means of wavelets. In this paper, we focus on the orthogonal Haar wavelets on a sphere
given by Rosca [5, 6], and construct optimal basis functions for representing spherical
sound fields appropriate for various situations.

This paper is organized as follows. The following section provides a preliminary in-
troduction of our sphere and its triangulation, which sets the stage for our formulation.
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Section 3 introduces sets of the Haar wavelets on the sphere, showing that several pa-
rameters are required in constructing the spherical Haar wavelets. Section 4 gives fast
computational algorithms for a spherical signal. Our results from numerical experiments
are presented in Section 5, and we derive optimal parameter values for the spherical Haar
wavelets in the nonlinear approximation of the acoustic pressure of the spherical sound
fields. Section 6 gives conclusions.

2. Spherical Triangulations. Following Rosca’s formulation, we introduce a triangula-
tion of a sphere and spherical Haar wavelets. Let S* = {1 = (1,172, 13) € R, ni+n3+n3 =
1} be a two-dimensional unit sphere. Let I C R?® be a convex manifold that has n tri-
angular faces T,,. We denote by Ty = {T;}/=, the set of faces of II. We also define the
surface of II by Q 3 (xy, 29, 23) = @.

The radial projection onto S?, p : Q — S? is written by

xXr
- = Q.
p(x) Tl xc

Its inverse projection p~! : S? — Q is defined by

—d
1 SQ
! ] n, 7 € ’
( ) am + b’f]g + CT]3

where axy + bry + cxs +d = 0.

We assume that II is an icosahedron, which has n = 20 faces, and consider its triangu-
lation in  as {7;};ez,, where Z, = {j € Z;j > 0}. Let [M; My M3| C § be one of the
triangles in 7y and [A; Ay As] be the midpoint of the edges MyMs, M3M;, and M;Ms,
respectively. We then define a new set

Ti=|J  {[Mi Ay Ag] [A My As] [Ay Ay M), [Ay Ag A3}
[My M2 M3|€To
which is a finer collection of 4-divided triangles of 7. By iterating this process, we obtain
a triangulation 7; of Q. The triangulation can also be written by 7; = {7 }xex,, where
K; ={0,1,2,...,n-4 — 1;5 € Z,} is an index set for the 4-divided triangles at each
level j. Note that {7} }rex, is a disjoint set that contains only edges of the triangles each
other. The number of triangular faces in 7; is |7;| = n - 4.

J=0 J=1

F1GURE 1. Triangulation of a sphere
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In a similar way, we next consider a triangulation of S?. We define the projection
of T; onto S* by U; = {p(Tjx);Tjx € T;}. As for the surface €, this triangulation
can be written as U; = {Ujx}rex;, and the number of disjoint spherical triangles U is
\U;| = n -47. The whole sphere S? can be covered by U; (see Figure 1).

3. Spherical Haar Wavelets. For a given U;;, € U;, we define a piecewise constant
function ¢y, : S? — R by

1, n is inside Uj ,
¢u,, (M) = 1 1/2, nis on the edges of Ujy,
07 TI ¢ Ujvk

We call it the spherical Haar scaling function. As U; C U, the spherical triangles U
are defined by their refined triangles Uj; . The spherical Haar scaling function therefore
satisfies the dilation equation

3
¢Uj,k (77) = Z ¢Uj+l,4k+€ (77)
£=0

The energy of the scaling function at the coarsest level is normalized to 1. From the
definition, the support of ¢y, , immediately follows, supp ¢y,, = Ujy. If k, ¢ € K; and
k # £, each support of the scaling functions is disjoint because supp ¢y, , N supp ¢y, , is
the empty set or an edge of U;j,. Moreover, the measure is zero. Therefore, the scaling
function is orthogonal in the sense that

47 <¢Uj,k7 ¢UJ\4>82 = 5k’g, for k, 0 € ICj and j € Z,

where (f, g)s2 is the inner product for f,g € L?(S?), and 4, is the Kronecker delta
defined by

1, ifk=2¢,
Oke = .
0, otherwise.

We next consider wavelet functions that are associated functions of the scaling function
on the sphere. The straightforward generalization of the multiresolution analysis (MRA)

shows that there are three wavelets {wl"}]k} , which are defined by a system of
) m=1,2,3
equations
@M 1 1 1 1 DU, 1141
¢Uj,k _ (0%} ﬂ (0%} 7 ¢Uj+174k+1 (1>
w?]ng ay f3 T oo ¢Uj+1,4k+2
¢[?}k Y ﬁ a1 Qo ¢Uj+1,4k+3
J

with aq, as, 3,7 € R. The supports of wﬁM are similar to ¢y, ,, namely, supp ¢g§-,k =Uji
for m =1,2,3, and for k # ¢, supp wg;k N supp @Z){L,j’z = () or an edge.

To determine the parameters oy, as, (3, and 7, we assume that the scaling function and
the wavelets are orthogonal for £, ¢ € K; and m,n = 1,2, 3, in the sense that

(0, 00, =0 and 4 (00 00, ) = 65iBhsbmn. ()
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The orthogonal condition (2) yields v = —(6 4+ a1 + a2) and 8 = £1/2. For g = 1/2,
matrix (1) becomes

1 1 1 1
1 1
aq 5 (6] — <§ +oq + 042)
MﬁJr_ (0%)] % —(%—1-&1—1—&2) (65}
1 1
— (5 -+ aq -+ Oéz) 5 aq (0%)]
For f = —1/2, we obtain a matrix similar to the above having different signs:
1 1 1 1
1 1
(03] —E (6%) (5 — ] — 042>
Mo = 65) —1 (1 — 01— 042) o
2 2
1 1
(5 — ] — 062) —E (0751 (6]

Hence, an orthogonal basis of the spherical Haar wavelets is determined by

Ei =4(of + ajas +a3) +2(a1 + ) — 1 =0, for f=1/2,
By =4(af + ajas + a3) — 2(a1 + ap) — 1 =0, for =—1/2.

(3)
(4)

Figure 2 depicts ellipses E; and F, that represent (3) and (4), respectively. For ellipse
E4, the intervals for oy, i = 1,2 are «; € [—5/6,1/2], whereas for ellipse Es, the intervals
are «; € [—1/2,5/6]. Any pair of (ay, as) gives an orthogonal system of spherical Haar
wavelets including the results obtained in [2, 4]. For example, choosing oy = ay = 1/6

0.5 i
§ o0 — E1
E2

,0.5, -

FIGURE 2.

0.0

N

Equations F; and FEj
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gives
1 1 1 1
1| 13 1 1/3 —5/3
Moo =35 13 1 =53 1/3 | (5)
~5/3 1 1/3 1/3
and for = a3 = 1/2 gives
1 1 1 1

1 -1 -1
+Taol 11 1 -1
1 1 -1 -1

Mpg

Note that the coefficients for ¢y, are normalized to 1/2 so that the system satisfies the
orthogonality condition My, Mj = Mj Mps, = I, where I is the identity matrix.

4. Spherical Wavelet Transform. The MRA underlies the fundamental structure of
the discrete wavelet transform (DWT) [13]. A straightforward application of the MRA to
S? produces a nested sequence of spaces {V;}jez:

{0}_)CVJ_1CV]CV]+1C—)L2(82)7

where the spaces V; C L?(S?), called approximation spaces, are spanned by the scaling
function

V; = Span{¢;(2)}rex;
whereas the three wavelets generate the detail spaces

W = Span { ;}k(:c)}kelcj, m=1,2,3.

From (2), they are mutually orthogonal,
W LW LV, m#n,
implying that the space V; splits,
Vi=V,iaoW, oW eWw .

With the nested structure of the space V; C V;4; and if |

then have the MRA of L? (S?).
In terms of a function f; € V;, this structure can be expressed as a decomposition of
functions [14], written by

fim) = ficim) +g;.(m) +g;_1(n) + g;_1(n), (6)

. . 2 2
icz, Vjis dense in L* (S°), we

where

Fitm) = {f, 00,0 ¢u,,(0),

kEICj

g;‘n('r’) = Z <f7 ¢Z;’k>§2 1/)[7}3,C (n)’ m=1,2,3.

kEle

The orthogonal wavelet expansion of f € L? (S?) is given by

fa= 2 (R, v ) = 0 Y g,

Ji:k,meZ JELy m=1

Let {¢j}rex, and {d]”,;} heK, m=12.3 be the approximation and detail coefficients defined
by

i = {Fouudes A= (HuR,) .
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Using (6), an approximation function f; € V; can be decomposed into its coarser approx-
imation function f;_; € V;_; using

3
Z Cjak¢Uj,k (77) = Z ijl,k¢Uj71,k (n) + Z Z djfl,kwlr};_l,k (7’)7

kek; kek; m=1kek;

which can be iterated to resolution level J < j. The reconstruction of f; € V;, ¢ > J is
achieved by the summation

i—1 3
film) = 3 conduy, M)+ > D diiii, (n).
kEICj j=J m=1 kJEICj

Let {hi}rex, and {g" }rex;,m=1,2:3 be both real-valued filter coefficients, and set

ho hi he hs
g% 9 9 95
M5+ = 2 2 2 2
90 91 92 93
% 9 % %
Then the coefficients {c; s }rex, and {dﬂ} bk me 2.3 BT€ calculated by applying the de-
) j.m=1,2,
composition algorithm defined by
Cj—1k = Z ho—arcjes dzﬁ—l,k = Z 9o~ akCiit- (7)
Lek; LeR;

To recover a finer level of the coefficients, we use the reconstruction algorithm

3
m m
Cik = E P—aeCj—1,0 + E E gk—4€dj—1,€'

leK; m=1tek,

5. Numerical Experiments. Various numerical experiments were performed to con-
struct an optimal spherical Haar wavelet for a spherical sound field produced using sinu-
soidal waves at various frequencies. We assumed a free sound field of a sphere of radius
r =1 [m]. The point source ¢ € R? is located outside the sphere. The distance from the
sound source to an edge of the sphere is also 1 [m]. In this setting, the sound pressure
generated with sinusoidal waves of different frequencies is given by

(I)(’I’]) _ —Ak sin (Wt — kHTI — CH>,

In—cl

where A € R is a constant, k = w/c the wave number, and ¢ = 340 [m/s] is the acoustic
velocity. The level of triangulation is j = 7, which has 20 - 47 trixels. The frequencies
selected were 0.5, 1, 2, 4, 8, and 16 [kHz] and the sampling frequency was set to 44.1 [kHz].

In choosing the parameter values of the orthogonal Haar system, we considered only
FE because E; and E, produce essentially the same results; the difference is only a sign.
Because aj is given by ay,

1
= 7 (—2al—li\/—12a%—4a1+5),

we determined the optimal pair (aj, as) on the ellipse E; that while changing the value
of oy € [—5/6,1/2] minimizes the distortion error of our setting.
The distortion error is given by

LR D DR [C X

(j,k,m)&IM

2

Y

S2
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where
Oy(n)= > <<I>, wz}‘j’k>g2 v (m),
(j,k,m)EIM
is the nonlinear approximation of ® obtained using a selected set of coefficients,

Iy = {M largest coefficients of {’<<I>,¢?jk>82’} 1] €Ly, ke Kj,m= 1,2,3} .

The coefficients are calculated using the decomposition algorithm (7).

With the frequency set at 1 [kHz], the results for several sets of coefficient Ij;, which
contains M largest coefficients of 100 [%)] (original), 5 [%], and 1 [%], are shown in Figure
3. The parameter values (ay,as) that we chose are given in (5). We see an apparent
increase in the distortion for decreasing values of the coefficients used for the nonlinear
approximation. Despite its narrow support, we note that the spherical Haar wavelets still
well represent the sound field even though the values of the coefficients are only 3 [%].
More details of the results are summarized in Table 1.

FiGUuRE 3. Nonlinear approximation of sound pressures ®,, of sinusoidal
waves at 1 [kHz] where |I)/] = (a): 100 [%] (original), (b): 5 [%], (¢): 1 [%]

TABLE 1. Distortion error ||® — ®,,||?

N % T ] 2 | 3 | 4 [ 5 [ 6 ] 7 ] 8 ] 9 ] 10 [ Avw
05 —5/6] 1/6] —5/6] 1/6| 1/6]-5/6]—5/6] 1/6] 1/6] 1/6] —5/6
1 1/6|-5/6| 1/6| —5/6|-5/6|—5/6|-5/6|—5/6|—5/6|—5/6|| —5/6
2 1/6|-5/6| 1/6| 1/6| 1/6|—5/6|-5/6| 1/6|—5/6|—5/6| 1/6
4 1/6|-5/6| —5/6| —5/6|—5/6|—5/6|—5/6|—5/6|—5/6|—5/6 || —5/6
8 ~1/6 0| —5/6| —5/6|—5/6| 1/6|—5/6|—5/6| 1/6|—5/6|—5/6
16 1/2|—1/2| —7/12 | —=7/12 | —2/3 | —=3/4| 1/3| 1/3| 1/4|—5/6| —3/4

Table 1 gives the optimal a; that minimizes the distortion error ||® —®,,||* for both the
coefficient ratio and the frequency. The results indicate the following trends. In almost
every instance for coefficients M and frequencies, the parameter values ay = —5/6 or
a; = 1/6 are the best. These values do not depend on the coefficient ratio M. However,
they depend on the frequency, especially at the higher frequency 16 [kHz|. This behavior
can be explained using plots of the distortion errors as a function of oy € [—5/6,1/2];
see Figure 4. In each figure, the bottom solid lines correspond to lower compression
ratios whereas the top solid lines correspond to higher compression ratios. At lower
frequencies, the curve representing the distortion has almost the same shape, but at the
higher frequency 16 [kHz|, its shape is inverted depending on the compression ratio. This
implies that the optimal parameters of the spherical Haar wavelets change depending on
the frequency component that the sound field contains.
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FIGURE 4. Distortion error ||® — ®y,||? at different oy € [—5/6,1/2] and
different frequencies at (a): 1 [kHz], (b): 4 [kHz], (¢): 8 [kHz], (d): 16 [kHz].
In each figure, the bottom solid lines represent lower compression ratios
whereas the top solid lines represent higher compression ratios.

6. Conclusions. For representing a spherical sound field, we investigated the optimal
parameter values of the orthogonal Haar wavelets on a sphere. In our numerical ex-
periments, sound fields were produced with simple sinusoidal waves. We evaluated the
performance of the nonlinear approximation using the spherical Haar wavelets and various
combinations of parameter values. In summarizing our findings, there are two optimal
values for the parameters, but the parameters depend on the frequency components of
the sound fields, especially at high frequencies. These results are believed to be useful in
representing a sound field that contains more complex frequency components.

To deal with a more realistic sound field, a smoother wavelet that has more support
would be required such as those of [15, 16]. In addition, wavelets that can analyze not
only spherical surfaces but also the interior of the sphere, where essentially the three-
dimensional information is contained, are necessary and remain an open problem for
future study.
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