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ABSTRACT. The contingency table analysis provides the interrelation between two vari-
ables and can help find interactions between them. Previously, we have extended the
contingency table by applying fuzzy theory and defined (type-1) fuzzy contingency table.
Further, we extend type-1 fuzzy contingency table to type-2 in order to analyze inexact
information. In this paper, we define the type-2 2 x 2 fuzzy contingency table, and apply
it to similarity index calculation.
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1. Introduction. Generally, we could efficiently analyze the inexact information and
investigate the fuzzy relation by applying the fuzzy theory. Then, we would define the
fuzzy contingency table to investigate the relational structure. We have investigated the
relation of instructor structure and learning structure [6] and properties of similarity
indices and connectivity indices [5] and so on. And then, we have defined “type-2” fuzzy
contingency table and applied the questionnaire analysis [8]. In this paper, we would
discuss about a fuzzy contingency table in Section 2 and discuss connectivity indices and
similarity coefficients for type-1 fuzzy 2 x 2 contingency table in Section 3. Furthermore,
we would propose “type-2” fuzzy contingency table and new “fuzzy” similarity indices by
using the type-2 fuzzy contingency table in Section 4. Finally, some concluding remarks
are given in Section 5.

2. Fuzzy Contingency Table.

Definition 2.1. Cardinality of Fuzzy Set
Consider a fuzzy set A in universe U = {x;|i = 1,...,N}. Cardinality |A| of fuzzy set
A is defined by

Al =D nalar)

where pa(x) is a membership function of the fuzzy set A.

Definition 2.2. Type-1 m x n Fuzzy Contingency Table

For the fuzzy set A in universe U = {x;|i = 1,...,N}. Type-1 m X n fuzzy contingency
table (Table 1) of fuzzy sets Ay, ..., A,, Bi,..., By, is defined in Table 1, where f;; =
|A; N B;l.

Assume
m
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and
then, we have for each 1 <1 <m and1<j<n

m N m

D = na(ze) Y (i) = |4]
=1 k=1 =1

n N n
S fi = w (k)Y pa,(ak) = |Bil.
j=1 k=1 Jj=1

TABLE 1. Type-1 fuzzy m x n contingency table

Ay |-+ | A, | Sum
By | fu || fin | |Bi]
Sum | |A;[ |- [ [A4]] N

Here, we would expand Definition 2.2 and define a type-2 fuzzy contingency table. For
the definition of type-2 fuzzy contingency table, we need a notion of mean value of fuzzy
numbers which mean the product value of fuzzy numbers and the intersection of type-2
fuzzy sets. Then, we could clarify these definitions. Also, a* is a fuzzy set that will be
determined by the following membership function in the following definitions.

fo=(2) = (z € R)
Definition 2.3. Division of Summation of Fuzzy Numbers
Let x3, 25, x5, ...,y be fuzzy numbers with a-cuts
Co(z}) = [ni,b0i] (v€R, 0<a<1)
and then the division of summation of fuzzy number into M equals parts
/M= ] (o"NCu(a*/M))
a€(0,1]

where
N

. 1 & 1
Ca(‘r /M) - Mzaa,h Mzba,i
=1

i=1
Definition 2.4. Mean Value of Fuzzy Numbers
Let o7, 25, x5, ..., 2y be fuzzy numbers with a-cuts
Ca(x:> = [aa,ia ba,i] (Oé S Rv 0<a< 1)
and then the mean value x*
x* =1z /N.
Furthermore, we need some definitions [7] for type-2 fuzzy set.

Definition 2.5. Product Value of Fuzzy Numbers
Let uy, ul be fuzzy numbers with a-cuts

Ca(“:) = [aa,iyba,i] (Oé S R, 0<a< 1)
and then the product value uj - u3 is defined by

uiuz = |J (@ NCalui - u3))

a€(0,1]
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Co (U] - uy) =

(z1,22)€C0 (u]) X Ca (u3)

min

Ty x

Definition 2.6. Intersection of Type-2 Fuzzy Sets

Consider the type-2 fuzzy sets A, B in universe U = {z;[i =1,..., N}
A={(z;,u)|i=1,...,N}, B={(z;,v))li=1,...,N}
vl be fuzzy numbers. Then the intersection ANB is defined by

where let u}

[

Here, we would define the type-2 fuzzy contingency table by these definitions [8].

max

ANB={(xpul-v)]i=1,... ,N}.

1

Definition 2.7. Type-2 Fuzzy m x n Contingency Table
For the type-2 fuzzy sets

in universe U = {x;|i =1, ...

By={(zigu,)i=1,....N} 1<p<ml<g<m

“7;{_7;a Ea

Here, let u;, be fuzzy numbers with a-cuts

C, (u*

7%

) - [aa,i,*7 ba,i,*]

(eR, 0<a<),

[aa,i,*, ba7i7*] g [07 1]

2 x
(z1,22)€Cq (u])xCao(ub)

).
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Type-2 fuzzy m X n contingency table (Table 2) is defined by the following, where let f_”
be mean value u* - v* of grades of intersection A; N B;.

TABLE 2. Type-2 fuzzy m X n contingency table

Ay Ay
B | Tu fin
Bn | Tm Fon

3. Similarity Indices and Fuzzy 2 X 2 Contingency Table.

Definition 3.1. Type-1 Fuzzy 2 x 2 Contingency Table
Let x and y be two vectors as follows:

Then the type-1 fuzzy 2 x 2 contingency table (Table 3) of x and y is defined accordingly.

TABLE 3. Type-1 fuzzy 2 x 2 contingency table

Y

1 0 Sum
x
N
1 sy buy > ag
=1
N
0 Cay dyy N—> xg
N N h=l
Sum U [N =3 N
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Here, T'(p, q) is T-norm.
N

N
Agy = ZT(mlmyk)? bxy = Zxk — Qgy,
k=1

k=1

N N N
Coy = E Y — Agy, dxy =N - E Yk — bxy =N — E T — Cgy-

From the fuzzy contingency table, we could compute any similarity coefficients. The
typical similarity coefficients are

gy
axy + b:(:y + ny
20y
2axy + bwy + Coy
a
3) Russell and Rao: s,, = zy
(3) Y gy 4 Doy + Cay + day
Qgy + dyy
Agy + byy + Cay + dgy
Agy + dzy
Clxy + 2bxy + 2ny + dxy

Ay
(Azy + bay) A (Qzy + Cay)
a

(7) Ochiai: s, = =Y
! \/(al‘y + bxy)(axy + C:cy)

a':cydazy - b:cycxy
\/(al‘y + bxy)(axy + C:cy)(bxy + dxy)(cxy + dxy)
Qgyay — byyCay

a:vyd:vy + bzycacy

(1) Jaccard: s, =

(2) Sorensen-Dice: s, =

(4) Simple Matching: s,, =

(5) Rogers-Tanimoto: s,, =

(6) Simpson: s,y =

(8) Phi: s,y =

(9) Yule: s,y =

and so on.
Moreover, from the fuzzy contingency table, we could compute a connectivity index [5].

Definition 3.2. Connectivity Index
gy gy
= (1) —
f Y Mamy T ny ( /J/) Czy + dzy
where gy + Cpy # 0, Cay +dyy 0, 0 < < 1.

Here, considering a sample number, we define the following connectivity index.

Definition 3.3. Tsuda’s Connectivity Index
x dl’
= Gay T Cay € [0,1]
(azy + Cay) + (Cay + day)

by

In addition, applying T-norm, we could define the connectivity index.

Definition 3.4. Connectivity Index by using T-norm
| X
Here, T'(p,q) is T-norm.
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4. Similarity Indices and Type-2 Fuzzy 2 X 2 Contingency Table. We extend
the above definition of a fuzzy contingency table and similarity coefficients with a fuzzy
2 x 2 contingency table, and define type-2 fuzzy 2 x 2 contingency table and new fuzzy
similarity coefficients. For these definitions, we need a notion of fuzzy negation, a notion
of fuzzy complement of type-2 fuzzy set and a notion of a representation of fuzzy number.
Then, we could clarify these definitions.

Definition 4.1. Fuzzy Negation
Let u* be type-2 fuzzy grade value with a-cuts
Co(u*) = [aa, 0] (@ €R, 0<a<1), [an bs] C[0,1].
Then the fuzzy negation of u* is defined by the following
= |J (@ nCa(l—u"))
a€(0,1]
Co(l—=u")=[1—=0bs,1 —ayl.
Definition 4.2. Fuzzy Complement of Type-2 Fuzzy Set
Consider the type-2 fuzzy set A in universe U = {z;[i =1,..., N}
A={(z,u))|i=1,...,N}
where let u} be fuzzy numbers with a-cuts
Col(u]) = [anins bais] (@ €R, 0<a<1), [aaix baix CI0,1].
Then fuzzy complement ofg 1s defined by
A = {(z;, )i =1,...,N}.
Definition 4.3. Representation of Fuzzy Number
Let u* be fuzzy numbers with a-cuts
Co(u®) = [aa, 0] (@ €R, 0<a<1)
and then the representative value Rep(u*) is defined by
ai + by

Rep(u™) = B

Definition 4.4. Type-2 Fuzzy 2 x 2 Contingency Table
Let x and y be two fuzzy vectors as follows:

2= (), y= (), 1 <i<N.

1

Here, x}, y; are fuzzy numbers with a-cuts
Co(z]) = [Anir bai] (@€R, 0<a<1), 0<Ci(z}) <1
Ca(y:) = [Ca,i;da,i] (Oé c R, 0<a< 1), 0< Cl(y:) <1.

For four type-2 fuzzy truth sets

in universe U = {1,..., N}, put
L= {(ia)i=1,... N}, O = .= {(i,~?)i=1,..., N},
L, ={(,y)li=1,....N}, 0, = 1," = {(i,~y})li =1,...,N}.
Then the type-2 fuzzy 2 X 2 contingency table (Table /) of  and y is defined accordingly,

where let fpqa be the division of summation of fuzzy number into M equals parts of grades
of intersection p, N gy (p,q = 0,1). If the intersection p, N g, is the following

PGy ={(i,v},;)li=1,...,N},
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then o
Joar = U;q/M~

TABLE 4. Type-2 fuzzy 2 x 2 contingency table

y ~ ~

T ]‘y Oy
1~x i | from
(5; Joinr | foo,m

Example 4.1. For four type-2 fuzzy truth sets

L, 0z, Ly, 0y
in universe U = {1,..., N}, put
» = {(1,0.3%),(2,0.4%),(3,0.9%) }
(1,0.7%),(2,0.6%),(3,0.1%) }
(1,0.8%),(2,0.1%),(3,0.2")}
» ={(1,0.2%),(2,0.9%), (3,0.8")}
Let a* be fuzzy number with membership function pg«(z):

1
far () = max{l — ,—|x—a|,0}.

min{a,1 —a}

» =1
={

From four type-2 fuzzy truth sets, we obtained the type-2 fuzzy 2 x 2 contingency table,
and calculate “fuzzy” Jaccard similarity coefficient s,,,. Jaccard similarity coefficient is

defined by

gy
gy + bxy + Czy'
To decide the denominator “agy+ by +cgy”, we define the division number M applying
representation of fuzzy number.
M = Rep(vyy) + Rep(vy) + Rep(v,)

To decide the division number M, we create “representative value” contingency table

(Table 5).

Sgy =

TABLE 5. “Representative value” contingency table

y ~ ~

T 1y OZ/
1, 0.46 | 1.14
0, 0.64 | 0.76

From “representative value” contingency table, we have obtained the division number
M:
M =0.46+1.14 + 0.64 = 2.24.

By the division number M, we have obtained type-2 fuzzy 2 X 2 contingency table (Table

6).

From this table, we have defined “fuzzy” Jaccard similarity coefficient sqy:
gxz/ = fll,Ma M =224

Here, 54, is fuzzy number with membership function as shown in Figure 1.
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TABLE 6. Type-2 fuzzy 2 x 2 contingency table (M = 2.24)

y ~ ~
]‘y Oy
1 1
0 0.8
0.6 0.6
193 0.4 0.4
0.2 0.2
0 0
0.2 'l 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
1
0.8 0.8
0.6 0.6
0z
0.4 0.4
0.2 0.2
0 0
0 0.2 4 0.6 0.8 1 0.2 0.4 6 0.8
1
0.8
0.6
0.4
0.2
0
0 0.2 0.4 0.6 0.8 1

FIGURE 1. “Fuzzy” Jaccard similarity coefficient s,
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5. Conclusions. In this paper, we would extend fuzzy 2 x 2 contingency table to “type-
2” fuzzy 2 x 2 contingency table. From this, we could calculate various “fuzzy” similarity
coefficients. Further studies are needed in order to apply this method, and we consider
various Type-2 fuzzy sets. This method is also available for the instruction/cognition
analysis in education, the opinion poll in psychology and so on.
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