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ABSTRACT. The idea of difference sequence sets X (A) = {x = (zy) : Az € X} with
X =ly, ¢ and cg was introduced by Kizmaz. In this article, we introduce the sequence
spaces SE(T, F,\) and SL (T, F,) for the sequence of moduli F = (fi) and Compact
Linear Operator T and study some inclusion relations that arise on said spaces.
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1. Introduction. Let N, R, and C be the set of all Natural, Real and Complex numbers
respectively. We write
w={x=(z): 2, € Ror C}
the space of all real or complex sequences. Let /., ¢ and ¢y be the linear spaces of
bounded, convergent and null sequences respectively, normed by
| © ||co=supy | zx |, where k € N

The idea of difference sequence spaces was introduced by Kizmaz. In 1981, Kizmaz [10]
defined the sequence spaces

loo (D) ={z = (x}) Ew: (Axy) € L}
(A) ={z = (z) ew: (Dxy) € ¢}
co(D) ={x = (x) ew: (Dxy) € ¢}
where Az = (Ax)?, = (2 — 2331)72, and A%z = (x)). These are Banach spaces
endowed with the norm
[z lla =]z [+ Azl

Let U be the set of all sequences u such that ux # 0 (k= 1,2,...). Then Malkowsky [7]
defined the following sequence spaces

loo(u; AN) = {x = (x) € w: (up(ap — Tpa1)) ooy € oot

c(u; &) = {x = (x1) € w: (up(z) — 2p11))320 € €}
co(u; &) = {a = (2x) € w: (up(zr — Tu11))32 € o}
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where u € U. The idea of modulus function was structured in 1953 by Nakano [11] which
was defined as follows.

Definition 1.1. A function f : [0,00) — [0,00) is called a modulus if
(a) f(t) =0 if and only if t =0
(b) f(t+u) < f(t)+ f(u) for all t,u >0
(c) f is increasing, and
(d) f is continuous from the right at zero.

Ruckle [25] used the idea of a modulus function to construct some spaces of complex
sequences. Let X be a sequence space, defining the sequence space X (f) as

X(f) =A{x = () : (f(| 2 ]) € X}
for a modulus f. Later on some sequence spaces, defined by a modulus function or
sequence of moduli, were introduced and studied by Et [16], Bektag and Colak [2, 3] and
many others. Kolk [5] gave an extension of X (f) by considering a sequence of moduli
F = (fx) that is

X(F) =A{z = (z) : (Sl 2 ]) € X}
After that Gaur and Mursaleen [1] defined the following sequence spaces

loo(F,A) = {x = (z1) : Ax € Uoo(F)}

co(F, ) ={x = (zx) : Az € co(F)}
for a sequence of moduli F' = (f}) and gave the necessary and sufficient condition for the
inclusion relations between X(A) and Y (F,A), where X,Y = (. or ¢o. Subsequently
difference sequence spaces have been studied by Khan [21, 22], Khan and Lohani [23] and
many others.

The notion of the statistical convergence was introduced by Fast [9]. Later on it was
studied by Fridy [12, 13] from the sequence point of view and linked it with the summabil-
ity theory. The concept of I-convergence is a generalization of the statistical convergence
and also a generalization of ordinary convergence, and it is based on the notion of the
ideal I of subsets of the set N of positive integers. It was studied at the initial stage by
Kostyrko et al. [18]. Later on it was studied by Salat [19]. Salat et al. [20], Demirci [14],
Khan and Ebadullah [24], Dems [15] and many authors.

Our aim in the present paper is to generalize the concept of ideal convergence in dif-
ference sequence spaces with the help of sequence of moduli F' = (f) and compact linear
operator T" and investigate some inclusion relations.

2. Definitions and Preliminaries. Before presenting our main results, we gave some
well known definitions and results that are required to prove our main result.

Definition 2.1. [18] Let N be the set of natural numbers. A family of subsets I of the
power set of N is called an ideal in N ¢f

(a) ¢ € 1,
(b) A, Bel=AUBEel,
(c) for each A€ I and B C A, we have B € I.

Remark 2.1. An ideal I is said to be non-trivial if I # 2.

Definition 2.2. [18] A non-empty set F € 2V is said to be filter in N if

(a) ¢ # F,
(b) for AABe F=ANBeF,
(c) for each A € F with A C B, we have B € F.

Remark 2.2. For each ideal I, there is a filter F(I) associated with I defined as:
F(I)={M CN:N—-Mel}.
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Definition 2.3. A non-trivial ideal I is said to be admissible if {{n} :n € N} C I.

Definition 2.4. A non-trivial ideal I is maximal if there does not exist any non-trivial
ideal J such that I C J.

Definition 2.5. A sequence (zx) € w is said to be I-convergent to a number L if for every
€>0, the set {k € N :|xpy — L|>¢€} €1l. In this case we write I —limzy = L.

Definition 2.6. A sequence (vy) € w is said to be I-null if L = 0. In this case we write
I —limx, =0.

Definition 2.7. A sequence xp € w is said to be I-Cauchy if for each ¢ > 0 there exists
a number m = m(e) such that {k € N : |z, —x,,, | > €} € I.

Definition 2.8. [20] A sequence (z;) € w is said to be I-bounded if there exists M > 0
such that {k € N : | x| > M} € 1.

Definition 2.9. [4] Let X and Y be two normed linear spaces and T : D(T) — Y be
a linear operator, where D(T) C X. Then the operator T is said to be bounded if there
exists a positive real k > 0 such that

| Tz || <kl x|, forallz € D(T)
The set of all bounded linear operators B(X,Y) is a normed linear space normed by

I Tl= sup [Tz
zeX,||z]|=1

and B(X,Y) is a Banach space if Y is Banach space.
Definition 2.10. [4] Let X and Y be two normed linear spaces. An operator T : X —Y

is said to be a compactor linear operator (or completely continuous linear operator), if

(a) T is linear and
(b) If for every bounded subset N of X, the image T(N) is relatively compact, i.e., the
closure T(N) is compact.

Lemma 2.1. [6] The condition supy, fr(t) < oo, t > 0 holds if and only if there is a point
to > 0 such that supy, fr(ty) < 0.

Lemma 2.2. [6] The condition infy, fi(t) > 0 holds if and only if there is a point ty > 0
such that infy, fr(to) > 0.

Lemma 2.3. [20] Let K € F(I) and M CN. If M ¢ I, then MK ¢ I.
Lemma 2.4. [18] If I 2% and M CN. If M ¢ I, then MK ¢ I.

Lemma 2.5. [4] Let B be a subset of a metric space X. Then
(a) If B is relatively compact, B is totally bounded.
(b) If B is totally bounded and X is complete, B is relatively compact.

The set of all compact linear operators C(X,Y) is closed subspace of B(X,Y') which is
a Banach space if Y is Banach space.

Following Bagar and Altay [8] and Sengoniil [17], we introduce the sequence spaces S
and Sy with the help of compact operator 1" on the real space R as follows.

S={r=(vg) €los: T(x) € c}

and
So=A{r=(x) € los : T'(x) € ¢}
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3. Main Results. This section is devoted to our main results. Here, we give the char-
acterization of the underneath sequence spaces:

SHT, F,N) ={z = (1) € loo : I —lim fi(| T(Azy) |) =0} €1
Sio(T7 F’ A) = {:L‘ = (xk:> S Eoo : Sl}ip sz(| T(Axk) |> < OO} €l

Theorem 3.1. For a sequence F' = (fi) of moduli, the following statements are equiva-
lent:

(a) SL(A) C SL(T,F,A)
(b) SH(A) C SE(T F, )
(c) supy, fr(t) < oo, t > 0.
Proof: (a) = (b) is obvious.
(b) = (c): Let S{(A) C SL(T, F, ). Suppose that (c) is not true.
Then by Lemma 2.1

sup fx(t) = oo for all £ > 0

k

and therefore there is a sequence (k;) of positive integers such that

1
fr: (—,)>iforz':1,2,3,... (1)

]

Now, define the sequence = = (xy) as
L ok—k i=123..
T = 0
0 otherwise
Then z € S{(A) by (1) but z ¢ SI (T, F, A) which contradicts S{(A) C SL(T, F, A).
Hence (c¢) must hold.
(c) = (a): Let (c) be satisfied and x € SL(A).
If we suppose that x ¢ SI (T, F,A), then

sup fr(| T(Azy) |) = oo for Az € SL(A)
k
If we take t = | T(Axy) |, then sup,, fx(t) = oo which contradicts (c).
Hence SI (A) C SL(T,F, ). O]

Theorem 3.2. If F' = (fx) is a sequence of moduli, then the following statements are
equivalent:

(a) SH(T. F, 2) € SH(A)

(b) SH(T. F, 2) € SL()

(C) infy, fk(t) >0,t>0

Proof: (a) = (b) is obvious.
(b) = (c): Let S{(T, F, ) C SL(N).
Suppose that (c¢) does not hold. Then by lemma [6],

ir’;f fr(t)=0,t>0 (2)
and therefore there is a sequence (k;) of positive integers such that
1
fr, () < = fori=1,2,3,...
i

Define the sequence x = (zy) by

2 ifk=k,i=1,23,...,
T = .
0 otherwise
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By (2), z € S{(T,F, ) but = ¢ SI (A) which contradicts the fact that S{(T,F,A) C
ST (). Hence (c) must hold.
(c) = (a): Let (c) hold and = € SI(T, F, A\) that is,

I =1lim fi(| T(Day) |) = 0

Suppose that x ¢ SE(A). Then for some €y > 0 and positive integer ky we have
| T(Al‘k) | Z €o for k Z k’o

Therefore, fi(e0) < fi(| T(Axy) |) for k > ko and consequently limy fx(e9) = 0 which
contradicts (c).
Thus, SI(T, F,A) C SI(A). O

Theorem 3.3. The inclusion SI (T, F,\) C SI(A) holds if and only if
h,ﬁn fr(t) = o0, fort>0 (3)

Proof: Let SL (T, F,A) C S{(A) such that limy, fz(t) = oo, for t > 0 does not hold.
Then there is a number ¢, > 0 and a sequence (k;) of positive integers such that

fri(to) < M < o0 (4)

Define the sequence x = (z},) as follows

to ifk=k, 1=1,2,3,...,
=
F 0 otherwise

Thus, xz € SL(T, F,A) by (4) but z ¢ S{(A).

Therefore, (3) must hold for SI (T, F,A) C SH(A).

Conversely, let (3) hold. If x € SI (T,F,A) then fi(|] T(Axy) |) < M < oo for
k=1,2,3....

Suppose that x ¢ SI(A). Then for some number ¢, > 0 and positive integer kg we have
| T(A;Bk) | > €0 for k > ]{Zo.

Therefore, fr(eo) < fi(| T(Azg) |) < M for k > ky which contradict (3).

Hence x € S{(A). O

Theorem 3.4. The inclusion SI(A) C SI(T, F,A) holds if and only if
lilgn fr(t) =0, fort>0 (5)

Proof: Suppose that SI (A) C SI(T, F,\) but (5) does not hold. Then
lilgn fr(to) =1#0, for some ty > 0 (6)

Define the sequence x = (zy) by

for k=1,2,3,....

Then z ¢ SH(T, F,\), by (6). Hence (5) must hold.

Conversely, suppose that (5) holds and let # € S (A). Then | T(Axy) | < M < oo for
k=1,2,3....

Therefore, fu(] T(Azg) |) < fe(M) for £ = 1,2,3,... and limy fi(]| T(Dz) |) <
limy, fr,(M) = 0, by (5).

Hence z € S{(T, F, N). O
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4. Conclusions. In the paresent paper, we investigate new difference sequence spaces
defined by compact operator and sequence of moduli via Iy-convergence. Also, we study
inclusion relation and contribute some results on these said spaces. The results will help
the researchers for future work in different point of view. They may discuss topological and
algebraic properties in the said spaces also evaluate these sequence spaces using different
operators and functions such as bounded linear operator, and orlicz function.

Acknowledgment. This work was supported by Department of Mathematics, Amman
Arab University, Amman, Jordan. The authors would like to record their gratitude to the
reviewer for her/his careful reading and making some useful corrections which improved
the presentation of the paper.

REFERENCES

[1] A. K. Gaur and Mursaleen, Difference sequence spaces defined by a sequence of moduli, Demonstratio
Mathematica, vol.31, pp.275-278, 1998.
[2] C. A. Bektag and R. Colak, Generalized difference sequence spaces defined by a sequence of moduli,
Soochow J. Math, vol.29, no.2, pp.215-220, 2003.
[3] C. A. Bektag and R. Colak, Generalized strongly almost summable difference sequences of order m
defined by a sequence of moduli, Demonstratio Mathematica, vol.40, no.3, pp.581-591, 2007.
[4] E. Kreyszig, Introductory Functional Analysis with Applications, John Wiley and Sons Inc., New
York-Chichester-Brisbane-Toronto, 1978.
[5] E. Kolk, Inclusion theorems for some sequence spaces defined by a sequence of moduli, Tartu Ul
Toimetised, vol.970, pp.65-72, 1994.
[6] E. Kolk, On strong boundedness and summability with respect to a sequence of moduli, Tartu Ul
Toimetised, vol.960, pp.41-50, 1993.
[7] E. Malkowsky, A note on the Kéthe-Toeplitz dual of generalized sets of bounded and convergent
difference sequences, J. Analysis, vol.4, pp.81-91, 1996.
[8] F. Bagar and B. Altay, On the space of sequences of p-bounded variation and related matrix mapping,
Ukrainian Math. J., vol.55, no.1, pp.136-147, 2003.
9] H. Fast, On statistical convergence, Colloquium Mathematicum, vol.2, pp.241-244, 1951.
[10] H. Kizmaz, On certain sequence spaces, Canadian Math. Bull., vol.24, pp.169-176, 1981.
[11] H. Nakano, Concave modulars, J. Math. Soc. Japan, vol.5, pp.29-49, 2005.
[12] J. A. Fridy, On statistical convergence, Analysis, vol.5, pp.301-313, 1985.
[13] J. A. Fridy, On statistical limit points, Proc. of Amer. Soc., vol.11, pp.1187-1192, 1993.
[14] K. Demirci, I-limit superior and limit inferior, Math. Commun., vol.6, pp.165-172, 2001.
[15] K. Dems, On I-Cauchy sequences, Real Analysis Exchange, vol.30, pp.123-128, 2005.
[16] M. Et, Spaces of Ceséro difference sequences of order r defined by a modulus function in a locally
convex space, Taiwanese J. Math., vol.10, no.4, pp.865-879, 2006.
[17] M. Sengoniil, The Zweier sequence space, Demonstratio Mathematica, vol.40, no.1, pp.181-196, 2007.
[18] P. Kostyrko, T. Salat and W. Wilczynski, [-convergence, Real Analysis Exchange, vol.26, 1no.2,
pp-669-686, 2000.
[19] T. Salat, On statisticaly convergent sequences of real numbers, Math. Slovaca, vol.30, pp.139-150,
1980.
[20] T. Salat, B. C. Tripathy and M. Ziman, On some properties of I-convergence, Tatra Mt. Math. Publ.,
vol.28, pp.279-286, 2004.
[21] V. A. Khan, On a sequence space defined by a modulus function, Southeast Asian Bulletin of
Mathematics, vol.29, pp.747-753, 2005.
[22] V. A. Khan, Some new generalized difference sequence spaces defined by a sequence of moduli, Appl.
Math. Chinese Univ., vol.26, no.1, pp.104-108, 2011.
[23] V. A. Khan and Q. M. D. Lohani, Defference sequence spaces defined by a sequence of moduli,
Southeast Asian Bulletin of Math., vol.30, pp.1061-1067, 2006.
[24] V. A. Khan and K. Ebadullah, On some I-convergent sequence spaces defined by a modulus function,
Theory and Application of Mathematics and Computer Science, vol.1, no.2, pp.1-9, 2012.
[25] W. H. Ruckle, FK-spaces in which the sequence of coordinate vectors is bounded, Canad. J. Math.,
vol.25, no.5, pp.973-975, 1973.



