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Abstract. The paper is devoted to obtaining a new design procedure to robust PI-D
controller design for parameter-dependent uncertain descriptor systems. The obtained
results are in the frame of H2 performance using parameter-dependent Lyapunov func-
tion. In the designed PI-D controller in the D part of the controller the designer can
use any or all outputs of descriptor systems instead of descriptor outputs. The designed
examples show the effectiveness of the proposed method.
Keywords: Descriptor system, Robust PI-D controller, State derivative feedback, Out-
put feedback, Linear uncertain systems

1. Introduction. Descriptor systems allow to incorporate the dynamics which are gov-
erned by algebraic and difference equations. Theoretical approach to descriptor systems
originated in 1977 [1] thanks to applications in economics as in the Leontief model [2].
Since that time large progress has been made in the field of Linear Time-Invariant (LTI),
Linear Parameter-Varying (LPV) and nonlinear descriptor systems, see [1, 3, 4, 5, 6, 7,
8, 9, 10, 12, 13, 18]. An overview of descriptor stability conditions is given in the papers
[6, 7, 9, 10] and references therein. Controller design procedures for descriptor systems are
in the papers [3, 4, 8, 11, 13, 14, 15]. The paper [3] considers the design procedure of H∞
controller for descriptor systems that could have impulse models. The paper [13] is devot-
ed to the robust admissibility analysis and robust controller design for descriptor systems
with time varying uncertainties using parameter dependent Lyapunov function. The first
author states the new conditions for the admissibility analysis in the form of strict LMI
feasibility problem. Then the robust admissibility conditions are obtained for robust con-
troller design. Uncertainties are covered both polytopic and affine parameter-dependent
ones. Paper [4] is devoted to a robust H∞ controller design for a class of descriptor time-
delay systems with state feedback. The main idea is split the descriptor system to slow
and fast subsystems. The obtained results are in the form of LMI. In the paper [14] the
authors consider the problem to design the method for robust stability and stabilization
of continuous uncertain descriptor system with state delay. Design procedure is given in
strict LMI. The controller feedback is in the form of state feedback. To design of multi-
variable PID controller via iterative LMI approach the MIMO plant is transformed into
descriptor systems [8]. With these new concepts the design of the original PID controllers
is transformed to the design of such PID controllers for descriptor systems which ensure
admissibility of closed-loop ones. The paper [15] deals to obtain the original controller
design procedure with state feedback for linear parameter varying discrete-time descriptor
systems. From the above short observation, we obtain the following problem of study:
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• design the robust PI-D controller for polytopic uncertain descriptor systems with
output feedback and time varying uncertain parameters,

• design the method to robust admissibility analysis of closed-loop descriptor systems
with time-varying uncertain parameter of polytopic systems. The obtained results
are expressed in the form of LMI.

The designed robust controllers for descriptor systems ensure minimal value of H2

performance with QSR (state, derivative of state, input) performance matrices.
The paper is organized as follows. In Section 2 the preliminary stability results of

descriptor systems and problem formulation are given. Section 3 shows the main results of
paper, design procedure to robust PI-D controller for uncertain descriptor systems which
ensures H2 performance and robust admissibility for time varying uncertainty. Examples
to design of controllers for turbogenerator are given in Section 4. Section 5 concludes the
paper.
Notations. The notations used in this paper are standard in the field of robust controller

design. The relation A > 0 (A < 0) means, that matrix A is positive (negative) definite.
In stands for identity n dimension matrix. The superscript “T” represents transpose.

2. Problem Statement and Preliminaries. Consider the class of uncertain polytopic
continuous-time descriptor systems governed by

Eẋ = A(ξ)x+B(ξ)u, y = Cz (1)

where x ∈ Rn is the state, u ∈ Rm is the control input and y ∈ Rl is the controlled output
of the descriptor system (1). The matrices

(A(ξ), B(ξ)) =
N∑
i=1

(Ai, Bi)ξi,

N∑
i=1

ξi = 1, ξi ≥ 0,
N∑
i=1

ξ̇i = 0

(2)

belong to the convex and bounded set a polytope with N -vertices. Ai, Bi, C are constant
matrices of corresponding dimensions, ξi, i = 1, 2, . . . , N are constant or possible time-
varying but known parameters. The matrix E ∈ Rn×n has rank r ≤ n.
In the next, the following definition and lemmas play important roles.

Definition 2.1. [10] System (1) is regular if there exists complex variable s ∈ C, det(sE−
A(.)) = 0.

Definition 2.2. [14] The pair (E,A(.)) is said to be robustly stable if the system (1) with
u = 0 is regular, impulse free and stable for all admissible uncertainties ξ.

It is well known that regularity conditions guarantee the existence and uniqueness of
system solution on (0,∞). The full degree condition rank(det(sE − A)) = rank(E)
ensures that the system is impulse free. The stability of system means that spectrum
condition λ(E,A) = s : det(Es− A) = 0 < C−. The system is called admissible if it is
regular, stable and impulse free.

Theorem 2.1. [9] The equilibrium x = 0 of a system (1) is asymptotically stable if an
n× n symmetric positive definite matrix P (ξ) exists, such that along the solutions of the
system (1) the derivative of function V (Ex) = (Ex)TP (ξ)(Ex), is negative definite for
the varieties of Ex.

Definition 2.3. [9] Let in (1) u = Fy. System (1) is admissible if and only if there exist
matrices P (ξ) and F such that

ETP (ξ) = PT(ξ)E ≥ 0,

(A(ξ) + B(ξ)FC)TP (ξ) + PT(ξ)(A+BFC) < 0
(3)
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Note that Definition 2.3 presents a necessary and sufficient stability conditions for output
feedback in terms of bilinear matrix inequality. For PI-D controller assume for state
derivative feedback control algorithm in the form

u = FCx+ FdCdEẋ (4)

and closed loop is
(I −B(ξ)FdCd)Eẋ = (A(ξ) + B(ξ)FC)x (5)

where F , Fd – gain matrices of PI and D part of controller, Cd – determines the derivative
output feedback. Note that for I part of controller design, the states of system (1) need to
be extended. We assume that for (1) the static output feedback can provide proportional
(P) and integral (I) parts to design PI robust controller [16].

From (5) one can obtain

Eẋ = ACx,

Ac = (I −B(ξ)FdCd)
−1(A(ξ) +B(ξ)FC)

(6)

assuming that inverse exists.

Definition 2.4. [10] The system given by (6) is asymptotically stable if all roots of
det(sE − Ac), are in the open left-half complex plane, and system (6) is impulse free.

To assess the closed-loop performance quality, in the frame of H2 the quadratic cost
function is used

Jc =

∫ ∞

t0

J(x, ẋ, u)dt, J = xTQx+ uTRu+ (Eẋ)TS(Eẋ) (7)

where Q, S ≥ 0 and R > 0.
The well-known Bellman-Lyapunov equation is given in the next lemma.

Lemma 2.1. [9] Consider the system (6) with control algorithm (4). Control algorithm
(4) is the guaranteed cost control law for the (6) if and only if there is a Lyapunov function
V (ξ) such that holds

Be(ξ) = max
u

(
dV (ξ)

dt
+ J(x, ẋ, u)

)
≤ 0 (8)

Note that for particular structure of Lyapunov function V (ξ) the obtained design pro-
cedure may reduce from “if and only if” to “if”.

3. Robust PI-D Controller Design. To develop the robust controller design procedure
Theorem 2.1 and Lemma 2.1 play crucial roles. Let in (8) the Lyapunov function is

V (Ex) = (Ex)TP (ξ)(Ex) (9)

where P (ξ) =
∑N

i=1 Piξi and Ṗ (ξ) =
∑N

i=1 Piξ̇i with time derivative

dV (Ex)

dt
=

[
ẋT xT uT

]  0 ETP (ξ)E 0

ETP (ξ)E ETṖ (ξ)E 0
0 0 0

 ẋ
x
u

 (10)

To split Lyapunov function and system matrices and decrease the conservatism of ob-
tained design procedure we are employing six slack variables. This new LMI based robust
admissibility conditions controller design is less restrictive than the existing ones [13].
The following equalities hold
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vT

 2NT
1

2NT
2

2NT
3

 [
E −A(ξ) −B(ξ)

]
v = 0

vT

 2NT
4

2NT
5

2NT
6

 [
−FdCdE −FC I

]
v = 0

(11)

where vT =
[
ẋT xT uT

]
.

To joint (11) and (10) one could obtain the time derivative of Lyapunov function for
descriptor systems in the form

dV (.)

dt
= vT

 w11(ξ) w12(ξ) w13(ξ)
w21(ξ) w22(ξ) w23(ξ)
w31(ξ) w32(ξ) w33(ξ)

 v < 0 (12)

Substitute (12) and (7) to Bellman-Lyapunov Equation (8) one obtains

Be(ξ) = vTW (ξ)v =
N∑
i=1

vTWivξi < 0 (13)

where Wi = {wijk}3×3, i = 1, 2, . . . , N

wi11 = NT
1 E + ETN1 −NT

4 FdCdE − ETCT
d F

T
d N4 + ETSE

wi12 = ETPiE −NT
1 Ai + ETN2 −NT

4 FC − ETCT
d F

T
d N5

wi13 = −NT
1 Bi + ETN3 +NT

4 − ETCT
d F

T
d N6

wi22 = ET

N∑
j=1

Pj ξ̇jm −NT
2 Ai − AT

i N2 −NT
5 FC − CTFTN5 +Q

wi23 = −NT
2 Bi − AT

i N3 +N5 − CTFTN6

wi33 = −NT
3 Bi −BT

i N3 +NT
6 +N6 +R

wi21 = wT
i12, wi32 = wT

i23, wi31 = wT
i13

where ξ̇jm > 0 is the maximal value of uncertainty rate for j = 1, 2, . . . , N polytope
vertex.
Inequality (13) implies:

• For robust stability analysis we have obtained the strict LMI conditions. If the LMI
condition (13) holds for all i = 1, 2, . . . , N the closed-loop descriptor system satisfies
the condition of admissibility, i.e., system is robust asymptotically stable.

• For robust controller design which will guarantee the admissibility conditions in
Inequality (13) are in the form of BMI.

• Due to six slack variables the robust controller design procedure for descriptor system
is less restrictive than the existing ones.

The obtained results are summarized in the following theorem.

Theorem 3.1. Consider the uncertain polytopic descriptor system (1) with robust control
algorithm (2). Closed-loop descriptor system (6) is parameter dependent quadratically
stable with guaranteed cost if there exist slack matrices N1, . . . , N6, symmetric matrices
Pi, i = 1, 2, . . . , N output feedback gain matrices F and FD such that Inequality (13) holds
for all i = 1, 2, . . . , N .

Proof: Proof of sufficient robust stability conditions immediately follows from Equa-
tions (9)-(13).
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4. Example. The main objective of power system is to continuously supply power to
all consumers with an acceptable quality, i.e., ensure the real power balance with accept-
able frequency value. The goal of this example is to design a robust PI-D controller for
turbogenerator when its model is given in the form of descriptor systems.

The model of turbogenerator is governed by equation [17]

Tj
d2δ

dt2
+D dδ

dt
= PT − Pe

dPT

dt
TT + PT = u

Pe = Am sin δ

(14)

where [17] parameters of turbo generator are as follows.
Tj – inertia coefficient of turbogenerator (turbine + synchronous generator), Tj =

0.02245 s2/rad2

D – damper coefficient, D = 0.2 s/rad
Pe – total electric active power generated by turbogenerator to the power system is p.u.
PT – output of turbine power, p.u.
TT – turbine time constant, TT = 6 s
δ – load angle of turbogenerator [rad]
After linearization of (14) in working points defined by Pe = { 0.3, 0.6, 1 } p.u. and

Am = 1.5, 2 – maximal value of electrical power, one can obtain the following descriptor
model

Eẋ = Aix+Biu, y = Cx, i = 1, 2 . . . , N

where E =


1

1
1

0

, Ai =



0 1 0 0

0 −D

Tj

1

Tj

− 1

Tj

0 0 − 1

TT

0

−Am cos δ0 0 0 −1


, Bi =


0
0
1

TT

0

,
C =

[
0 0 0 1

]
– output feedback is taken from electrical power.

For three working points and two values of Am one could obtain N = 6 vertices to poly-
topic system. State vector is defined as xT =

[
∆δ ω ∆PT ∆Pe

]
. For the following

parameters r0 = 1000 ≥ P , rate of plant parameter changes ξim = 0.1/s one may obtain
for PI-D controller parameters as follows.
Case A

Derivative feedback from turbine power ∆PT . Matrix Cd =
[
0 0 1 0

]
. Perfor-

mance parameters Q = qI, q = 0.1, S = sI, s = 0, R = rI, r = 1. Obtained PI-D
controller parameters are

RT (s) =

(
−3.5973− 1.7121

s

)
∆Pe − 0.1575s∆PT

Case B
Derivative feedback from rates of load angle δ, rotor speed, derivation ω and turbine

power PT . The output matrix Cd is
[
1 0 0 0

]
. Performance parameters are q =

0.0001, s = 0, r = 1. The obtained PI-D controller parameters are

RT (s) =

(
−28.6089− 18.053

s

)
∆Pe + 0.0173s∆δ

Dynamic behaviors of turbogenerator with proposed PI-D controllers are given in Figure
1 and Figure 2. The simulation results prove the functionality of the proposed method. In
the second example different feedback was chosen (see Cd) with lower performance matrix
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Q to demonstrate how these parameters influence the dynamics of the controlled process
output. Lower waiting matrix Q leads to oscillations 2.
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Figure 1. Time response of the controlled output – 1st case
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Figure 2. Time response of the controlled output – 2nd case
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5. Conclusion. A novel approach to obtaining PI-D controller for uncertain polytopic
descriptor systems is presented. The proposed design procedure is based on the stabili-
ty conditions of descriptor systems [9] and Bellman-Lyapunov equations. The obtained
results are in the frame of H2 performance with quadratic criterion (Q,S,R) and param-
eter dependent Lyapunov function. For the case of robust stability analysis – the robust
condition of admissibility to closed-loop descriptor system we have obtained strict LMI
condition which is less restrictive, less conservative than existing ones. For D part of PI-D
controller the designer can use any or all outputs of descriptor systems instead of algebraic
outputs. The designed example for turbogenerator of robust PI-D controller shows the
high effectiveness of proposed method. Our research in the field of descriptor systems will
continue to design procedures based on L2 gains and regional pole placement.
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