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ABSTRACT. This paper deals with the H, boundary control for stochastic delay Markov-
ian reaction-diffusion systems (SDMRDSs). First, boundary controllers are designed to
get mean square Ho, performance. By constructing of an integral Lyapunov-Krasovskii
functional and utilizing of Poincaré inequality, a sufficient condition of mean square Ho,
performance for SDMRDSs is established. The effects of transition rates and diffusion
item on mean square Ho, performance are shown through the derived sufficient condi-
tion. Finally, a numerical example is presented to demonstrate the effectiveness of the
theoretical result.
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1. Introduction. In the past few decades, stochastic reaction-diffusion systems have
attracted considerable attention. Many phenomena in nature, such as the fur pattern of
animals, chemical reactions, and neural networks can be described by stochastic reaction-
diffusion systems [1, 2]. Additionally, time delays usually occur in a variety of engineering
systems and biological process, and often result in instability and poor performance. For
example, Woolley et al. [3] have shown that a small delay in the reactions can make
structure change for raction-diffusion patterning systems. For more prior work on time
delay systems, we refer to the reader [4, 5, 6] and the references therein.

When sudden failure, environmental change and components repair occur, Markovian
jump systems [7] are suitable mathematical models to represent systems with these abrupt.
Zhang et al. have systematically investigated stability problem of Markovian jump linear
systems, and refined many results concerned with partly unknown transition probabilities
and time-varying delays [8, 9, 10]. However, they did not consider the environment
noise. Mao et al. [11] have studied stochastic differential delay equations with Markovian
switching by using M-matrix method, but have not taken reaction-diffusion item into
account.

In recent years, stability of stochastic reaction-diffusion systems has become a focus of
research in both theoretical and practical areas, for instance, asymptotical stability [12],
exponential stability [13], and finite-time stability [14]. However, many natural phenom-
ena often affected by random effects such as the noise and environment disturbance, and
inevitable external disturbance may degrade the performance of the system to a large ex-
tent. H., performance is a good indicator to reflect external interference. Therefore, some
burgeoning results about H,, performance for disturbed systems have been available so
far [15, 16, 17, 18]. In [17, 18], Shi et al. did some research on H,, control for Markovian
jump systems with parametric uncertainty and delay. Very recently, Li et al. [16] have
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investigated H., control of continuous Markov jump systems with incomplete transition
probabilities and interval time-varying delay.

Diffusion is a usual phenomenon and H,, control for reaction-diffusion systems is an
interesting topic. However, there are very few works dealing with this problem. Several
researchers [19, 20, 21] have only studied the H., synchronization for reaction diffusion
systems. From cost viewpoint, boundary control is an effective strategy to deal with
reaction-diffusion systems [22, 23, 24]. For reaction-diffusion systems with Markovian
switching, there is little literature to study this topic. Although we have studied H
boundary control of reaction-diffusion systems [25, 26|, stochastic Markovian reaction-
diffusion systems have not been fully investigated yet. Therefore, the problem of H.
boundary control for stochastic delay reaction-diffusion systems with Markovian switching
has attracted our attention.

Motivated by the above discussion, in this paper, we investigate the H,, boundary
control for stochastic delay reaction-diffusion systems with Markovian switching (SDM-
RDSs). Boundary controllers are designed at first, and we derive a sufficient criterion
on H,, boundary control for SDMRDSs by Lyapunov functional method and inequality
techniques. The relationship between Markov process and mean square H., performance
of SDMRDSs is shown through our obtained criterion. The effect of diffusion item is also
presented. At last, an example is employed to illustrate the effectiveness of the obtained
result.

Throughout this paper, the following mathematical notations are used. R™ is the n-
dimensional Euclidean space. R™*™ is the set of all n x m real matrices. I,, stands for
the n-dimensional identity matrix. A~! and AT denote the inverse and transposition
of matrix A, respectively. [|-|| denotes the Euclidean norm for vector. Moreover, let
WH2([0,1]; R™) be a Sobolev space of absolutely continuous n-dimensional vector functions

dw(@) o the order | > 1.

w(z) : [0,1] — R™ with square integrable derivatives =g

2. Problem Statement and Preliminaries. In this paper, we consider a class of sto-
chastic delay Markovian reaction-diffusion systems
y(x,t)

dy(z,t) = | f(r(t),y(z,t — 7)) + D(T(t))W
+g(r(t),y(x,t),y(x,t —7))dB(t), = € (0,1), t >0,

where f: SXR" — R" and g : S x R" x R" — R™ ™ and x, t are the spatial variable and
time variable, respectively. y(z,t) = (yi(z,t),y2(z,1t), ..., yn(x,t))T € R™ is the system
state. 7 > 0 is the time delay. D(r(t)) represents the positive definite diffusion-matrix in
mode r(t). B(t) is an m-dimensional Brownian motion. v(z,t) is the external disturbance,
which is square integrable, i.e.,

ty 1
/ / v (x, t)v(x, t)dedt < oo,
o Jo

for a positive time constant ;.

Let {r(t),t > 0} be a right-continuous Markov process on the complete probability
space (€, F, P) taking values in a finite state space S = {1,2,..., N} with a generator
I'= (pij)nxn, (4,7 € 5) given by

+o(z,t)| dt )

iy | piuAt+o(At), i # 7,
P{r(t + At) = jlr(t) = i} = { Lpim“(m)? ZZ; (2)

where At > 0, lima;—0(0(At)/At) = 0, here p;; > 0 (Vi # j) is the transition rate from
mode ¢ to mode j if 7 # j, while p; = — Z#].pij < 0.

In mode r(t) = i, we shall simply write f(r(¢),y(x,t—7)) = fi(y(x,t—7)), D(r(t)) = D;
and g(r(t),y(z,t),y(x,t — 7)) = gi(y(z,t),y(x,t — 7)). Therefore, the system (1) can be
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rewritten as follows
0?y(x,t)
lent) = lotet = 1)+ 0G5 o) a

+ gi(y(z,t),y(x,t —7))dB(t), = € (0,1), t > 0.

The initial values are given as follows

y(xa S) =0, s€ [_Ta O] ) (4)
and the Neumann boundary conditions are imposed
Oy(x, t) Oy(, 1)
— =0, ——= = u;(t), D
oo | "% T |, T (t) ()

where wu;(t) is the boundary control input.
The following definition, assumption and lemmas are necessary for our theoretical anal-
ysis.

Definition 2.1. System (3) achieves finite horizon H, performance in the mean square
if for a given positive time constant 0 <ty < oo and a disturbance attenuation level vy > 0,
when y(z,t) =0, t € [—7,0], the following inequality holds

( / z / ydxdt) <~°E < / / v vdxdt)

Assumption 2.1. The functions f; and g; satisfy the following conditions. That is, there
exists L > 0 such that

Ifi(21) = fiwa)||* < Lz — o (6)
for all x1,x5 € R™ and f;(0) = 0; and there are, moreover, Ly > 0 and Ly > 0 such that
trace (gi(u, v) " gi(u, v)) < LyuTu+ LovTo, Yu,v € R™. (7)

Lemma 2.1. (Poincaré inequality [24]) Let = € W2([0,1]; R™) be a vector function with
2(0) = 0 or z(1) = 0. Then, for a positive matriz R, one has the following integral

inequality
[ Ferss < [ (dd—())R () )

Lemma 2.2. ([27]) For any vector xz,y € R™ and one positive definite matriz Q > 0, the
following inequality holds
20Ty < 2'Q 7w +y'Qy. (9)

3. Main Results. In this section, we present an H,, boundary control criterion by
Lyapunov functional method and Poincaré inequality.
First of all, boundary controllers for system (3) are designed as follows

K/ (z,1)d (10)

where K; € R™" denotes the control gain.

For convenience, we suppress (z,t) and denote y(x,t) and y(z,t —7) by y and y, when
it does not cause confusion.

Now, we are on the point to give the main result.

Theorem 3.1. There exist € > 0, ¢; > 0, if matrices K;, 1 < ¢ < N such that the
following matrices

U(i) = M; + ¢; (D;K; + K'D;) + ¢; K D; K; 0
- 0 (EiquZ‘ + QzL2 — ].) 1,
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are negative semi-definite, where M; = <1 +q; +qe+ gy 2+ q Ly + EjeS pijqj> I, then
system (3) can achieve finite horizon Hs, performance in the mean square.

Proof: Consider the following integral Lyapunov-Krasovskii functional

1 1 gt
V(y(-,t),4) _/ Qinyd36+/ / y*(x, 8)y(z, s)dsdz.
0 0 Jt—r

Using the generalized 1t6 formula (see [28]) and computing dV' along system (3), we
can obtain

dV(y(-, 1), 1) :/ [?JT?J —Yryr + 20" <f"(y7) T DGt v)
0
+ trace [ (y,y) Lnaigi (v, yr)]

+ sz‘j (qijy + /t; y'(x,8)y () ds) ]dxdt (11)

jES
1
+ / 2¢:y" g; (y,y,) dzdB(t).
0

For the given constants v and ¢y, we have V (y(-,0),7) = 0 when y(z,t) =0, t € [-7,0],
then

ty 1
E/ / i (yTy — ’y2vTv) dadt

/tf/quy Y2 v)da:dt—i—E/t dV +EV(y(-,0),7) —EV(y(-,t5),1)

<1E/ /quy vvvd$dt+E/ / [yy vy, + 2q:y" fi(ys)

+204"D,2 a_ +2qiy "0 + trace [g7 (4, y-) Indigi (0, y2)] + D pigaiy” y} dadt

jES
s o \T _ _
= E/ / |:Qi [—72 (v=7""y) (v—~ 2y)} +ayy+av Yy +yty (12)
o Jo
T T T 822/ T
— Y- Yr +2qiy fi(yr) + 2q5y Di@ + trace [g;" (v, y-) 1nigi (Y, y-)]
-+ Zpijqijy} dzdt
jes

2

tf 1 a y
<E / / [qiny + a7 Y Yy Yy — vy 4 2qiy fi(ys) + 2qinDi@
0 0

+ trace (g (4, yr) [ngig: (v, y)] + Zpijqijy} dzdt.
jes
According to Assumption 2.1, there exists € > 0 such that
2y filyr) = y" filys) + i (yr)y < eyly + e () fulyr) < eyty + e Lyry. (13)
Integrating by parts and employing the boundary conditions (5), it yields

2 z=1
/ 0,0 4y — % —/ % b4,
0 =0 o Or 'Ox

0z? Ox

! oyT Oy
/0 T(1,4)D;Kydz — / S Digde.
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Letting y(z,t) = y(x,t) — y(1,t), we have g(1,t) = y(1,t) — y(1,¢) = 0 and
oyt 0y Oy —y(1,)" oy —y(1,t
Oy Oy _ (y—y(,0)" 0y —y(1,1)

or oz ox ’ Ox
With Lemma 2.1, we get
' T 0%y ' T 1, ! T
/Oy Diﬁdxg/o y (1,t)DiKiydx—le /0 v Dyydx. (14)

Combining (12), (13) and (14), we get

/ /qzyy vvv)dxdt

ty
<E / / [qz-yTy +a7 Yy + vty — vy +eqyty + e eyt y,
0 0

71_2 _ _
+ 20" (1,1) Diy — 05" Dy + q:Lay™y + i Loy e + Zpijqijy} dadt
jeSs

tf 1
=E / / {q@-yTy +ar 2y y+yty — vty teay'y + e eyl y, (15)
0 0

i} ™ g
+2¢; (y' —7") DiKiy — 7qinDiy + Ly y + g Loy, yr + ZpiijyTy} dxdt
jes

ty 1
= E/ / [yT (L4 +ag +av™" + aila) I + 2q:Di ) y
0 0

+y; (e 'L + qiLs — 1) Ly, — 2¢;5" D; Ky — %2QiZ7TDiZ? + ZPU%Z/TQ} dadt.
jes
By virtue of Lemma 2.2, we get
—2¢:7" DKy < ¢y Diy + qy” K DiKyy. (16)
Substituting (16) into (15) gives

ty
/ /quy ’yvv)dxdt

< E/ / {?JT<(1 + ¢+ qie + ¢y 2+ ¢ Ly + sz’j%') I, +2q;D; K
o Jo

jEeS
+ QiKiTDiKi)y +y; (7'l +qiLo — 1) Ly, + 7" (QiDi — %2%17@') ?} dzd?
< / / (M; +2¢;D;K; + ;K D;K;) y (17)
+y! (e7'qL + gLy — 1) Ly, | dodt
= —IE/ / (2M; + 2¢;D; K; + 2¢;K; D; + 2¢; K" D; K;) y
+ 2yt (5 YL + q;Ly — 1) InyT} dadt

- E/Otf /01 (y" yT) (i) (5) dadt < 0.

Since ¢; > 0, we must have

ty 1
E/ / (y"y — "0 ) dadt < 0. (18)
0o Jo
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That is the desired result.

Remark 3.1. When system (3) reduces to a one-dimensional system, from the second
inequality in (17), it is calculated that the control gain K; exists if ¢;D; > M;. More

precisely, the value range of K; satisfies —1 — /1 — qjv\/gv <K, <-14,/1- %. What
we should point out is that the M; can be negative if we choose the appropriate value of p;;.
The smaller M; is, the wider the value range of K; is. Besides, when M; is negative, we
observe that the smaller the diffusion coefficient D; s, the wider the value of K; is. Thus,
the transition rates and diffusion item do have an effect on mean square H., performance

for SDMRDSs.

4. Numerical Example. Let r(-) be a right-continuous Markov process taking values
in S = {1,2} with generator

r= o= (72 2). (19

Consider the one-dimensional stochastic delay reaction-diffusion system with Markovian
switching of the form

dy(z,t) = |Ay(x,t —0.1) + D<M + 0.14 cos(mt) + 0.1sin(2x) | dt
y ) - Zy Y * 1 ax2 M . (20)
+ [Ciy + Hyy(x,t — 0.1)]dB(t), = € (0,1), ¢t > 0.
When r(t) = 1, we take A; = 0.36, D; = 10, C; = —0.15, H; = —0.65, that is
2y(x,t
dy(z,t) = [0.361/(1’,15 —0.1) + 10% + 0.14 cos(nt) + 0.1 sin(2x)] dt 1)
—[0.15y + 0.65y(x,t — 0.1)]dB(#), = € (0,1), t >0,
and when r(t) = 2, we take Ay = 0.31, Dy =5, Cy = 0.17, Hy = —0.51, that is
2
dy(z,t) = {O.31y(w, t—0.1)+ 5% + 0.14 cos(nt) + 0.1 Sin(2x)} dt (22)
+[0.17y — 0.51y(x, t — 0.1)]dB(t), = € (0,1), t > 0.
Take the zero initial value, i.e.,
y(x,t) =0, t € [-0.1,0], = € (0,1). (23)

The boundary controllers for system (20) are designed as follows

() = un(t) = —1 /0 oz t)da (24)

By letting v = 1, t; = 1, we take e = 1, ¢; = 0.65, ¢ = 1. And we verify that all the
conditions stated in Theorem 3.1 have been satisfied. Thus, system (20) achieves finite
horizon H,, performance in the mean square.

To show the effectiveness of our control design, numerical calculation gives

E fol 01 yTydzdt
]Efo1 fol vTodadt
which is in accordance with the theoretical result.

For comparison, we take control strategy out, i.e., K1 = Ky = 0, numerical calculation
gives

= 0.5915% < 1% = 42, (25)

E fol fol ytydadt
Efol fol vTodzdt

= 1.1831% > 12 = »*. (26)
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The above result indicates that mean square H., performance is not valid. Therefore, our
boundary control strategy is achieved.

5. Conclusions. In this paper, H,, boundary control of stochastic reaction-diffusion
systems with Markovian switching and time delays has been investigated. First of all,
suitable boundary controllers have been constructed. Moreover, by choosing Lyapunov
functional and using Poincaré inequality, a sufficient condition ensuring mean square H
performance for stochastic delay reaction-diffusion systems with Markovian switching are
given under the given controllers. The effects of transition rate and diffusion item on mean
square H., performance are presented. Besides, a numerical simulation is performed to
substantiate the effectiveness of the obtained result and the rationality of controller design.
It should be pointed out that the effect of time delays is not significant due to the simple
form of auxiliary functional. We can further study the effect of time delays or time-varying
delays on stochastic reaction-diffusion systems with Markovian switching.

Acknowledgment. This work is supported by Natural Science Foundations of Shandong
Province under Grant ZR2018MF018.

REFERENCES

[1] N. Pavin, H. C. Paljetak and V. Krstic, Min-protein oscillations in Escherichia coli with spontaneous
formation of two-stranded filaments in a three-dimensional stochastic reaction-diffusion model, Phys-
ical Review E, vol.73, no.2, pp.021904:1-5, 2006.

[2] M. A. Dewar, V. Kadirkamanathan, M. Opper and G. Sanguinetti, Parameter estimation and in-
ference for stochastic reaction-diffusion systems: Application to morphogenesis in D. melanogaster,
BMC Systems Biology, vol.4, no.1, pp.21:1-9, 2010.

[3] T. E. Woolley, R. E. Baker, E. A. Gaffney, P. K. Maini and S. Seirin-Lee, Effects of intrinsic stochas-
ticity on delayed reaction-diffusion patterning systems, Physical Review F, vol.85, no.5, pp.051914:1-
14, 2012.

[4] D. Li, D. He and D. Xu, Mean square exponential stability of impulsive stochastic reaction-diffusion
Cohen-Grossberg neural networks with delays, Mathematical and Computers in Simulation, vol.82,
no.8, pp.1531-1543, 2012.

[5] P. Balasubramaniam and C. Vidhya, Exponential stability of stochastic reaction-diffusion uncertain
fuzzy neural networks with mixed delays and Markovian jumping parameters, Ezpert Systems with
Applications, vol.39, no.3, pp.3109-3115, 2012.

[6] Q. Zhu, X. Li and X. Yang, Exponential stability for stochastic reaction-diffusion BAM neural
networks with time-varying and distributed delays, Applied Mathematics and Computation, vol.217,
no.13, pp.6078-6091, 2011.

[7] M. S. Mahmoud and G. D. Khan, Dynamic output feedback of networked control systems with
partially known Markov chain packet dropouts, Optimal Control Applications and Methods, vol.36,
no.1l, pp.29-44, 2015.

[8] L. Zhang, E. K. Boukas and J. Lam, Analysis and synthesis of Markov jump linear systems with
time-varying delays and partially known transition probabilities, IEEFE Transactions on Automatic
Control, vol.53, no.10, pp.2458-2464, 2008.

[9] L. Zhang and J. Lam, Necessary and sufficient conditions for analysis and synthesis of Markov jump
linear systems with incomplete transition descriptions, IEEE Transactions on Automatic Control,
vol.55, no.7, pp.1695-1701, 2010.

[10] L. Zhang and E. K. Boukas, Stability and stabilization of Markovian jump linear systems with partly
unknown transition probabilities, Automatica, vol.45, no.2, pp.463-468, 2009.

[11] X. Mao, A. Matasov and A. B. Piunovskiy, Stochastic differential delay equations with Markovian
switching, Bernoulli, vol.6, no.1, pp.73-90, 2000.

[12] Q. Luo and Y. Zhang, Asymptotic stability in probability of stochastic reaction diffusion systems,
Dynamics of Continuous, Discrete and Impulsive Systems, vol.1, no.1, pp.139-149, 2009.

[13] H. Shen, X. Huang, J. Zhou and Z. Wang, Global exponential estimates for uncertain Markovian
jump neural networks with reaction-diffusion terms, Nonlinear Dynamics, vol.69, nos.1-2, pp.473-
486, 2012.

[14] J. Zhou, S. Xu and H. Shen, Finite-time robust stochastic stability of uncertain stochastic delayed
reaction-diffusion genetic regulatory networks, Neurocomputing, vol.74, no.17, pp.2790-2796, 2011.



742

[15]

[16]

[17]

[18]

[19]

X. HAN AND K. WU

C. Jeong, P. Park and S. H. Kim, Improved approach to robust stability and H., performance
analysis for systems with an interval time-varying delay, Applied Mathematics and Computation,
vol.218, no.21, pp.10533-10541, 2012.

L. Li, M. Shen, G. Zhang and S. Yan, H, control of Markov jump systems with time-varying delay
and incomplete transition probabilities, Applied Mathematics and Computation, vol.301, pp.95-106,
2017.

P. Shi and E. K. Boukas, H., control for Markovian jump linear systems with parametric uncertainty,
Journal of Optimization Theory and Applications, vol.95, no.1, pp.75-99, 1997.

P. Shi, E. K. Boukas and R. K. Agarwal, Control of Markovian jump discrete-time systems with
norm bounded uncertainty and unknown delay, IEEE Transactions on Automatic Control, vol.44,
no.11, pp.2139-2144, 1999.

H. Wu, X. Zhang, R. Li and R. Yao, Adaptive anti-synchronization and H,, anti-synchronization for
memristive neural networks with mixed time delays and reaction-diffusion terms, Neurocomputing,
vol.168, pp.726-740, 2015.

L. Liu, W. Chen and X. Lu, Aperiodically intermittent H., synchronization for a class of reaction-
diffusion neural networks, Neurocomputing, vol.222, pp.105-115, 2017.

L. Liu, W. Chen and X. Lu, Impulsive H,, synchronization for reaction-diffusion neural networks
with mixed delays, Neurocomputing, vol.272, pp.481-494, 2018.

D. M. Boskovic, M. Krstic and W. Liu, Boundary control of an unstable heat equation via mea-
surement of domain-averaged temperature, IEEE Transactions on Automatic Control, vol.46, no.12,
pp-2022-2028, 2001.

W. Liu, Boundary feedback stabilization of an unstable heat equation, SIAM Journal on Control
and Optimization, vol.42, no.3, pp.1033-1043, 2003.

H. Wu, J. Wang and H. Li, Fuzzy boundary control design for a class of nonlinear parabolic dis-
tributed parameter systems, IEEE Transactions on Fuzzy Systems, vol.22, no.3, pp.642-652, 2014.
K. Wu, H. Sun, P. Shi and C. C. Lim, Finite-time boundary stabilization of reaction-diffusion
systems, International Journal of Robust and Nonlinear Control, vol.28, no.5, pp.1641-1652, 2018.
K. Wu, H. Sun, B. Yang and C. C. Lim, Finite-time boundary control for delay reaction-diffusion
systems, Applied Mathematics and Computation, vol.329, pp.52-63, 2018.

Y. Wang, L. Xie and C. E. De Souza, Robust control of a class of uncertain nonlinear system, System
and Control Letters, vol.19, no.2, pp.139-149, 1992.

X. Mao and C. Yuan, Stochastic Differential Equations with Markovian Switching, Imperial College
Press, London, U.K., 2006.



