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ABSTRACT. This brief paper studies the problem of Ho, fuzzy filtering design with immea-
surable premise variables for T-S (Takagi-Sugeno) model. First, a switching method is
proposed to deal with the time derivatives of the membership functions. Then, a switching
filtering is designed and a membership function dependent Lyapunov function is applied
to deriving some LMIs. In the end, two numerical ezamples are given to show the effec-
tiveness of the proposed approach.
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1. Introduction. In recent years, as the development of artificial intelligence, there are
lots of results about nonlinear system [1, 2] and fuzzy systems [3-16] especially for T-S
fuzzy model [17-31] (see [32] and the references therein) among which, filtering design is
a hot topic. Up to now, there are lots of results about filtering design; for example, the
problem of H., fuzzy filtering with quadratic D stability is derived in terms of LMIs in
[33]. For some cases, the premise variable is measurable as stated in [34] which shows the
premise variables are not dependent on the states estimated by fuzzy observer; however, in
some practical cases, the premise variables depend on the immeasurable states such as [35-
38]. Note, all the above results are based on quadratic Lyapunov function whcih requires
the positive definite Lyapunov matrix to satisfy all local models, but this requirement can
not be always satisfied. Recently, in order to reduce the conservativeness, the membership
function dependent Lyapunov function is proposed in [39] and extended to filtering design
in [40] but the results are only local.

Based on the above discussion, the problem of H, filtering design for continuous-time
T-S fuzzy systems with unknown premise variables is further investigated in this paper
and summarized as follows. First, a switching method is applied to dealing with the time
derivatives of membership functions and a membership function dependent Lyapunov
function which has the diagonal form is designed. Then, an algorithm is designed to get
the switching filtering gains such that the fuzzy system is globally asymptotically stable
with better H,, performance. In the end, two examples are provided to verify the results
given in this paper.

2. Problem Statement and Preliminaries. Considering the following T-S fuzzy mod-
el where the ith rule is described as follows:
R
if &(t) is My; and ... and &,(t) is My,
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then:
&(t) = Aiz(t) + Byw(t)
z(t) = Lix(t) (1)
y(t) = Cix(t) + Dix(t)

where z(t) € R" is the state variable, w(t) € R™ is the noise signal that is assumed to be
the signal in Ly[0,00), z(t) € R? is the signal to be estimated, y(¢) € R% is measurement
output. The matrices A;, B;,C;, D; and L; for : = 1,...,r are of appropriate dimensions.
&1(t),...&(t) are premise variables. £(t) = [£1(t), ..., & ()] and £(t) is assumed to be a
function of z(t). For brevity, the notation with respect to time ¢ is simplified, for instance,
we will use z instead of z(t).

The T-S fuzzy model (1) is inferred as follows:

Z hi(€){Aiz(t) + Baw(t)}

= Z hi(€) Lix(t) (2)

Zh H{Ciz(t) + Dyw(t)}

When the premise variable is the state of the system, the fuzzy system (1) becomes
&(t) = Apx(t) + Brw(t)
z(t) = Lnx(t) (3)
y(t) = Cra(t) + Dpw(t)

where

i=1 =1 i=1
=1 =1

The design of an H,, filter for system (3) is discussed in the paper. Because the premise
variable is the estimation of the state, a fuzzy filter is designed as

B(t) = D0 hi (@) by (@) { Ayit) + Byy(t)}
(4)
A(t) = Z hi (&) Cia(t)

where Z(t) is the estimation of x(t)

Ahh_ZZh (%) by (2) Ay, Bh_Zh )B;, Ch=) hi(&)C:.
=1 j=1 =1
The matrices Aij, éj, and C; with appropriate dimensions are to be determined.
Defining the augmented state vector x, = [ 2T(t) (z(t) — fc(t))T }T and zy = z(t) —
2(t), we can obtain the following filtering error system:
To = Aclxcl (t) + Bclw(t)
Zel = C’cll'cl (t)

(5)
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where

Ap 0 B, :| ~ A
Ac = ~ A ~ y BC = ~ 5 Cc - L - O C .
: Ap — ByCp, — Apn App, 1 : { By, — BLDy, t=[ Ly~ Cn Cy ]

3. Main Results.

3.1. The time derivative of membership functions. For a membership function
dependent matrix such as X, = Z;l h;X; where X; are positive and constant matrix,

the time derivative of X} is X = 22:1 hZXZ Xh has to be dealt with as long as the
used Lyapunov function is dependent on the membership function. In the past, there

are mainly two methods to deal with hi, the first is to bound it such as ‘hz‘ < g with
k given. This is a popular method, however, it has shortcomings (more details can be
< k into LMIs with &

searched. For this method, the scope of the system states must be known, so the results
are only local. In the following, we can use a switching method to ensure X}, is negative.
Note, X} can be expressed as

found in [32]). The other method is to transform the inequality ‘hz

T r—1
Xp=> hX;=> (X —X,), (6)
i=1 k=1

where Z; are to be designed, if the signal (positive or negative) of hl is known, X, — X,

can be changed to satisfy hy (X — X,) < 0 as follows:
if hy <0, then X, — X, > 0, 0
if hy >0, then X, — X, < 0.

There are 2" ! possible cases in (7). Let Hy, [ =1,2,...,2"7! be the set that contains the
possible permutations of hk and C) be the set that contains the constraints of X;, Y; and
Z;, (7) can be presented as

if Hl, then Cl. (8)

3.2. Filtering design.

Theorem 3.1. Supposed the switching times are finite, the filter (4) is stable with H,
disturbance attenuation vy, for system (3)if (9), (10) hold with P}, >0, P} >0

Ori <0, ie{l,....r} (9)
——Owis + Oij + Oy <0, (1,7) € {1,...,7}%, i #j (10)
where
(I)ll * X *
O = b ( %)T ’ gbfj T ) ’
BiP;, BiPy =Dy (¥) -l 0 |
Ly —CY Y 0 —I
Oy = P} A+ AL P,

oy = PLA, — ¢2Cy — &

ij
D __ DD AP P _ pP QP

ij P2Aij7 ¢j - P2Bj'
The switching filter gain matrices in (4) are given by

AV = (PNl BY=(PH)'wl, CPodj=1,...,1

@5 [



260 Y. XIE, J. LIU AND L. WANG

Proof: In order to ensure
V(wa) + 2520 — ypw” (t)w(t) <0, (11)
applying the Lyapunov function

V(ze) = xZ}Pg(t)xd, Pg(t) =

and suppose the pth filter is activated, we have
P
ALPP 4+ PPA, + %2+ ChC, PPB,
By Py !
Because of ), and applying the Schur Complement to the above inequality, we get
ATpP?+ PPA, P!B, Ch

< 0. (12)

BL P —21 0 | <0 (13)
Co 0 —I
then, substituting A, By and Cy; into (13) we have
[ ATP?+ PP Ag, g £ ]
Py A, .
. AL Py
—PYB,C), e * ok
- +P5 Apn
—P2 Ahh < 0. (14)
By Py
B PP, . —l x
~DIBTP
L —C, C, 0 —I |
(14) is ensured by (9) and (10). O

The following algorithm can be used to get filtering gains.
Algorithm 3.1. For different p € S, solving the LMIs in C,, and (9)-(10) to find the cor-

responding minimal performance 7y,, the final performance is v = max {y1,72,...,Y2r-1}

and the corresponding feedback gains and observer gains are {Afj, Bf , C’f }

4. Examples.

Example 4.1. Consider the following continuous-time T-S fuzzy system in [35]

i) =3 hi(ey) {Aix(t) + { ) } w(t)}
2t)=[1 0]zt
yt) =10 1 ]z(t)+w(?)

—0.1 50 —4.6 50
AIZ[ :|7 A2:|:_1 _10:|7

where

_

9"
For this system x5 is known and x1 need be estimated by the observer. Let
2
Ty

hl(ml):w(l)zl— 9"

hQ(.Q?l) =1- hl(ﬂfl),
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applying the method in [35] and [40] we get v = 0.55 and v = 0.52 respectively, while the
system is still stable even with v = 0.3 obtained by applying Algorithm 3.1 in this paper.
For Cy (P}, > P},), the corresponding filtering gains are

Al —2.1602 39.3801 Al —6.0395 91.4773
H1 —0.5486 —8.8816 |’ 2771 —0.2711 —25.2491 |
A 10.2433 1.8522 Al —4.2851  59.3443
27| —3.6835 5.5285 |’ 271 —1.0200 —13.1189 |’

0.4603 1.4472
Cl =[091120 0.0509 |, Cj =[0.8405 0.0132 |,

Bl - { 2.5248 } Bl { —2.1911 } |

and for Cy (P}, < PL,), the corresponding filtering gains are

G2 _ [ —1.8206 44.1183 d2 [ 143.7778 492255
17 06445 —9.9638 |* 12T | —33.7229 —11.2661 |’

A2 _ —139.8379 50.1011 A2 _ —4.3711  65.9286
2 29.8910 —9.8174 |’ 27| —1.0049 —14.6547 |’

5o [ 1.9029 5 [ —3.4971
Br = {0.5948 }  B= { 1.7423 } ’

C7=[08781 —0.0251 ], C3=[0.7955 0.0404 ].
The fuzzy system (5) is asymptotically stable with the above switching filtering.
Example 4.2. Consider the following continuous-time T-S fuzzy model in [38]

z(t) = Z hi(§)(Aix(t) + Biw(t))

2(t) = Z hi(§) Lix(t)

2

y(t) = D ha(€)(Cia(t) + Diw(t))

3 0.6 ~1 04
2 —2]’ A2:{—0.2 —1}’

|
Bl:{o(.)?,}’ 322{0?2}’
[

03 05], Ly=[03 02],
Cy=[15 05], Co=[1 01],

where

For this fuzzy system, applying the method in [35] we get v = 0.0924, while the system
is still stable even with v = 0.03 obtained by applying Algorithm 3.1 in this paper. For C}
(Pl > PL), the corresponding filtering gains are

Al —0.2851 1.6690 Al 277.7163  —172.6369
= —25319 —3.2971 |’ 12771 —211.3659  746.0213 |’

A —276.9262 173.6134 i —0.6465 0.7524
271 208.0111  —745.7539 |’ 27| —04370 —2.4035 |’
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o[ —2.0570 -1 [ —0.8290
Bl_{ 18870 | 2= | 04900 |

Cl=[00971 0.1980 |, C3=0.1694 0.1028 ],

and for Cy (P}, < P), the corresponding filtering gains are

o
All -

—1.0428 1.7256 A2 _ 821.9 3177
—3.1752 —5.2158 |’ 12771 —433.9 24819 |’

[ 8207 3186 o _ [ —1.2608  0.8147
27| 4297 24794 |0 727 | —0.6786 —4.3338 |’
oo [ —1.9005 oo [ —0.7411

B = { 2.3631 ] B [ 0.7956 } ’

C%=10.1500 0.2500 ], C7=[0.1500 0.1000 |.

The fuzzy system (5) is asymptotically stable with the above switching filtering.

5. Conclusions. In this paper, we have studied the H,, fuzzy filtering design with im-
measurable variables for the Takagi-Sugeno fuzzy systems. A switching method is pro-
posed to deal with the time derivatives of the membership functions and the filtering gains
can be obtained by an algorithm presented as LMIs. Two examples have been given to
show the effectiveness of the proposed approach. The method can be used to deal with
other control problems like observer design and positive fuzzy system.
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