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ABSTRACT. This paper presents a novel non-smooth non-negative matrix factorization
(nsNMF) algorithm for dimensionality reduction. Because the objective function of n-
sNMF is non-conver, we transform it into two symmetric conver problems and solve
them iteratively. The optimal solution of each subproblem is obtained by solving a con-
strued estimate sequence with accelerated mirror projected methods. We demonstrate that
each subproblem has a fast convergence rate at O(1/k?). Ezamples on the image data
demonstrate that our proposed algorithm produces the smaller factorization errors and
the parser representations.

Keywords: Non-smooth non-negative matrix factorization, Non-convex, Accelerated
mirror projected methods, Dimensionality reduction, Sparse representation

1. Introduction. With the advent of big data, it is urgent to find some effective tech-
niques for dimensionality reduction. Therefore, matrix factorization methods have at-
tracted more interest as basic tools for data processing. The famous methods are prin-
cipal component analysis [1], singular value decomposition [2] and vector quantization
[3]. Their goals are finding several low-dimensional matrices whose product approximates
the data matrix. Besides above mentioned methods, non-negative matrix factorization
(NMF) can decompose a non-negative data matrix into two low-dimensional non-negative
matrices. Suppose that a data matrix V € R™*" and r << min(m,n), NMF finds two
non-negative matrices A € R™*" and S € R™*" to approximate V. Generally, Euclidean
distance is used to measure the approximation error between V' and A x S as follows:

1
F(A,8) =5 |V = AS [}, st A>0, S=0, (1)

where || - || denotes the Frobenius norm. The learned subspace S is very useful for
clustering and classification [4, 5, 6]. It is obvious that an effective subspace should
include the following aspects. Firstly, the potential structure or hidden features of the
high-dimensional data should be captured. Secondly, the subspace should be sparse.
Therefore, constraints or penalty terms imposed on A or S or both are proposed to solve
mentioned problems [7, 8, 9]. Recently, non-smooth non-negative matrix factorization
[10] performs satisfactorily in learning useful features. The achievement of nsNMF is to
add a positive symmetric smooth matrix W into NMF instead of constraints on A or S.
The nsNMF model can be described as

V= AWS, 2)
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where W = (1 — 6) + 2117, I € R™" is an identity matrix, 1 € R" is a vector of all
ones, and 0 < # < 1. As # becomes larger, A and S are sparser. Mathematically, nsNMF
can be measured by Euclidean distance as follows:

FA,S:1 V- AWS |5, st. A>0, S>0. 3
2

In fact, NMF algorithms can be improved to optimize nsNMF [11, 12, 13, 14, 15, 16, 18,
19]. The familiar algorithm is the multiplicative update rule (MULT) [11], which has a
simple structure and comes to good results. However, it converges slowly when the data
dimension becomes higher. Lin [12] proposed the block coordinate descent (BCD) [17]
method to transform NMF into two convex problems and alternately optimized them until
convergence. For each problem, the Armijo line search was proposed to determine the
step length, and the projected gradient method was utilized to optimize each problem.
Unfortunately, the Armijo line search spends much time. Based on the BCD method,
Guan et al. [13] proposed the Lipchitz constant as the step length and each problem
can be solved by Nesterov’s gradient method. Although the proposed algorithm has
a fast convergence rate at O (1%2) in optimizing each problem, it is inefficient in high-
dimensional data reduction. Recently, [18] and [19] proposed neural networks to search the
global solution of non-negative matrix factorization. However, algorithms based on neural
networks are convergent slowly than traditional algorithms. Previous algorithms utilized
the BCD scheme by optimizing alternately A and S. Actually, another optimization
scheme called hierarchical alternating least squares (HALS) was proposed to update each
column of A and each row of S sequentially [14]. Gillis and Glineur [15] proposed the
BCD scheme in updating the rows of S and the columns of W many times. Recently,
utilizing random shuffling updates of the rows of S and the columns of A achieves better
performances [16].

In this paper, we propose a novel algorithm (nsAMD) to optimize nsNMF. Firstly, we
also transform nsNMF into two subproblems by BCD. For any S! > 0, nsAMD alternately
solves

1 2
AT = argmin F (A", 5") = - HVT —ws At ‘ (4)
At>0 2 F
and ]
: 2
St = arggélnF (A 5% = 3 |V — AW st (5)

until convergence, where ¢t denotes the iterative number. Secondly, to optimize (5), an
estimate sequence ¢y41(S) is proposed and constructed to satisfy minge, {¢g41(S)} >
F (A" S). Similarly, (4) can be optimized by the same way. Thirdly, we utilize the
accelerated mirror descent methods to optimize the estimate sequences.

The remainder of this paper is organized as follows. In Section II, basic mathematical
knowledge, definitions and lemmas of Nesterov’s optimization methods are introduced.
Three optimization sequences are proposed to optimize each problem and we present
lemmas and theorems to prove each problem with a fast convergence rate at O (1/k?).
Based on the analysis of Section II, we propose a novel algorithm named nsAMD to
optimize non-smooth non-negative matrix factorization. In Section III, we compare our
proposed algorithm with other nsNMF algorithms in terms of the convergence rate and
the sparse representation. Finally, Section IV presents the conclusion and future work.

2. Theoretical Analysis. In this section, some definitions and basic mathematical
knowledge are applied to solve (3). It is obvious that (4) and (5) have a similar for-
m. Hence, we only consider to solve (5), and (4) can be solved accordingly. Problem (5)
is re-written into the following equivalent form:
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mmﬂa:%HV—mWﬂ@. (6)

Sex

e Gradient descent method. Given a step length L, the update rule S < S — %VF(S )
is the most familiar method in optimization. However, this update rule is considered
as a special form of

1
S(—argmin{—LHY—SH%—l—<VF(S),Y—S>}. (7)
Yex 2

e Dual averaging method. According to history solutions Sy, Si,...,Sk_1 € X, the
next solution is

Yex

Sk < argmin {P(Y) + iozi(F(Si)jL < VF(S),Y — S, >)} ) (8)

where P(Y) =4 || Y || and «; > 0 is the weight of the th point.
e Mirror descent method. Given previous point S € y, the next point can be optimized
by
S < argmin{D(S) + a < VF(S5),Y — S >}, 9)

Yex
where D(S) is defined as a prox-function. Generally, it is a continuous differentiable
and strong convex with the convexity parameter o > 0. We assume D(S;) = 0.
Thus, for any S € y, we have

1
D(S) > 5ol S~ Sl (10)
Definition 2.1. Suppose that T\ (S) € x is the optimal solution of (7), we obtain

F (T, (S)) < F(5) +argmin{%L |Y =S |5+ < VF(S),Y -8 >}. (11)

Yex

Definition 2.2. Suppose that {¢r(S)}32, is an estimate sequence. Thus, for a sequence
{\e}22, we have

Oe(S) < (1= M) F(S) 4 Aro(5). (12)
Lemma 2.1. The objective function of F(S) is convex.
Proof: Suppose that 0 < X < 1, for any 51,5, € x we have

F(AS1+(1—=X)S) — (AF(S1) + (1 — M) F(S2))
:%wUV—NWQ&+Q—M&WUQV—NWQ&+U—M&»)

B % = Athl)T (X — AWS,) — - )\tr <(V - AtWSQ>T (V- AtW52)>
= M (aws - s)” (aw(s, - )
= M s, - s a<o

O

Lemma 2.2. The gradient of F(S) is Lipshitz continuous and the Lipshitz constant is
WNWFNWH.
F

Proof: According to Lemma 2.1, F'(.5) is differentiable and convex. Given any Si, Sy €

X, we obtain
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| VE(S1) = VF(S:) ||
:Hm%wa&—mwfﬁqu

= 30 () aw) (s s

i=1 j=1 | k=1

S (3w >k1|<sl—sz>kj|)

=1 j5=1
r

= 23| (W) aw) [ 32375 - s

i=1 k=1 J=1 k=1

IN

3

m%fwwkuﬁ—&m.
O

Lemma 2.3. If F'(S) is differentiable and Lipshitz continuous with the Lipshitz constant
L= H(AtW)TAtWH . For any S1, S, € x, we have
F

1
Proof: According to Taylor’s expansion, F'(S7) can be expanded by

1
F(Sl) = F(Sg)+ < VF(SQ),Sl — SQ > —|—§ < Sl — SQ,VQF(SQ>(51 — SQ) >
Thus,

F(Sl) — F(Sz)— < VF(SQ),Sl — 52 >

1 1
= - < Sl — SQ,V%F(SQ)(Sl — SQ) >= 5 HAtW Sl —

2 2 HF

By Lemma 2.2, we can obtain 0 < ||A'W(S; — SQ)H; <3

Ay aw| s - Sallf.0
Lemma 2.4. Given a sequence {Si}72,, if the following inequality
F(Sk) < ¢ = m1n¢k( ) (13)
holds, then F(S) — F(S7) < Au(do(S*) — F(5%)).
Proof:
F(Sk) < ¢ = mln¢k( ) < Igleig{(l = M) F(S) + Ao ()} < (1= M) F(S7) + Ao (S7).

According to (13), the convergence rate of (5) can be easily computed. Next, we present
lemmas and theorems to construct ¢, and Ag. O

Lemma 2.5. We assume ap € (0,1), ap = é’;—i and C}, = Z?:o 7;. The following
sequence

Pr41(S) = (1 — o) Ok(S) + [F(Sk+1)+ < VE(Sk41), S — Spr >]

= ckﬂ “0(S) + =— > T(F(Si)+ < VF(S:), 8 = Si >) (14)

=1

18 an estimate sequence.



ICIC EXPRESS LETTERS, VOL.14, NO.4, 2020 403

Proof: Let A\, = Cik According to assumptions, we can easily obtain Agy1 = Ag(1—ay).
By Lemma 2.4, we have
Dr41(5) < (1 — aw)or(S) + arF'(S)
= (1= (1= ap) M) F(S) + (1 — ap)(dr(S) — (1 = A F(S))
(1= (1= o)) F(S) + (1 = ) (d0(5))
= (1= Mest) F(S) + A1 60(S).

IN

O
Lemma 2.6. Suppose that
056(01] Ak :)\k(l—Oék) Y :L &>052 Ck_iT
0 s L]y +1 ) +1 Ck+1, Ck:+1 ko o 2
Tk+1
= 15
ak Cri1 (15)
1 (L
n(S) = g {EDS) + mlF(Sa+ < VF(S). 5 = 5o >1 (16)
Zy, = 1gin ¢y (5) (17)
Sk+1 = aka + (1 - Oék)Yk (18)
Vi = T (5. (19)
Then, minge, {Pr1+1(S)} > F(Yit1) holds.
Proof: By (16), ¢r+1(5) is equivalent to the following form:
1 I, k+1
Or41(S) = G (;D(S) + ZTl(F(S )+ < VF(S;),S—S; >)> ) (20)
k41 P

Let 79 € (0,1] and Yy = T,.(Sp). For k = 0, one obtains

Sex g

Iglelil{(ﬁo( )} = mmciO {ED(S) + 710[F(So)+ < VF(Sy), S — So >]}

Sex

L
> min {? || S -5 H%’ +[F(So)+ < VF(S()),S -5 >]}
0
> F(Yp).
We suppose Vor(Z;) = 0 and L = H(AtW)TAtWHF, and ¢y (S) can be transformed by
Taylor’s expansion as

or(S) = ox(Zk)+ < Vou(Zy), S — Zx > +% < S = Zu, V20u(Zk)(S — Zy) >

1
> ¢p(Zk) + 55 L1 S — 2y |17 - (21)
20y,
Suppose that minge, {¢r(S)} > F(Y%) holds. According to (15), (18) and (21), we can
get

min Pr41(S5)

i Thk+1
- F(Sg1)+ < VF(Sgi1), S — Sky1 >
%161;1 { Ck+1 ¢k( ) Ck+1 [ ( k-l—l) ( k—l—l) 1 ]}

v

. C 1 _
A — L -z 2 F
%lelfcl { k+1 {gbk( k) + 20 ” S k ||F + —Ck+1 [ (Sk+1)
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+ < VF(Sk+1), S - Sk+1 >]}

v

. Ok Tk+1 1 ) }
e Yi+ - [F(Stp1)+ < VF(St1), S = Skt >+ 5—L || S = Z
SEx {Ck+1 k Ck+1[ (Skt1) (Skt1) o1 > 2 1 e 12

1
= min F(Sk_H) + o < VF(Sk+1), S — Zy > +—1L H S — Zy ||?p
Sex 20,11
1
> F(Sk1) + min {ozk < VF(Si11),S — Zy > +§azL | S — Z ||§} : (22)
X

Let Y = oS + (1 — ay)Ys. By (18), we can easily obtain Y — Si1 = (S — Zj). Thus,
(22) can be simplified as

. . 1
min ¢p.1(S) > F(Sk41) +f§1€1§<1 {< VF(Sit1,Y = Sky1) > +§L Y — Sk H%}

Sex

= F(Ski1) + F(Yet1) = F(Ski1) 2 F(Yirn)

O
Note that 75, aj and Cj are unknown, but they can be constructed by (15). Let
ap = k:%g’ Ty = % and C}, = W. With above analysis, an optimal scheme is
presented to optimize S. For k > 0 and Sy > 0, we have
1
Y}, = arg min {F(Sk)—i— < VF(S),Y — Sk > +§L |Y — Sk HzF} (23)
Y>0

Z), = argmin (éD(Z, Zy) + iTi(F(Si>+ <VF(S),Z -5, >)> (24)

Z>0 Ck—H g i—0
Sk+1 B Oéka + (1 - Oék)Yk (25)

In the following, we will demonstrate that this scheme has a fast convergence rate at

O(1/k?).

Theorem 2.1. Suppose that {Yi}32, and {Sk}32, are generated by (23), (24) and (25),
one obtains

2LD(S%)

F(5)~F(5) € ey

where S* is an optimal solution for (5).

Proof: By Lemma 2.4 and A\, = CL;C’ we can get

me—@—iﬂFwwsé%wﬂ

Ch
11 (L . .
= —— —D(S ) +TD[F(50)—|— < VF(S()),S -5 >]
Ck C(] g
1 1L 11
< ———D(5" — —T1oF(57). 2
S GG (S)+CkCOTO (5%) (26)

According to definitions of Cy and 7, (26) is simplified to F'(Sy) — F(S*) < %. O

Based on above analysis, we solve problem (3) by Algorithm 1, where €g, €4 and € are
small tolerances.
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Algorithm 1 nsAMD

Require: V, At St ¢
Ensure: A, S
Initialization: A' >0, S' >0, €4, €5, t 1, W
repeat
LA AMD (VI 87T, AT W7 ey

2. St AMD(V, A1, St W, eg)

3.t+t+1
. t+1 Qt+1y t ot
until |£A ﬁ(At?Stl;(A »5) <e€

A+ At G §iHl
function AMD(V, A*, S, W eg)
ImmmmMnLﬁﬂ%eyﬁeQL%WNWﬂﬁww
repeat
1. VF(Sp) « (ATW) (AW S, — (ATW)'V

1

, k<0
F

3.@¢—P(ZFy—%VF@w>
4. Sk+1 — apdy + (1 — Oék)Yk

5. k+k—+1
until W < eg

return S« Spy
end function

3. Simulations. Four algorithms are compared in this section and we refer to them
as nsAMD, nsMULT [11], nsPG [12] and nsNeNMF [13]. We compare them by the
ORL dataset. Two indices are proposed to estimate their performances including the
factorization error e and the sparsity degree d. e is defined by

1
e:§HV—AWSMM (27)
For any V' € R™*"™ the sparsity degree of V' can be described by

ymn — 2111 Z?:l Vij /\/221 Z;’L:l V;?
N vmn —1 '

The ORL dataset can be downloaded from http://www.cl.cam.ac.uk/research/dtg/attar
chive. To have fair comparisons, we do 10 experiments and report average results. Let
m = 10304, n = 400, r = 100, €4 = €5 = 107*, § = 0.9 and a maximal number of the
sub-iteration be 30.

Firstly, We present the factorization errors and the sparsity degrees obtained by all
algorithms. Table 1 shows the average results in a short duration. Clearly, nsAMD
achieves the best performances than other algorithms. However, this cannot reveal that
our proposed algorithm is superior to other algorithms in learning bases.

Secondly, we mainly test whether each algorithm can learn bases in a short period.
Figure 1(a)-1(d) show the learned bases by different algorithms. According to Table 1 and
Figure 1, we observe that: 1) the larger factorization error leads to the worse performance
in learning bases; 2) the smaller factorization error obtained by nsAMD means that the
learned bases by nsAMD are sparser.

dv (28)
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TABLE 1. Average results of e(x10%), Sag, Sa and Ss on ORL

nsAMD | nsMULT | nsPG | nsNeNMF
e 0.1519 0.2777 | 0.2034 0.2225
das | 0.6704 0.1884 | 0.4854 0.4517
dy | 0.6666 0.1791 0.4795 0.4456
ds | 0.6717 0.1514 | 0.4957 0.3725

V‘ ‘ﬂ Va | R
{ 4t . Sad%
| . ) s "
& “ y i’ 4
(a) nsAMD (b) nsMULT (¢) nsNeNMF (d) nsPG

FicUurE 1. Basis images on ORL under the time limit of 10 seconds

4. Conclusion and Future Work. This paper proposed a new efficient non-smooth
non-negative matrix factorization algorithm called nsAMD. To optimize nsNMF, an iter-
ative algorithm based on Nesterov’s accelerated mirror descent methods is proposed and
we demonstrate its convergence rate at O(1/k?). Experiments demonstrate that nsAMD
is more effective to obtain the smaller factorization errors and the sparser bases.

Several topics should be discussed in the future work:

e The HALS optimization scheme and Nesterov’s accelerated mirror descent methods
should be considered to optimize nsNMF;
e A variable step length should be considered instead of the Lipshitz constant.
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