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ABSTRACT. In this paper, the problem of the cooperative adaptive fault fuzzy tracking
control for networked unknown nonlinear leader-following systems with unknown non-
linear friction is discussed. Based on the principle of sliding mode control, an adaptive
fault tolerant control scheme is proposed, which guarantees that all followers asymptot-
ically synchronize a leader node with tracking errors converging to a small adjustable
neighborhood of the origin and a distributed sliding mode adaptive controller is designed
for each follower node to make tracking errors uniformly terminated and bounded. Based
on algebraic graph theory and Lyapunov theory, the stability and parameter convergence
of the algorithm are analyzed. Finally, the simulation results show the effectiveness of
the scheme.
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1. Introduction. In recent years, the cooperative control of leader-following systems has
achieved fruitful research results [1-3] under the extensive attention of experts and schol-
ars. Generally speaking, the control problem of such systems can be categorized into two
classes, namely, the cooperative regulator problem and the cooperative tracking problem.
As stated in [4], for the first problem, distributed controller is respectively designed for
each follower, such that all followers are eventually driven to a leader. This problem is
known as (leaderless) consensus, synchronization, or rendezvous in literature. For the
later problem, a leader agent is considered, and it acts as a command generator, which
generates the desired reference trajectory and ignores information from the follower a-
gents. All other agents attempt to follow the trajectory of the leader agent. This problem
is known as leader-following consensus, synchronization to a leader, model reference con-
sensus, leader-following control, or pinning control. [5] investigates the output consensus
control problem of uncertain second-order nonlinear multi-agent systems with unknown
nonlinear dead zone, [6] considers the consensus tracking control problem for general lin-
ear multi-agent systems with unknown dynamics in both the leader and all followers, [7]
investigates the cooperative control problem of uncertain high-order nonlinear multi-agent
system on directed graph with a fixed topology. By using distributed observer approach,
the cooperative output regulation problem of linear multi-agent systems has been solved
under the assumption that each follower knows the system matrix of the leader system [§].
However, the aforementioned works do not take friction occurring in the systems into ac-
count, which motivates this work. Friction as a complex uncertain nonlinear phenomenon,
encounters in various practical systems, such as servo-mechanisms. In the paper, a co-
operative adaptive fuzzy tracking control scheme for unknown nonlinear leader-following
systems is proposed, which guarantees that all followers can asymptotically synchronize
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the leader with tracking errors being cooperative uniform ultimate bounded (CUUB).
Compared with existing works, the following main contributions are worth being em-
phasized. 1) Differing from some of the literature, the dynamic leader and all followers
considered in this paper are high-order and have unknown nonlinear dynamics; 2) the ap-
proach does not require the assumption that the parameters and frictions must be known
9]; 3) furthermore, the condition that the friction parameters must be known, is removed
by approximating online.

The rest of this paper is organized as follows. In Section 2, basic graph theory and nota-
tions, the problem formulation are introduced. A cooperative adaptive tracking controller
is proposed for each follower in Section 3. Finally, Section 4 draws the conclusion.

2. Problem Statement and Preliminaries. Consider a multi-agent system consisting
of a leader and the followers. To solve the coordination problems and model the infor-
mation exchange between agents, graph theory is introduced here. Let O = (v, E') be a
weighted graph, v = (vq,...,vy) is the nonempty set of nodes/agents, £ C v X v is the
set of edges/arcs, (v;,v;) € E means there is an edge from node ¢ to node j. The topology
of a weighted graph G is often represented by the adjacency matrix A = [a;;] € RV*V,
and a;; > 0 if (vj,v;) € E; otherwise a;; = 0. Throughout this paper, it is assumed
that a; = 0 and the topology is fixed, i.e., A is time-invariant. O is directed graph.
Define d; = Zj\;l a;; as the weighted in-degree of node ¢ and D = diag(ds,...,dy) as
in-degree matrix. The graph Laplacian matrix is L = [l;;] = D — A. Let 1 = [1,...,1]
with appropriate dimension; then L1 = 0. The set of neighbors of node 7 is denoted as
N; = {jl(vj,v;) € E}. If node j is a neighbor of node 4, then node ¢ can get information
from node j, not necessarily vice versa for directed graph. For undirected graph, neighbor
is mutual relation. A direct path from node i to node j is a sequence of successive edges
in the form {(v;, v;), (vi, vk), - -, (Vm, v5)}-

Notations: In this paper, R, R, and R™*™ denote, respectively, the real numbers, the
real n-vectors, and the real n x m matrices; |A| is the absolute value of a real number; ||A||
is the Euclidean norm of a vector; ||A||; is the Frobenius norm of a matrix; ¢r{-} is the
trace of a matrix; s(-) is the set of singular values of a matrix, with the maximum singular
value 5(-), matrix P > 0 (P > 0) means P is positive definite (positive semidefinite); I
denotes the identity matrix with appropriate dimensions.

Consider N (N > 2) agents with distinct dynamics. Dynamics of the kth agent is
described in Brunovsky form

{ Tri(t) = piva(t)

' ' L di=Ll...m-Lk=1..N (1)
Ty, (1) = fi(Zk) + grauk + groFrp + di(Ti, t)

where ng, xp; € Rand Ty = [vg1, . . . ,xk,nk]T € R™ denote the ith state, the order number
and the state vector of node k; fi(Zx): R™ — R is locally Lipschitz in R™ with f(0) =0
and it is assumed to be unknown; u; € R is the control input/protocol; and dy(Zg, t) € R is
an external disturbance, which is unknown but bounded. g 1, gx2 € RT denote unknown
constants; F;. ;, denotes the nonlinear friction term. The friction term F; is assumed to have
the following form as in F, ; = v (tanhy(y2dy.1(t)) — tanhg (s 1(t)) + va tanhg (5251 (1))
+76%k1(t)), here, 7, € RY, i =1,2,3,4,5,6 are unknown constants.

In this paper, it is assumed that ng = ny = ny = -+ = ny = n, where ng is the
order number of the following leader node, labeled 0. Define z; = [21,,..., 2 N,i]T € RY,
1 =1,...,n, then the above agents’ dynamics can be re-written in the following compact
form:

{ @i (t) = Tig(t)

xn(t) - f ('f) + gk,lu(t) + gk,2Fr,k + d (j7 t)
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where = [7,...,7%]", £(&) = [fs(@1), ., fn@)]T, ut) = [wa(t), ..., un(t)]", and

d(T,t) = [dy (Z1,1), ..., dy (Tn,1)]"
The dynamics of the leader node, labeled 0, is described as follows:

{ Zil'g’i(t) = $0,i+1<t)
Zon(t) = fo(Zo,1)

where xo; € R and Ty = [zg 1, . . . ,mo,n]T € R™ denote the ith state and the state vector of
the leader node k; fo (Z,t): [0,00) X R" — R is piecewise continuous in time ¢ and locally
Lipschitz in oy with f5(0,¢) = 0 for all V¢ > 0 and zo € R", and it is unknown for all
follower nodes.

System (3) is assumed to be forward complete, i.e., for every initial condition, the
solution Zy(t) exists for all V¢t > 0. In other words, there is no finite escape time. The
leader node dynamics (3) can be considered as an exosystem that generates a desired
command trajectory. Define the ith order tracking error (disagreement variable) for node
k(k=1,...,N) as follows: 0y ;(t) = xx,(t) —x;(t), 1 =1,...,n, k=1,...,N. Let 9; =
[(5171‘, Ce ,(SNJ']T € RN, 1= 1, e,y then 5z =T — Q(M where EO,Z‘ = [.]7071, c. ,SCOJ']T € RN.

The control objective: The distributed controllers are designed for all follower nodes
such that the tracking error J; converges to small neighborhoods of the origin, for all ¢
(1=1,...,n).

The following definition is introduced to illustrate the control problem, which extends
the standard concept of uniform ultimate boundedness to cooperative control systems.

Note that, it is assumed that only relative state information can be used for the follow-
er’s controller design in this paper. More precisely, for the kth node, the only obtainable
information is the neighborhood synchronization error

eri(t) = Z arj (753 — Tri) + br(Toq — Try)

JENg

, i=1,...,n—1 (3)

wheret=1,...,n, k=1,..., N and b, > 0 is the weight of edge from the leader node to
node k (k=1,...,N), by > 0 if there is an edge from the leader node to node k.
Define the following notations:
€; = [el,ia s >€N,i]T € RN7 iO = [fO('ib?t)a s 7f0(i'07t)]T € RN7
B = diag{by, ..., by} € RNV
g1 = diag{g,...,gna} € RN, gy = diag{gr, ..., gn2} €
Similar to (2), the above tracking error can be re-written in the following compact form:
éi(t) = ei1(t)
enlt) = —(L+B) (f + quult) + goFrc +d = f,)
where the property L1 =0 is used. - -
Define the augmented graph as O = {@,E}, v = {vg,v1,...,on} and E C 0 x 0. In
practical applications, the actuators may become faulty. The following assumptions on

the graph topology and the dynamics of leader node are made for co-operative tracking
problem.

RNXN

i=1,....n—1 (4

Assumption 2.1. The augmented graph O contains a spanning tree with the root node
being the leader node 0.

Assumption 2.2. There exists a positive constant My > 0 € R, My, € R such that
|lzo (DI < Mo and | fo(Zo, )| < My,, Yt = to.

Assumption 2.3. For each node k, an unknown constant My > 0 € R, so |d(Z,t)| <
Md,k'
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Lemma 2.1. ||§;]| < S(lfjg), i=1,...,n, where s(L + B) is a minimum singular value

of matriz L + B [{].

Lemma 2.2. Define q = [q1,...,qn] = (L + B)™'1, P = diag{p;} = diag{%}, Q =
P(L+ B)+ (L+B)TP, then P >0 and Q > 0.

In this paper, the fuzzy logic system (FLS) is used to approximate f(z). Let f(x) be
a continuous function that is defined on a compact set €2. Then for any constant € > 0,
there exists sup ’f(m) — QTS(QJ)} < e. FLSs are universal approximations, i.e., they can
approximate any smooth function on a compact space. Because of this approximation
capability, we can assume that the nonlinear term f(x) can be approximated as

f(x,0) = 07¢(x) (5)

Define the optimal parameter 6* as #* = arg mingeq [sup | flz) = f(z,0%) ] where 2 and

U are compact regions for 6 and z, respectively. Also the FLS minimum approximation
error is defined as

- = f(z) = 07¢(x) (6)
In this paper, we use the aforementioned FLS to approximate the unknown functions
fu(@r), k=1,..., N, namely, there exist 0}, ; such that f.(Zx) = 0;7 & (Tk) + ek

Assumption 2.4. There exist unknown constants M., >0€ R, k=1,..., N such that
lex| < Mey.

3. Main Results. Define the filtered error o for the kth node as follows:

d n—1 n—1
o) = (E + )\) era(t) = ;ck,iem(t) + epn(t) (7)
where ¢, = C:tam i =1,....,n — 1, a > 0 denotes a designed parameter. Let
en(t) = [ena(t), - . enn ()]
Lemma 3.1. Let oy be defined by (7), and then,

1) if o), =0, then lim;_, e, (t) = 0;

2) if |lok| < ag, €,(0) € Q,, then ex(t) € Q,,, Yt > 0;

3) if log| < ax, €,(0) & Qu,, then Ty, = (my — 1)/ A, IVE > Ty, €, (1) € Q,
where Q,, = {Qk(t)‘|€k7i| < Q(jfl))\i_m’“ak}, i=1,....n,j=12...,my.

For simplification, let ¢;; = -+ = cn; = Ni, Ay = 1, then o, = Megq + -+ + A\epn.
Define the global sliding mode error o = [oy,...,0n]|, then o = Aje; + -+ + \pep.
Recalling the overall tracking error dynamics

én(t) = —(L + B) (f(f)+u(t)+d(f,t)_i0> , i=1,...,n

one has

n—1
b= Nért e M = D Nei o =7 = (Lt B) (f (2) + gru+ Py + d(@,) - )
i=1

where v = S0 Ney, éi = [é1a, - - énalT
Define the following Lyapunov function
V,=1/2(c" Po) (9)

where P = PT > (.
Differentiating V, with respect to time ¢, one has

V, = oTP~ — oTP(D + B)0*T¢ — 6T P(D + B) (s d— io> — 0" P(L + B)(giu)
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+ T PAGTE + o7 PA (5 td— io> — oTP(L + B)(g,F)) (10)

First, using the mean values theorem we have g(x) = tanh(z) = ¢(A\z)(z — 0), where
A€ 0,1].
And using [tanh(e)| < 1, we have g(Az) = Ai[1 — (tanh(Az))?] < A |2| < |#].
Then, (10) can be transformed to the following form:
V. <0"Py—o"P(D+B)0"¢ —0"P(D+ B)(e+d— [,)

— 0" P(L+ B)(g1u) + 0" PAG*TE + 0" PA(e +d — )

+ 0" P(L+ B) || |#1] [Yg, 4+ Vgo + Vgs) + 07 P(L + B) |i:1] g, (11)
where |i1| = diag {|@11],...,|Zn1|} € RN, || = diag{|i1a|,...,|in2|} € RV*N,
Ve,g1 = 9k,2Vk1Vk2) Vg = 9627k 1Vk,35 Vk,g3 = Gk,2Vk4VE55 Vk,gs — k,2Vk,65 Vg1 = [71,91, cee
VN,gl]T, Vg2 = [71,92, e a7N,92]T7 Ygs = [71,93, e ,VN,g3]Tan4 = [71,94, e ,VN,g4]

Define control law as follows:

uw=gt3d(D+B)! —f—snsTPD—l—B ]\%E + cs
Ymin ( Y g f
o+ [ial ] B + T2 + Ags] + 1] G} (12)

o ~ AT . ~
where gI;uln = dla’g {grililnl,lw"?gr;iln]\/,l} € RNXN’ f = |:f1""7f”i| ) fk = eggk (jk)J k=
1,..., N, are the estimate of fy (Zx), Py is the ith element of s” P(D + B), sgn (s”P(D
~ ~ ~ T .
+B)) = diag(sgn(Psq),...,sgn(Psn)), Moy = [Mdgfvl, e ,Mdgny] , Mgy is the es-

timate of My.pr = Mgy + Meyp + My, B = 1,...,N, and 7g,, Vgos Vgs» Vgu are the
estimate of Y,,, Y0, Vgs» Ygur € > 0 € R is a design parameter, which satisfies ¢s(Q)/2 —

(47 + A2/ (47A?)) 3(P)5(Q) > 0. Let 07 = diag (éf, . ,HA]:'\}), and 07, k=1,...,N are

the estimates of éZT, in the following, define the notation: e = e — e. Substituting the
control law (12) into (11), one has

V. = —co"P(L + B)o + o"P(D + B)6"¢ + " P(D + B)sgn (¢ P(D + B)) My,

3
+0"P(D+ B) <\s‘cz| 1] D Agit || %4> +0"PAGTE + 0" PA (e +d— L))

i=1

3
— 0" PAsgn (UTP(D + B)) Mdsf — o' PA <‘$2’ |1 Z:Ygfi‘ |$.1"~Yg4>

=1
+ 0T PA(D 4+ B) 'y

Since using Young inequality, we have

o PAITE < 5(P)5(A)roTo + #555%

A

—oT PAsgn (6" P(D + B)) My < 5(P)5(A)ro"o + 5(P)5(A) / (4r) ML My

ol PA (5 +d—f,) < 5(P)s(A)yro’o + S(Pii(A)MdTefMdEf
ol PA(D + B) 'y < 5(P)s(A)ro’ o + §(Pii(A) (D4 B) ™%y

3
o' PA <|552| 1] > Fgit i1 %4)

=1
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e P (N e ) (S e
< 5(P)s(A)ro o T Z|$2||931|7gi+|931|794 Z|$2||$1|ng+|$1|794

=1

ol

i=1

]7 one has

where r > 0 € R is a design parameter and My.p = [Mgep1,. .., My N

V. = —co" P(L + B)o + 0" P(D + B)0"¢ + 0" P(D + B)sgn (0" P(D + B)) My.;
3
+0"P(D + B) <|:i72| EN Z Yot |21 7%) + 5r5(P)3(A)ra’ o

=1

+ §(P)§(A)/(4r) (gTééTg + J\?dﬂfj\?dgf + MdTEfJ\Z/dEf +~7(D + B) ™%y

3 T /3
+ <Z ‘x2| |x1| :Vgi + |$1| :Vg4> <Z |x2| |:E1| 5/91-"’_ |:E1| ’3/94)

i=1 =1

Notice that, since 67 and Oy are boundeq, which are guaranteed by Assumption 2.4
and the adaptive law (14), and &(Z;) < 1, 7€ is bounded. From Assumptions 2.2 and
2.3, ie., €, di, and fy are bounded, M. is bounded as well. The adaptive law (16)

ensures that Mdgf is bounded. Because 9~T§, Mdsf, Fgis |T2|, |#1] and MdTEf are bounded,
if r > 0 € R is chosen to be large enough, then

3 T s 3
+(Z|ﬁsz||abll%,-+|abll%4> <Z|:bz||fcmgi+|fc1wg4) < po

i=1 =1

where pg > 0 € R is a design parameter, and since

n—1
2 2 2 322 /12
Ve = Z/\iek,i—H <A %/A
i=1

where A = max{\(,..., A\, }, A =min{\,..., \,}, one has

So one has

V, < —co"P(L + B)o + 0" P(D + B)§"¢ + o7 P(D + B)sgn (67 P(D + B)) My.;

+0"P(D + B) <\j:2] |21 Z Yot 171 7%) + (4r + X/ (4rX)) 3(P)5(A)o" o + po

i=1

Define

3 Tz ~T 5

T A = = 1= 7171 ’y 7

Vo=tr {070} /(2n1)+M§;fMdef/(2nz)+Z Vo Yo, Vo Vo
2n3 2m

where 7; >0 € R, 1 =1,2,3,4 are design parameters.
Define V' =V, + 1, differentiating V' with respect to time ¢, one has

V < —co"P(L + B)o + 0" P(D + B)§"¢ + 6" P(D + B)sgn (6T P(D + B)) My
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=1

. _ X 3 ~T A ‘ ~T A
—or {§78Y i~ WL My — a0 (13

+o"P(D + B) (y¢2| 1] > A+ || %4) + (47 + X/ (4rX)) 5(P)3(A)o" o + po

Define the adaptive laws as follows:

m&P(D + B)o + nob, Hé” < My or Hé” = My and 607¢(z) <0
)= 14
"7\ mep0+ Bt - [meP(D + Byo -+ mi] 227, [ H |9]| = Mo and 067 () > (14
n2P(D + B)sgn (O’TP(D + B)) o+ 'r]MJ\ZiEf, HéH < My or HéH = My and oéTf(z) <0
Aé[dsf _ }] mP(D+ B)sgn (UTP(D+B))0'+77]WJ\2d£f (15)

— [nzP(D + B)sgn (O-TP(D + B)) o+ UMMdsf] H H My and 067 ¢(z) >

Yo = 130 P(D + B) |&o|" |41|", i =1,2,3, Ay =mo P(D+ B)|i|" (16)

where 179 > 0 € R, nyy > 0 € R are design parameters, and é, ]\j_l'd6 are bounded.
Proof: Substituting the adaptive laws into (13), as a result

3
V < —co"P(L+ B)o + ' P(D + B) (|5C2| |21 Z%i + |1 7g4>
=1
+ (4r + X/ (4rX)) 5(P)3(A)o" o + po — tr {HTQ} /771 MdEfMdef/UQ

—Z~ ?730' D+B) ’SL’QH.Tl‘ - Nao P(D+B>|$1|

94

3 N4
< —co"P(L+ B)o + (4r + X*/ (47X)) 3(P)5(A)o" o + po — tr {éTé} 770/771

— M. Maegin /1

Because
tr {0770} o — tr {078 b my

~tr {070} m /m < ,
Mo /M < o

Ui <M(3;fMdsf - Mgngdsf>
2

_M(;{:fMdaan/UZ <

one has

—co"P(L + B)o
2

tr {G*TQ*} Mo — tr {éTé} Mo MM (Mdje;fMdEf - ]\j[dTaf]\?dsf)
+ +
2m 2

V< + (4r + X/ (4rX)) 3(P)5(A)o" o + po

We know 6*, M. ¢ are bounded. So, if 79, 91, Nar, M2, N3 and 74 are chosen appropriately,

tT{O*TQ*}’UO + (Mdngdsf)
2771 2772

then < u1, where p; > 0 € R is a design parameter.
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4. Conclusions. In the paper, for networked unknown nonlinear multi-agent systems
with unknown parameterizable friction, a cooperative adaptive fuzzy tracking controller
is proposed. By sliding mode control technique and the function approximation capability
of fuzzy logic system, using the relative state information between each follower node and
its neighbors, a cooperative adaptive fault fuzzy tracking control scheme is proposed such
that the tracking errors are semi-globally uniform ultimate bounded.
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