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Abstract. The main purpose of this paper is to extend the concepts of left and right
bases in Γ-semigroups which had been introduced by Changphas and Kummoon in 2018.
In this paper, we introduce the concepts of left and right bases of ordered Γ-semihypergr-
oups and extend the results in Γ-semigroups to ordered Γ-semihypergroups. In addition,
we investigate the structure of an ordered Γ-semihypergroup containing the right bases.
We prove that all of the right bases of an ordered Γ-semihypergroup have the same car-
dinality. Furthermore, we also prove that an ordered Γ-semihypergroup eliminating the
union of all right bases, if it is non-empty, is a left Γ-hyperideal of such ordered Γ-
semihypergroup.
Keywords: Ordered Γ-semihypergroups, Left (right) Γ-hyperideals, Left (right) bases

1. Introduction. Hyperstructure theory was first studied in 1934 by a French mathe-
matician Marty [1]. He introduced the hypergroups, analyzed their properties and applied
them to groups and rational algebraic functions. The algebraic hyperstructures are the
generalizations of classical algebraic structures. Now, hyperstructure theory is widely
studied in many algebraic structures. In this paper, we focus on studying in ordered
Γ-semihypergroups which are the generalizations of Γ-semihypergroups, ordered semihy-
pergroups, Γ-semigroups and ordered semigroups. In 2018, Changphas and Kummoon
[2] introduced the notion of left and right bases of Γ-semigroups. The structure of a
Γ-semigroup containing right bases was studied. They proved that the right bases of a Γ-
semigroup have the same cardinality. Moreover, they showed the compliment of the union
of all right bases of a Γ-semigroup, if it is non-empty, is a left ideal of the Γ-semigroup.
This is a motivation of this paper. The purpose of this paper is to introduce the concept of
left and right bases of ordered Γ-semihypergroups and extend the results in Γ-semigroups
to ordered Γ-semihypergroups.
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2. Preliminaries. In this section, we recall the concept of an ordered Γ-semihypergroup
and recall some definitions that will be used in this paper.

Definition 2.1. Let H be a non-empty set and P ∗(H) be the family of all non-empty set
of H. A mapping ◦ : H ×H → P ∗(H) is called a hyperoperation on H. If A and B are
two non-empty subsets of H and x ∈ H, then we denote

A ◦B =
∪

a∈A, b∈B

a ◦ b, x ◦ A = {x} ◦ A and A ◦ x = A ◦ {x}.

Anvariyeh et al. [3] introduced the notion of Γ-semihypergroups as a generalization of
semigroups, semihypergroups, and Γ-semigroups.

Definition 2.2. [3] Let H and Γ be two non-empty sets. H is called a Γ-semihypergroup
if every γ ∈ Γ is a hyperoperation on H, xγy ⊆ H for every x, y ∈ H, and for every
α, β ∈ Γ and x, y, z ∈ H we have xα(yβz) = (xαy)βz.

Let A and B be two non-empty subsets of H and γ ∈ Γ. Then define

AγB =
∪

a∈A, b∈B

aγb and AΓB =
∪
γ∈Γ

AγB.

Kondo and Lekkoksung first considered studying ordered Γ-semihypergroups [4]. Later,
some remarkable properties of ordered Γ-semihypergroups were studied [5, 6, 7, 8, 9, 10].

Definition 2.3. [4] (H,Γ,≤) is called an ordered Γ-semihypergroup if (H,Γ) is a Γ-
semihypergroup and (H,≤) is a partially ordered set such that the monotone condition
holds as follows: x ≤ y ⇒ aγx ≤ aγy and xγa ≤ yγa, for all x, y ∈ H, γ ∈ Γ, where, if
A and B are non-empty subsets of H, then we say that A ≤ B if for every a ∈ A there
exists b ∈ B such that a ≤ b.

In the following, we denote an ordered Γ-semihypergroup (H,Γ,≤) by H unless other-
wise specified.

Example 2.1. [7] Let H = {x, y, z, r, s, t} and let Γ = {γ, β} be the set of binary hyper-
operations defined as follows:

γ x y z r s t
x {x, y} {x, y} {z} {r, s} {r, s} {t}
y {x, y} {y} {z} {r, s} {s} {t}
z {z} {z} {z} {t} {t} {t}
r {r, s} {r, s} {t} {x, y} {x, y} {z}
s {r, s} {s} {t} {x, y} {y} {z}
t {t} {t} {t} {z} {z} {z}

β x y z r s t
x {x, r} {x, y, r, s} {z, t} {x, r} {x, y, r, s} {z, t}
y {x, y, r, s} {x, y, r, s} {z, t} {x, y, r, s} {x, y, r, s} {z, t}
z {z, t} {z, t} {z, t} {z, t} {z, t} {z, t}
r {x, r} {x, y, r, s} {z, t} {x, r} {x, y, r, s} {z, t}
s {x, y, r, s} {x, y, r, s} {z, t} {x, y, r, s} {x, y, r, s} {z, t}
t {z, t} {z, t} {z, t} {z, t} {z, t} {z, t}

We obtain H is an ordered Γ-semihypergroup where the order relation ≤ is defined by

≤:= {(x, x), (x, y), (y, y), (r, r), (r, s), (s, s), (t, t)}.

Definition 2.4. [4] A nonempty subset A of an ordered Γ-semihypergroup H is called a
sub Γ-semihypergroup of H if AΓA ⊆ A.
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Definition 2.5. [4] A non-empty subset A of an ordered Γ-semihypergroup H is called a
left (resp. right) Γ-hyperideal of H if HΓA ⊆ A (resp. AΓH ⊆ A) and a ∈ A, b ≤ a for
b ∈ H implies b ∈ A. A is called a two-side Γ-hyperideal (or simple called a Γ-hyperideal)
of H if A is both left and right hyperideal of H.

Proposition 2.1. Let H be an ordered Γ-semihypergroup and Bi be a left Γ-hyperideal of
H for each i ∈ I. Then, the following assertions hold:

1) if
∩
i∈I

Bi ̸= ∅ then
∩
i∈I

Bi is a left Γ-hyperideal of H.

2)
∪
i∈I

Bi is a left Γ-hyperideal of H.

Let K be a non-empty subset of an ordered Γ-semihypergroup H. We define (K] :=
{x ∈ H | x ≤ k for some k ∈ K}, for K = {k}, we write (k] instead of ({k}]. If A and B
are non-empty subsets of H, then we have

1) A ⊆ (A];
2) ((A]] = (A];
3) If A ⊆ B, then (A] ⊆ (B];
4) (A]Γ(B] ⊆ (AΓB];
5) ((A]Γ(B]] = (AΓB];
6) (A ∪B] = (A] ∪ (B].

Definition 2.6. [7] A proper left Γ-hyperideal M of an ordered Γ-semihypergroup H,
(M ̸= H) is said to be maximal if for any left Γ-hyperideal A of H,M ⊆ A ⊆ H implies
M = A or A = H.

Definition 2.7. [8] Let A be a non-empty subset of an ordered Γ-semihypergroup H. Then
intersection of all left Γ-hyperideals of H containing A is the smallest left Γ-hyperideal
of H generated by A and denoted by L(A).

Lemma 2.1. [8] Let A be a non-empty subset of an ordered Γ-semihypergroup H. Then
L(A) = (A ∪HΓA].

Corollary 2.1. [8] Let a be an element of an ordered Γ-semihypergroup H. Then L(a) =
(a ∪HΓa].

3. Definitions and Lemmas. In this section, we give some definitions and lemmas that
will be used in this paper.

Definition 3.1. Let H be an ordered Γ-semihypergroup. A non-empty subset A of H is
called a right base of H if it satisfies the following two conditions:

1) H = (A ∪HΓA], i.e., H = L(A);
2) if B is a subset of A such that H = L(B), then B = A.

The definition of a left base of H is dually defined.

Example 3.1. Let H = {a, b, c, d} and let Γ = {γ, β} be the set of binary hyperoperations
defined as follows:

γ a b c d
a {a} {b, d} {c} {d}
b {b, d} {b} {b, d} {d}
c {c} {b, d} {a} {d}
d {d} {d} {d} {d}

β a b c d
a {a, c} {b, d} {a, c} {d}
b {b, d} {b} {b, d} {d}
c {a, c} {b, d} {a, c} {d}
d {d} {d} {d} {d}

and ≤:= {(a, a), (a, c), (b, b), (b, d), (c, c), (d, d)}.
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Then H is an ordered Γ-semihypergroup. The right bases of H are A1 = {a} and A2 = {c}
but A3 = {a, c} and A4 = {b, d} are not the right bases of H. The left bases of H are the
same as the right bases of H.

Example 3.2. Let H = {a, b, c, d, e, f} and let Γ = {γ, β} be the set of binary hyperop-
erations defined as follows:

γ a b c d e f
a {a} {b} {a} {a} {a} {a}
b {b} {b} {b} {b} {b} {b}
c {a} {b} {a, c} {a} {a} {a, f}
d {a} {b} {a, e} {a} {a} {a, d}
e {a} {b} {a, e} {a} {a} {a, d}
f {a} {b} {a, c} {a} {a} {a, f}

β a b c d e f
a {a} {b} {a} {a} {a} {a}
b {b} {b} {b} {b} {b} {b}
c {a} {b} {a} {a} {a} {a}
d {a} {b} {a} {a, d} {a, e} {a}
e {a} {b} {a} {a} {a} {a}
f {a} {b} {a} {a, f} {a, c} {a}

and ≤:= {(a, a), (a, b), (a, c), (a, d), (a, e), (a, f), (b, b), (c, c), (d, d), (e, e), (f, f)}.
Then H is an ordered Γ-semihypergroup. The right bases of H are A1 = {c, d}, A2 =
{c, f}, A3 = {d, e} and A4 = {e, f} but A5 = {a} and A6 = {b} are not the right bases of
H.

Lemma 3.1. Let A be a right base of an ordered Γ-semihypergroup H and let a, b ∈ A.
If a ∈ (HΓb], then a = b.

Proof: Assume a, b ∈ A such that a ∈ (HΓb] and a ̸= b. Let B = A\{a}, then B ⊂ A.
Since a ̸= b, we have b ∈ B. We will show that L(A) ⊆ L(B). Let x ∈ L(A) = (A∪HΓA].
It follows that x ≤ z for some z ∈ A ∪HΓA. There are two cases to consider.
Case 1: z ∈ A. If z ̸= a, then z ∈ B ⊆ (B ∪ HΓA]. Since x ≤ z and z ∈

B ⊆ (B ∪ HΓB], we obtain x ∈ ((B ∪ HΓB]] = (B ∪ HΓB]. Hence x ∈ L(B). If
z = a, then z = a ∈ (HΓB] ⊆ (B ∪ HΓB]. Since x ≤ z and z ∈ (B ∪ HΓB], we get
x ∈ ((B ∪HΓB]] = (B ∪HΓB). Therefore, x ∈ L(B).
Case 2: z ∈ HΓA. Then z ∈ sγc for some s ∈ H, γ ∈ Γ and c ∈ A. If c = a, then

z ∈ sγa ⊆ HΓ(HΓb] ⊆ (H]Γ(HΓb] ⊆ (HΓ(HΓb] ⊆ (HΓb)] ⊆ (B ∪ HΓB]. Since x ≤ z
and z ∈ (B ∪ HΓB], we have x ∈ ((B ∪ HΓB]] = (B ∪ HΓB). So x ∈ L(B). If c ̸= a,
then c ∈ B. Hence z ∈ sγc ⊆ HΓB ⊆ (B ∪HΓB]. Since x ≤ z and z ∈ (B ∪HΓB], we
obtain x ∈ ((B ∪HΓB]] = (B ∪HΓB]. So x ∈ L(B). Therefore, L(A) ⊆ L(B).
By H = L(A) ⊆ L(B) ⊆ H, it follows that L(B) = H. This is a contradiction. Hence

a = b. Therefore, the proof is completed. �
Let H be an ordered Γ-semihypergroup. Define a quasi-order ≤L on H by, for any

a, b ∈ H,

a ≤L b ⇔ L(a) ⊆ L(b).

The symbol a <L b stands for a ≤L b but a ̸= b.

Lemma 3.2. Let H be an ordered Γ-semihypergroup. For any a, b ∈ H, if a ≤ b, then
a ≤L b.

Proof: Let a, b ∈ H such that a ≤ b. We will show that a ≤L b, i.e., L(a) ⊆ L(b).
Suppose that x ∈ L(a). Since x ∈ (a∪HΓa], we have x ≤ y for some y ∈ a∪HΓa. Since
y ∈ a ∪ HΓa, we obtain y = a or y ∈ HΓa. If y = a, then x ≤ a ≤ b. Hence x ≤ b for
some b ∈ (b ∪HΓb]. So x ∈ ((b ∪HΓb]] = (b ∪HΓb]. Thus x ∈ L(b). If y ∈ HΓa, then
y ∈ sγa for some s ∈ H, γ ∈ Γ. Then sγa ≤ sγb and sγb ⊆ HΓb ⊆ (b ∪ HΓb] because
a ≤ b. It implies that y ∈ sγa ⊆ ((b∪HΓb]] = (b∪HΓb]. Since x ≤ y and y ∈ (b∪HΓb],
we get x ∈ ((b ∪HΓb]] = (b ∪HΓb]. Then x ∈ L(b). Hence L(a) ⊆ L(b), i.e., a ≤L b. �
Nevertheless, the converse of Lemma 3.2 is not true in general. By Example 3.1, we

have L(c) ⊆ L(a), i.e., c ≤L a but c ≤ a is false.
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4. Results. In this part, the algebraic structure of an ordered Γ-semihypergroup con-
taining right bases will be presented.

Theorem 4.1. A non-empty subset A of an ordered Γ-semihypergroup H is right base of
H if and only if A satisfies the following two conditions:

1) for any x ∈ H there exists a ∈ A such that x ≤L a;
2) for any two distinct elements a, b ∈ A neither a ≤L b nor b ≤L a.

Proof: Assume that A is a right base of H. Clearly, H = L(A). Let x ∈ H. Then
x ∈ (A ∪ HΓA]. Since x ∈ (A ∪ HΓA], we have x ≤ y for some y ∈ A ∪ HΓA. Then
y ∈ A or y ∈ HΓA. If y ∈ A, then x ≤L y by Lemma 3.2 and x ≤ y. If y ∈ HΓA,
then y ∈ sγa for some s ∈ H, γ ∈ Γ and a ∈ A. Hence y ∈ HΓa ⊆ (a ∪ HΓa] and
HΓy ⊆ HΓ(HΓa) = (HΓH)Γa ⊆ HΓa ⊆ (a ∪ HΓa], and so y ∪ HΓy ⊆ (a ∪ HΓa] and
(y ∪HΓy] ⊆ ((a ∪HΓa]] = (a ∪HΓa]. This implies that L(y) ⊆ L(a), i.e., y ≤L a. Since
x ≤ y, by Lemma 3.2, we have x ≤L y. So x ≤L a. Hence the condition 1) holds. Let
a, b ∈ A such that a ̸= b. Suppose a ≤L b. We set B = A \ {a}. Then b ∈ B. Let x ∈ H,
by 1), there exists c ∈ A such that x ≤L c. Since c ∈ A, there are two cases to consider.
If c = a, then x ≤L b. Hence x ∈ L(B) since b ∈ B. We have H = I(B). This is a
contradiction. If c ̸= a, then c ∈ B. So we obtain x ∈ L(x) ⊆ L(c) ⊆ L(B). This means
that H = L(B). This is a contradiction. The case b ≤L a can be proved similarly. Hence
the condition 2) holds.

Conversely, assume that the conditions 1) and 2) hold. We will show that H = L(A).
Let x ∈ H, by 1), there exists a ∈ A such that x ≤L a, i.e., L(x) ⊆ L(a). Then
x ∈ L(x) ⊆ L(a) ⊆ L(A). Thus H ⊆ L(A), so we have H = L(A). Next, we will show
that A is a minimal subset of H with the property H = L(A). Let B ⊂ A such that
H = L(B). Since B ⊂ A, there exists a ∈ A \ B. Then a ∈ A ⊆ H = (B ∪ HΓB]
= (B] ∪ (HΓB]. If a ∈ (B], then a ≤ y for some y ∈ B, and by Lemma 3.2, we have
a ≤L y. This is a contradiction. Thus a /∈ (B], and so we have a ∈ (HΓB]. Since
a ∈ (HΓB], we obtain a ≤ c for some c ∈ HΓB. Let c ∈ sγb for some s ∈ H, γ ∈ Γ and
b ∈ B. Since a ≤ c and c ∈ sγb ⊆ HΓb ⊆ b ∪ HΓb. This implies that a ∈ (b ∪ HΓb],
and so HΓa ⊆ HΓ(b ∪ HΓb] = (H]Γ(b ∪ HΓb] ⊆ (HΓ(b ∪ HΓb)] = (HΓb ∪ HΓ(HΓb)]
= (HΓb ∪ (HΓH)Γb] ⊆ (HΓb ∪ HΓb] ⊆ (b ∪ HΓb]. Then a ∪ HΓa ⊆ (b ∪ HΓb]. Thus
(a ∪ HΓa] ⊆ ((b ∪ HΓb]] = (b ∪ HΓb]. Hence L(a) ⊆ L(b), i.e., a ≤L b. This is a
contradiction. Therefore, A is right base of H. �

If a right base A of an ordered Γ-semihypergroup H is a left Γ-hyperideal of H, then

H = (A ∪HΓA] = (A ∪ A] = (A] = A.

Hence H = A. The converse statement is obvious. Then we conclude that

Theorem 4.2. A right base A of an ordered Γ-semihypergroup H is a left Γ-hyperideal
of H if and only if A = H.

In Example 3.1 and Example 3.2, it is observed that the cardinalities of right bases are
the same. However, it turns out that this statment is true in general, and we will prove
in the following theorem.

Theorem 4.3. A right base A of an ordered Γ-semihypergroup H has the same cardinality.

Proof: Let A and B be right bases of an ordered Γ-semihypergroup H. Let a ∈ A.
Since B is a right base of H, by Theorem 4.1 1), there exists b ∈ B such that a ≤L b.
Similarly, since A is a right base of H, there exists a′ ∈ A such that b ≤L a′. This means
that a ≤L b ≤L a′, so a ≤L a′. By Theorem 4.1 2), a = a′. Hence L(a) = L(b). Now,
define a mapping

φ : A → B; φ(a) = b
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for all a ∈ A. First, we will show that φ is well-defined, and let a1, a2 ∈ A such that
a1 = a2, φ(a1) = b1, and φ(a2) = b2, for some b1, b2 ∈ B. So we have L(a1) = L(b1)
and L(a2) = L(b2). Since a1 = a2, we obtain L(a1) = L(a2). Hence L(a1) = L(a2) =
L(b1) = L(b2). We have b1 ≤L b2 and b2 ≤L b1, by Theorem 4.1 2), b1 = b2. Thus
φ(a1) = φ(a2). Therefore, φ is well-defined. Next, we will show that φ is one-to-one, and
let a1, a2 ∈ A such that φ(a1) = φ(a2). Suppose that φ(a1) = φ(a2) = b for some b ∈ B.
Hence L(a1) = L(a2) = L(b). Since L(a1) = L(a2), we get a1 ≤L a2 and a2 ≤L a1. Hence
a1 = a2. Therefore, φ is one-to-one. Finally, we will show that φ is onto. Let b ∈ B, and
then there exists a ∈ A such that b ≤L a. Similarly, there exists b′ ∈ B such that a ≤L b′.
Then b ≤L a ≤L b′, i.e., b ≤L b′. By Theorem 4.1 2), b = b′. Thus L(a) = L(b). So we
have φ(a) = b. Therefore, φ is onto. This completes the proof. �

Theorem 4.4. Let A be a right base of an ordered Γ-semihypergroup of H, and let a ∈ A.
If L(a) = L(b) for some b ∈ H such that a ̸= b, then b is an element of a right base of H
which is distinct from A.

Proof: Assume that L(a) = L(b) for some b ∈ H such that a ̸= b. Setting B =
(A \ {a}) ∪ {b}, then B ̸= A. We will show that B is a right base of H. Now, let x ∈ H.
Since A is a right base of H, by Theorem 4.1 1), x ≤L c for some c ∈ A. If c ̸= a,
then c ∈ B. If c = a, then L(c) = L(a). Since L(a) = L(b) and L(c) = L(a), we have
L(c) = L(b), i.e., c ≤L b. Hence x ≤L c ≤L b. Thus x ≤L b where b ∈ B. Next, let
b1, b2 ∈ B such that b1 ̸= b2. There are four cases to consider.
Case 1: b1 ̸= b and b2 ̸= b. Then b1, b2 ∈ A. Since A is a right base of H, neither

b1 ≤L b2 nor b2 ≤L b1.
Case 2: b1 ̸= b and b2 = b. Then L(b2) = L(b). If b1 ≤L b2, then L(b1) ⊆ L(b2) =

L(b) = L(a). Thus b1 ≤L a because b1, a ∈ A. This is a contradiction. If b2 ≤L b1, then
L(a) = L(b) = L(b2) ⊆ L(b1). Hence a ≤L b1 since b1, a ∈ A. This is a contradiction.
Case 3: b1 = b and b2 ̸= b. Then L(b1) = L(b). If b1 ≤L b2, then L(a) = L(b) =

L(b1) ⊆ L(b2). Thus a ≤L b2 where b2, a ∈ A. This is a contradiction. If b2 ≤L b1, then
L(b2) ⊆ L(b1) = L(b) = L(a). Thus b2 ≤L a where b2, a ∈ A. This is a contradiction.
Case 4: b1 = b and b2 = b. This is impossible.
Therefore, B is a right base of H which is distinct from A. �

Theorem 4.5. Let C be the union of all right bases of an ordered Γ-semihypergroup H.
If H \ C is non-empty, then H \ C is a left Γ-hyperideal of H.

Proof: Assume that H \ C ̸= ∅. We will show that H \ C is a left Γ-hyperideal of
H. First, let x ∈ H, γ ∈ Γ and a ∈ H \ C. To show that xγa ⊆ H \ C. Suppose that
xγa ̸⊆ H \C. So, there exists y ∈ xγa such that y ∈ C. Thus y ∈ A for some a right base
A of H. We have y ∈ xγa ⊆ HΓa ⊆ (a ∪ HΓa] and HΓy ⊆ HΓ(HΓa) = (HΓH)Γa ⊆
HΓa ⊆ (a∪HΓa]. This means that y∪HΓy ⊆ (a∪HΓa] and (y∪HΓy] ⊆ (a∪HΓa]. We
obtain L(y) ⊆ L(a). If L(y) = L(a), then a ∈ C by Theorem 4.1. This is a contradiction.
Hence L(y) ⊂ L(a), i.e., y <L a. Since A is a right base of H, there exists b′ ∈ A such that
a ≤ b′. So we have y <L a ≤L b′ and y ≤L b′ because y, b′ ∈ A. This is a contradiction.
Thus xγa ⊆ H \ C. Next, let y ∈ H \ C and z ∈ H such that z ≤ y. To prove that
z ∈ H \ C. If z ∈ C, then z ∈ B for a right base B of H. Since B is a right base of H
and y ∈ H, there exists c ∈ B such that y ≤L c. Since z ≤ y, by Lemma 3.1, we have
z ≤L y. So z ≤L c because z, c ∈ B. This is a contradiction. Thus z /∈ C, i.e., z ∈ H \C.
Therefore, H \ C is a left Γ-hyperideal of H. �
In Example 3.2, the right bases of H are A1 = {c, f}, A2 = {c, d}, A3 = {d, e} and

A4 = {e, f}. Let C be the union of all right bases of H. We obtain H \C = {a, b} is a left
Γ-hyperideal of H, but it is not a maximal proper left Γ-hyperideal of H. In the following
theorem, we provide conditions for H \C to be a maximal proper left Γ-hyperideal of H.
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Theorem 4.6. Let C be the union of all right bases of an ordered Γ-semihypergroup H
such that C ̸= ∅. Then H \ C is a maximal proper left Γ-hyperideal of H if and only if
C ̸= H and C ⊆ L(a) for all a ∈ C.

Proof: Let H \C be a maximal proper left Γ-hyperideal of H. It is clear that C ̸= H.
Let a ∈ C. Suppose C ̸⊆ L(a). Then there exists b ∈ C such that b /∈ L(a). Since
b /∈ H \C, and b /∈ L(a), we obtain (H \C)∪L(a) ⊂ H. Thus (H \C)∪L(a) is a proper
left Γ-hyperideal of H. Hence H \C ⊆ (H \C)∪L(a). This contradicts to the maximality
of H \ C. Therefore, C ⊆ L(a) for all a ∈ C.

Conversely, let C ̸= H and C ⊆ L(a) for all a ∈ C. Then C ⊂ H, H \ C ⊂ H. Since
H \ C ̸= ∅, by Theorem 4.3, H \ C is a proper left Γ-hyperideal of H. Let A be a left
Γ-hyperideal of H such that H \C ⊆ A ⊆ H. Suppose that H \C ̸= A. Since H \C ⊂ A,
there exists x ∈ A such that x /∈ H \ C, i.e., x ∈ C. This means that A ∩ C ̸= ∅. Let
a ∈ A∩C. Then a ∈ A and HΓa ⊆ HΓA ⊆ A. So a∪HΓa ⊆ A and (a∪HΓa] ⊆ (A] = A.
We obtain H = (H \ C) ∪ C ⊆ A ∪ L(a) ⊆ A ⊆ H because L(a) ⊆ A, C ⊆ L(a) and
H \ C ⊂ A. So H = A. Therefore, H \ C is a maximal proper left Γ-hyperideal of H. �

In Example 3.1, the right bases of H are {a} and {c}. Let C be the union of all right
bases of H. We obtain H \C = {b, d}. It follows that C ̸= H and C ⊆ L(a) for all a ∈ C.
Therefore, H \ C = {b, d} is a maximal proper left Γ-hyperideal of H.

Theorem 4.7. Let C be the union of all right bases of an ordered Γ-semihypergroup H
such that ∅ ̸= C ⊂ H. If H contains a maximal proper left Γ-hyperideal of H, denoted by
M∗, then H \ C = M∗ if and only if |A| = 1 for every right base A of H.

Proof: Assume that H \ C = M∗. Then H \ C is a maximal proper left Γ-hyperideal
of H. By Theorem 4.4, C ⊆ L(a) for all a ∈ C. We will show that H \ C ⊆ L(a) for all
a ∈ C. Suppose that H \ C ̸⊆ L (a′) for some a′ ∈ C. Since L (a′) ⊂ H and L (a′) is a
proper left Γ-hyperideal of H, it follows that L (a′) ⊆ M∗ = H \C, so we have a′ ∈ H \C.
This is a contradiction. Hence H \ C ⊆ L(a) for all a ∈ C. By H = (H \ C) ∪ C ⊆ L(a)
⊆ H for all a ∈ C, it implies that L(a) = H for all a ∈ C. Therefore, {a} is a right base of
H for all a ∈ C. Let A be a right base of H, and let a, b ∈ A. Suppose that a ̸= b. Since
A ⊆ C, a ∈ C, we get H = L(a). Since a ̸= b and b ∈ H = (a ∪HΓa], we get b ∈ (HΓa].
By Lemma 3.1, a = b. This is a contradiction. Hence a = b. Therefore, |A| = 1.

Conversely, assume that every right base of H has only one element. Then H = L(a)
for all a ∈ C. We will show that H \ C = M∗. Since ∅ ̸= H \ C ⊂ H, by Theorem
4.3, H \ C is a proper left Γ-hyperideal of H. Next, let M be a left Γ-hyperideal of H
such that M ̸⊆ H \ C. Hence, there exist a ∈ M and a /∈ H \ C, i.e., a ∈ C. We have
HΓa ⊆ HΓM ⊆ M since a ∈ M . This means that a ∪HΓa ⊆ M and (a ∪HΓa] ⊆ (M ]
= M. Hence H = (a∪HΓa] ⊆ M ⊆ H. This implies that M = H. Therefore, H \C = M∗.
The proof is complete. �

5. Conclusion and Discussion. In this paper, we prove that a non-empty subset A of
an ordered Γ-semihypergroup H is right base of H if and only if A satisfies the following
two conditions: for any x ∈ H there exists a ∈ A such that x ≤L a, and for any two
distinct elements a, b ∈ A neither a ≤L b nor b ≤L a. In addition, we prove that all of
the right bases of an ordered Γ-semihypergroup have the same cardinality. Moreover, we
also prove that an ordered Γ-semihypergroup eliminating the union of all right bases, if
it is non-empty, is a left Γ-hyperideal of such ordered Γ-semihypergroup. Let C be the
union of all right bases of an ordered Γ-semihypergroup H such that ∅ ̸= C ⊂ H. We
give the conditions for H \ C to be a maximal proper left Γ-hyperideal of H. We prove
that H \C is a maximal proper left Γ-hyperideal of H if and only if C ̸= H and C ⊆ L(a)
for all a ∈ C. In the final, we obtained that if an ordered Γ-semihypergroup H contains
a maximal proper left Γ-hyperideal of H, denoted by M∗, then H \ C = M∗ if and only
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if |A| = 1 for every right base A of H. Moreover, The results in [2] are a special case of
this paper.
An ordered Γ-semihypergroup is a generalization of many algebraic structures, for exam-

ple, Γ-semihypergroups, ordered semihypergroups, Γ-semigroups and ordered semigroups.
In the potential future research, the researchers can study directly this structure and apply
this results in many algebraic structures or extend the results in some algebraic structures
to the results in ordered Γ-semihypergroups. For example in [11], the author studied the
picture fuzzy sets in semigroups, we can extend this result to the picture fuzzy sets in
Γ-semihypergroups.
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