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Abstract. In this paper, we introduce the notion of intuitionistic fuzzy uniform mod-
ules. A right R-module M ̸= {0} is called an intuitionistic fuzzy uniform module, if
for any A = (µA, νA) ∈ IFM (M) with A∗ ̸= M ; A is an intuitionistic fuzzy essential
submodule of M where A∗ = {x ∈ M | µA(x) = 1 and νA(x) = 0}. We obtain various
properties of intuitionistic fuzzy uniform modules and establish necessary and sufficient
conditions for intuitionistic fuzzy uniform modules.
Keywords: Essential submodules, Uniform modules, Intuitionistic fuzzy essential sub-
modules, Intuitionistic fuzzy uniform modules

1. Introduction and Preliminaries. The notion of intuitionistic fuzzy set was intro-
duced by Atanassov [1] in 1986. Intuitionistic fuzzy set is used to mathematically deal
with imprecise and uncertain conditions. Since then these ideas have been applied to
other algebraic structures like semigroups, groups, rings, and modules. In 1989, Biswas
[3] applied the concept of intuitionistic fuzzy sets to the theory of groups and studied
intuitionistic fuzzy subgroups of group. Hur et al. [6] applied this concept to rings and
introduced the notion of intuitionistic fuzzy subrings and ideals of a ring. Davvaz et al.
in [4] introduced the notion of intuitionistic fuzzy submodules of module as an extension
of fuzzy submodules of module introduced by Negoita and Ralescu [9]. Consequently,
intuitionistic fuzzy module generated by intuitionistic fuzzy sets [8], intuitionistic fuzzy
quotient modules [7, 10], residual quotient and annihilator of intuitionistic fuzzy sets of
ring and module [13] were investigated. Basnet [2] defined intuitionistic fuzzy essential
submodules and investigated various characteristics of such submodule. Authors in [12]
defined intuitionistic fuzzy superfluous submodules and that of intuitionistic fuzzy hol-
low submodules in [14]. For more information about intuitionistic fuzzy modules see
[11, 15, 16].

In this paper, we define the notion of intuitionistic fuzzy uniform modules and discuss
its properties. A relationship between uniform module and the intuitionistic fuzzy uniform
submodule has been obtained.

Throughout of this paper, all rings are associative with identity 1 ̸= 0 and all modules
are unitary right R-modules and otherwise stated.
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Definition 1.1 ([17]). A submodule N of a right R-module M is called an essential (or
large) in M , if every non-zero submodule A of M , N ∩ A ̸= {0}. Then M is called an
essential extension of N and we write N ⊂∗

> M .

Definition 1.2 ([5]). A non-zero right R-module M is said to be uniform, if any two
non-zero submodules of M have non-zero intersection, i.e., every non-zero submodule is
an essential in M .

Definition 1.3 ([1]). Let X be a non-empty set. An intuitionistic fuzzy set (IFS) A
in X is an object having the form A = {⟨x, µA(x), ν(x)⟩ | x ∈ X}, where the function
µA : X → [0, 1] and νA : X → [0, 1] denote the degree of membership (namely µA(x))
and the degree of non-membership (namely νA(x)) of each element x ∈ X to the set A
respectively, and 0 ≤ µA(x) + νA(x) ≤ 1 for each x ∈ X.

The class of intuitionistic fuzzy subsets of X is denoted by IFS (X).

Remark 1.1. We denote the IFS A = {⟨x, µA(x), νA(x)⟩ | x ∈ X} by A = (µA, νA).

Definition 1.4 ([1]). Let A and B be IFSs of the form A = {⟨x, µA(x), νA(x)⟩ | x ∈ X}
and B = {⟨x, µB(x), νB(x)⟩ | x ∈ X}. Then,
1) A ⊆ B if and only if µA(x) ≤ µB(x) and νA(x) ≥ νB(x) for all x ∈ X.
2) A = B if and only if A ⊆ B and B ⊆ A.
3) Ac = {⟨x, νA(x), µA(x)⟩ | x ∈ X}.
4) A ∩B = {⟨x, µA(x) ∧ µB(x), νA(x) ∨ νB(x)⟩ | x ∈ X}.
5) A ∪B = {⟨x, µA(x) ∨ µB(x), νA(x) ∧ νB(x)⟩ | x ∈ X}.

Definition 1.5 ([7]). Let M be a right R-module. An IFS A = (µA, νA) of M is called
an intuitionistic fuzzy (right) submodule (IFSM), if

1) µA(0) = 1 and νA(0) = 0,
2) µA(x+ y) ≥ µA(x) ∧ µA(y) and νA(x+ y) ≤ νA(x) ∨ νA(y) for all x, y ∈ M ,
3) µA(xr) ≥ µA(x) and νA(xr) ≤ νA(x) for all x ∈ M , r ∈ R.

We denote the set of all IFSM of a right R-module M as IFSM (M).

Definition 1.6 ([7]). If A = (µA, νA) is an IFSM of a right R-module M , then we denote

A∗ = {x ∈ M | µA(x) = 1 and νA(x) = 0}.
Remark 1.2. A∗ is a submodule of a right R-module M .

Definition 1.7 ([2]). We define two IFS Ω and Ω(M) of right R-module M as

Ω(x) =

{
(1, 0) if x = 0,

(0, 1) otherwise

for all x ∈ M and
Ω(M)(x) = (1, 0) for all x ∈ M.

Remark 1.3. The IFS Ω and Ω(M) are IFSMs of M where M is a right R-module.

2. Intuitionistic Fuzzy Uniform Modules. In this section, we would like to discuss
and prove our main results.

Definition 2.1 ([2]). An IFSM A (A ̸= Ω) of a right R-module M is said to be an
intuitionistic fuzzy essential submodule (IFESM) of M (or of Ω(M)), if for any IFSM B
of M , A ∩B = Ω ⇒ B = Ω or equivalently, B ̸= Ω ⇒ A ∩B ̸= Ω.

Remark 2.1. We denote it by A ⊂∗
>IF Ω(M) or A ⊂∗

>IF M .

Theorem 2.1. Let A be an IFSM of a right R-module M . Then, A is an intuitionistic
fuzzy essential submodule of Ω(M) if and only if A∗ is an essential submodule of M .
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Proof: Suppose that A is an intuitionistic fuzzy essential submodule of Ω(M). Let N
be a submodule of M such that A∗ ∩ N = {0} and χN the characteristic intuitionistic
function of N defined by χN(x) = (µχN

(x), νN(x)), where

µχN
(x) =

{
1 if x ∈ N,

0 otherwise

for all x ∈ M and

νχN
(x) =

{
0 if x ∈ N,

1 otherwise

for all x ∈ M . Then χN is an IFSM of M such that (χN)∗ = N . Since {0} = A∗ ∩ N =
A∗ ∩ (χN)∗ = (A ∩ χN)∗, A ∩ χN = Ω. However, A ⊂∗

>IF Ω(M), so χN = Ω. Thus,
N = (χN)∗ = (Ω)∗ = {0} and hence, A ⊂∗

> M . Conversely, suppose that A∗ is an
essential submodule of M . Let B be any IFSM of M such that A ∩ B = Ω. Then
A∗ ∩ B∗ = (A ∩ B)∗ = (Ω)∗ = {0} but A∗ is an essential submodule of M , so B∗ = {0}
and thus B = Ω. Hence, A is an intuitionistic fuzzy essential submodule of Ω(M). 2

Proposition 2.1. Let A and B be IFSMs of a right R-module M . If A ⊂∗
>IF Ω(M) or

B ⊂∗
>IF Ω(M), then (A+B) ⊂∗

>IF Ω(M).

Proof: Suppose that A ⊂∗
>IF Ω(M) or B ⊂∗

>IF Ω(M).
Case 1. A ⊂∗

>IF Ω(M). Let C be IFSM of M such that (A + B) ∩ C = Ω. Since
Ω ⊆ A ∩ C ⊆ (A + B) ∩ C = Ω, A ∩ C = Ω. However, A ⊂∗

>IF Ω(M), C = Ω. Hence,
(A+B) ⊂∗

>IF Ω(M).
Case 2. B ⊂∗

>IF Ω(M). Similarly, we can show that (A+B) ⊂∗
>IF Ω(M). 2

Corollary 2.1. Let A be an IFSM of a right R-module M and ϕ : M −→ N an isomor-
phism. If A ⊂∗

>IF Ω(N), then ϕ−1(A) ⊂∗
>IF Ω(M).

Proof: Suppose that A ⊂∗
>IF Ω(N). By Theorem 2.1, A∗ ⊂∗

> N and thus ϕ−1(A∗) ⊂∗
>

M but ϕ−1(A)∗ = ϕ−1(A∗) thus ϕ
−1(A)∗ ⊂∗

> M so ϕ−1(A) ⊂∗
>IF Ω(M). 2

Corollary 2.2. Let A and B be IFSMs of a right R-module M such that A ⊆ B. If
A ⊂∗

>IF Ω(M), then B ⊂∗
>IF Ω(M).

Proof: Suppose that A ⊂∗
>IF Ω(M). By Theorem 2.1, A∗ ⊂∗

> M . Since A ⊆ B,
A∗ ⊆ B∗ but A∗ ⊂∗

> M . So B∗ ⊂∗
> M . By Theorem 2.1, B ⊂∗

>IF Ω(M). 2

We define the definition of intuitionistic fuzzy uniform submodule of a right R-module
M as follows.

Definition 2.2. An intuitionistic fuzzy submodule B of a right R-module M with B∗ ̸=
{0} is said to be an intuitionistic fuzzy uniform submodule, if for any A ∈ IFM (M)
with A ⊆ B and A∗ ̸= B∗, A is an intuitionistic fuzzy essential submodule of B. Also,
a right R-module M ̸= {0} is called an intuitionistic fuzzy uniform module, if for any
A ∈ IFM (M) with A∗ ̸= M , A is an intuitionistic fuzzy essential submodule of M .

Theorem 2.2. Let M be a right R-module. Then, M is a uniform module if and only if
M is an intuitionistic fuzzy uniform module.

Proof: Suppose that M is a uniform module. Let A ∈ IFM (M) such that A∗ ̸= M .
Since {0} ̸= A∗ ⊂> M and M is a uniform module, A∗ is an essential submodule of M .
By Theorem 2.1, A is an intuitionistic fuzzy essential submodule of M . Hence, M is an
intuitionistic fuzzy uniform module. Conversely, suppose that M is an intuitionistic fuzzy
uniform module. Let N be non-zero proper submodule of M and χN the characteristic
intuitionistic function of N defined by χN(x) = (µχN

(x), νN(x)), where

µχN
(x) =

{
1 if x ∈ N,

0 otherwise
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for all x ∈ M and

νχN
(x) =

{
0 if x ∈ N,

1 otherwise

for all x ∈ M . Then χN ̸= χM but M is an intuitionistic fuzzy uniform module, so χN

is an intuitionistic fuzzy essential submodule of M . By Theorem 2.1, N = (χN)∗ is an
essential submodule of M . Hence, M is a uniform module. 2

Theorem 2.3. Let B ∈ IFM (M) such that B ̸= χ{0}. Then, B is an intuitionistic fuzzy
uniform submodule of M if and only if B∗ is a uniform submodule of M.

Proof: Suppose that B is an intuitionistic fuzzy uniform submodule of M . Let N
be a non-zero proper submodule of B∗. Then χN ( B where χN is the characteristic
intuitionistic function of N but B is an intuitionistic fuzzy uniform submodule of M , χN

is an intuitionistic fuzzy essential submodule of M . By Theorem 2.1, N = (χN)∗ is an
essential submodule of B∗. Hence, B∗ is a uniform submodule of M. Conversely, suppose
that B∗ is a uniform submodule of M. Let A ∈ IFM (M) such that A ⊆ B and A∗ ̸= B∗,
then A∗ ( B∗ but B∗ is a uniform submodule of M , A∗ is an essential submodule of M .
By Theorem 2.1, A is an intuitionistic fuzzy essential submodule of B. Hence, B is an
intuitionistic fuzzy uniform submodule of M. 2

Recall that an IFSM χ{0} ̸= A of M is said to be indecomposable IFSM, if there does
not exist IFSM B and C (̸= χ{0}, A) of M such that A = B ⊕ C.

Theorem 2.4. Every intuitionistic fuzzy uniform submodule is indecomposable.

Proof: Let A be an intuitionistic fuzzy uniform submodule of a right R-module M .
Suppose that A is not indecomposable. There exist B,C ∈ IFM (M) such that A = B⊕C
and B∗, C∗ ̸= χ{0}. Since A is an intuitionistic fuzzy uniform submodule of M , B ∩ C ̸=
χ{0}. However, B⊕C, B ∩C = χ{0}, it is contradiction. Therefore, A is indecomposable.
2

Corollary 2.3. If M is an intuitionistic fuzzy uniform module, then χM is indecompos-
able.

3. Conclusion. In this paper, we have defined intuitionistic fuzzy uniform submodule of
right R-module and some of their properties were investigated. The research was able to
distinguish the properties between uniform modules and intuitionistic fuzzy uniform mod-
ules. In our further study, we can investigate various spanning dimensions of intuitionistic
fuzzy uniform modules.
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