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ABSTRACT. Two-sided base is the smallest set generated two-sided ideal under some
condition. The aim of this paper is to introduce the concept of two-sided bases of an
ordered LA-T'-semigroup with left identity. We give a characterization when a non-empty
subset of an ordered LA-T'-semigroup with left identity is a two-sided base of an ordered
I-semigroup with left identity. Finally, a characterization when the complement of the
union of all two-sided bases of an ordered I'-semigroup with left identity is maximal will
be given.

Keywords: Ordered LA-I'-semigroups, I'-ideals, Two-sided bases, Maximal proper I'-
ideals

1. Introduction. Based on the notion of two-sided ideals of a semigroup generated by
a non-empty set, the concept of two-sided bases of a semigroup has been introduced and
studied by Fabrici [1]. Later, Changpas and Kummoon [2] studied and described the
structure of a I'-semigroup containing two-sided bases. The structure of a ['-semigroup
was introduced by Sen [3] as a generalization of ternary semigroup and semigroup and
the structure of an LA-semigroup was introduced by Kazim and Naseeruddin [4] as a
generalization of commutative semigroups. The structure of an LA-T-semigroups (I'-
AG-groupoid), where I' is a non-empty set, was given by Shah and Rehman [5]. The
concept of an ordered LA-I-semigroups was introduced by Khan et al. [6]. This algebraic
structure is a generalization of LA-T'-semigroups, also see [7, 8]. The purpose of this paper
is to introduce the concept of two-sided bases of an ordered LA-I"-semigroup, and extend
results in [1] to ordered LA-I'-semigroups. In Section 2, we recall some basic definitions
and results of ordered LA-I"-semigroups. In Section 3, we define two-sided bases of ordered
LA-TI'-semigroups and give their basic results. Section 4 is the main part of this paper,
and we show remarkable results of two-sided bases of ordered LA-I'-semigroups. Finally,
Section 5 concludes the paper.
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2. Ordered LA-T'-Semigroups. We provide some definitions and results which will be
used for this paper.

Definition 2.1. ([5]) Let S and I' be non-empty sets, then S is called an LA-I'-semigroup
if there exists a mapping S X I' x S — S written as (a,7,b) and denoted by ayb such that
S satisfied the left invertive law (avyb)Bc = (cyb)Ba for all a,b,c € S and v,5 € T.

Definition 2.2. ([5]) An element e of an LA-I'-semigroup S is called a left identity if
evya=a foralla e S and vy eT.

Lemma 2.1. ([5]) If S is an LA-I'-semigroup with left identity e, then ST'S = S and
S =el'S = STe.

Proposition 2.1. ([9]) Let S be an LA-I'-semigroup.
(1) Every LA-I'-semigroup with left identity satisfies the equalities ay(bBc) = by(afc)
and (ayb)p(cad) = (dye)B(baa) for all a,b,c,d € S and v, ,a € T.
(2) An LA-T'-semigroup S is I'-medial, i.e., (ayb)B(cyd) = (aye)B(bad) = (aye)p(bad)
for all a,b,c,d € S and v,5,a € T'.

Definition 2.3. ([6]) An ordered LA-I-semigroup S (abbreviated as a po-LA-I'-semi-
group) is a structure (S,T', -, <) in which the following conditions hold.

(1) (S,T,-) is an LA-T'-semigroup.

(2) (S,<) is a poset (i.e., reflexive, anti-symmetric and transitive).

(3) For all a,b and x € S, a < b implies aax < bax and xaa < zab for all a € T,

Throughout this paper, unless stated otherwise, S stands for an ordered LA-I'-semigroup.
For a non-empty subsets A, B of an ordered LA-I-semigroup S, we defined

ATB={ayb|ac A,be Band y€ '} and (A ={t € S|t <a, for some a € A}.
In particular, we write Bl'a instead for BT'{a}, al'B instead for {a}I'B, a U Bl'a U
al's U (STa)I'S instead for {a} U Bl'a U al's U (STa)['S and (a| instead for ({a}].

Definition 2.4. [7] A non-empty subset A of an ordered LA-T-semigroup S is called an
LA-TI'-subsemigroup of S if A'A C A.

Definition 2.5. [6] A non-empty subset A of an ordered LA-T-semigroup S is called a
left (resp. right) I'-ideal of S if (i) STA C A (AI'S C A) and (ii) ifa € A and b € S
such that b < a, then b € A. A non-empty subset A of an ordered LA-I"-semigroup S is
called a T'-ideal of S if is both a left and right I'-ideal of S.

Definition 2.6. A proper I'-ideal A of an ordered LA-I'-semigroup S(A # S) is said to
be maximal if for any I'-ideal B of S, AC B C S implies A=B or B=2S.

Lemma 2.2. ([6]) Let S be an ordered LA-I'-semigroup, and then the following statements
are true.

(1) AC(A], forall ACS.

(2) If AC B C S then (A] C (B].

(3) (AJL'(B] C (AT'B], for all subsets A, B of S.

(4) (A] = ((A]}, for all AC .

(5) For every left (resp. right) U-ideal T of S, (T =T.
(6) ((A]I(B]] C (A'B], for all subsets A, B of S.

(7) (AU B] = (A] U (B], for all subsets A, B of S.

(8) If A and B are two I'-ideal of S, then the union AU B is a I'-ideal of S.

Lemma 2.3. Let S be an ordered LA-TI'-semigroup and A; be a I'-ideal of S for alli € I.
If N Ai # 9, then () A; is a T'-ideal of S.

icl i€l
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Proof: It is obvious. [
Let A be a non-empty subset of an ordered LA-I'-semigroup S. The intersection of all
[-ideals of S containing A is the smallest I'-ideal of S generated by A and is denoted by

(A)T

Lemma 2.4. Let A be a non-empty subset of an ordered LA-T"-semigroup S with left
identity e. Then (A)y = (AUSTAUAT'S U (STA)T'S].

Proof: Straightforward. 0
For an element a € S, we write ({a})r by (a)r which is called the principal I'-ideal of
S generated by a. Thus, (a)7 = (aU STaUal'S U (STa)T'S].

Corollary 2.1. Let S be an ordered LA-T'-semigroup with left identity. Then (STbUDBL'S
U(STH)T'S] is a T'-ideal of S for allb € S.

3. Two-Sided Bases of Ordered LA-I'-Semigroups. We begin this section with the
definition of two-sided bases of an ordered LA-I'-semigroup with left identity as follows.

Definition 3.1. Let S be an ordered LA-I'-semigroup with left identity. A non-empty
subset A of S is called a two-sided base of S if it satisfies the following two conditions.
(1) S=(AUSTAUAT'SU (STA)I'S].
(2) If B is a subset of A such that S = (BUSI'BUBI'SU (STB)I'S], then B = A.
Example 3.1. Let S = {a,b,c,d,e} and " = {~} with multiplication defined by

d

0 QU0 o2
Q@ 2 2 g|&
0O Q0 oo
QO 0 2|0
O S0 Qe

S0 Q0 Q0

and <= {(a,a), (b,b), (¢, c),(d,d),(c,c),(a,b),(a,c),(a,d),(a,c)}. Then S is an ordered
LA-T-semigroup with left identity b. We have the two-sided bases of S are Ay = {b}, A
={c}, A3 = {d} and Ay = {e}. However, A5 = {a} is not a two-sided base.

Example 3.2. Let S = {a,b,c,d, e} and " = {a} with multiplication defined by

ala b ¢ d c
ala a a a a
bla b b b b
cla b d ¢ ¢
dla b ¢ d c
cla b ¢ ¢ d

and <= {(a,a), (b,b),(c,c),(d,d), (e, e),(a,b)}. Then S is an ordered LA-I'-semigroup
with left identity d. We have the two-sided bases of S are Ay = {c}, Ay = {d} and A3 =
{e}. However, Ay = {a} and As = {b} are not a two-sided bases.

To characterize when a non-empty subset of ordered LA-I"-semigroup S with left iden-
tity is a two-sided base of the ordered LA-I-semigroup S with left identity we need the
quasi-ordering defined as follows.

Definition 3.2. Let S be an ordered LA-I'-semigroup. We define a quasi-ordering on S
for any a,be€ S, a <;b< (a)r C (b)r.
We write a <; b if a <; b but a # b, i.e., ap C by.

The following example shows that the order <; defined above is not, in general, a
partial order.



576 W. JANTANAN, S. SUPHASIT, I. KAMKONG ET AL.

Example 3.3. From Example 3.2, we have that (¢)r C (d)r (i-e., ¢ <;d) and (d)r C (¢)r
(i.e., d <y c), but ¢ # d. Thus, <; is not a partial order on S.

Lemma 3.1. Let S be an ordered LA-T'-semigroup. For any a,b € S, if a < b, then
a S[ b.

Proof: Let a,b € S such that a < b. We will show that a <; b, i.e., (a)r C (b)r.
Let z € (a)r. Since z € (a)r = (a U STa U al'S U (STa)I'S], z < y for some y €
aUSTaUal'SU (STa)l'S. There are four cases to consider.

Case 1: y =a. Then v < a <b,sox <bwherebe bUSThUI'SU (STH)I'S. We have
that z € (bU STbUBL'S U (STH)T'S]; thus, 2 € (b)r. So a € (b)r.

Case 2: y € STa. Then y = sya for some s € S, v € I'. Since a < b, then sva < svb
and syb € STb C bU STbU 'S U (STH)T'S. Since z < y < syb where syb € bU STH U
bI'S U (STH)I'S, x € (b)7. So STa C (b)r.

Case 3: y € al'S. Then y = avys for some s € S, v € I'. Since a < b, then avys < bys
and bys € bI'S C bU STbUBL'S U (STH)I'S. Since z < y < bys where bys € bU SThU
br'S U (STH)TS, x € (b)7. So al'S C (b)r.

Case 4: y € (STa)I'S. Then y = (s17a)Bsy for some s1,s9 € S, 7,8 € I'. Since a <
b, then syya < s19b and (syya)Bse < (s17b)Bse where (s17b)Bsy € (STH)I'S C bU
STbUbI'S U (STH)T'S. Since x <y < (s17b)Bsy where (s17b)Bse € (STH)I'S C U STHU
bI'S U (STH)I'S, x € (b)r. So (STa)l'S C (b)r. Hence a U STa U al'S U (STa)'S C (b)r
and so (a)r = (aU STaUal'S U (STa)I'S] C ((b)r] = (b)r. Therefore, (a)r C (b)r, i.e.,
a S] b. O

Lemma 3.2. Let A be a two-sided base of an ordered LA-I"-semigroup S with left identity
and let a,b € A. Ifa € (SToUbBI'S U (STH)I'S], then a = b.

Proof: Assume that a,b € A such that a € (STbU OIS U (STH)I'S], and suppose
that a # b. Let B = A\{a}. Since a # b, b € B. To show that (A)r C (B)r, we let
x € (AUSTAUATSU (STA)I'S]. Then z < z for some z € AUSTAUATSU (STA)I'S.
There are four cases to consider.

Case 1: z € A. If z # a, then z € B C (BU SI'BU BI'S U (SI'B)I'S]. Since
x<zand z € (BUSTBUBISU (STB)I'S], x € ((BUSTBUBI'SU(SI'B)I'S]] =
(BUSTBUBI'SU (ST'B)I'S]. Thus, z € (B)r. If z = a, then by assumption we have
z=a¢€ (STbULLS U (STHI'S] C (BUSTBU BT'S U (ST'B)I'S]. Since z < z and
2 € (BUSTBU BLS U (STB)TS], then « € ((BU STB U BU'S U (STB)LS]] = (BU
STBUBLS U (STB)LS]. So z € (B)r.

Case 2: z € STA. Then z = syc for some s € S, vy € I' and ¢ € A. If ¢ # a, then
z = syc € SI'B C (B)y. Since x < z and z € (B)p, we have x € (B)r. If ¢ = a, then
z = sya € ST(STbU LIS U (STH)I'S]. Since (STbU LS U (STH)I'S] is a I'-ideal of S for
allb e S, z € (STbUbl'SU (STH)I'S] C (BUSTBUBI'SU (ST'B)I'S] = (B)r. Since
x < zand z € (B)r, we have x € (B)r.

Case 3: z € AI'S. Then z = ¢vys for some ¢ € A, v € ' and s € S. If ¢ # a, then
z =cys € BI'S C (B)r. Since z < z and z € (B)r, we have x € (B)r. If ¢ = a, then
z=ays € (STbUDLLIS U (STH)I'SII'S. Since (STbU LS U (STH)['S] is a [-ideal of S for
allbe S, z e (STbUbBI'S U (STH)I'S] C (B)r. Since x < z and z € (B)g, € (B)r.

Case 4: z € (STA)I'S. Then z = (s17¢)Bse for some s1,50 € S, 7,0 € I" and ¢ € A.
If ¢ # a, then z = (s17¢)Bsy € (STB)I'S C (B)y. Since ¢ < z and z € (B)rp, we
have z € (B)r. If ¢ = a, then z = (s17a) Bsy € (ST(STHU LS U (STH)I'S|)I'S. Since
(STbUBL'S U (STH)I'S] is a I'-ideal of S for all b € S, z € (STbUDL'S U (STH)I'S]T'S C
(STHULI'SU(STH)I'S] C (B)r. Since z < z and z € (B)r, z € (B)r. Thus, (A)r C (B)r.
By S =(A)r C (B)r C S, hence (B)r = S. This is a contradiction. Therefore, a = b. [

4. Main Results. In this section, the algebraic structure of an ordered LA-I"-semigroup
with left identity containing two-sided bases will be presented.
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Theorem 4.1. A non-empty subset A of an ordered LA-I"-semigroup S with left identity,
s a two-sided base of S if and only if A satisfies the following two conditions:

(1) for any x € S there exists a € A such that x <; a;
(2) for any a,b € A, if a # b, then neither a <; b nor b <; a.

Proof: Assume that A is a two-sided base of S. Then S = (A)r. Let 2 € S. Since x €
S = (AUSTAUATSU(STA)T'S], we have x < y for some y € AUSTAUATSU(STA)TS.
There are four cases to consider.

Case 1: y € A. Since x < y, by Lemma 3.1, we have that z <; y.

Case 2: y € ST'A. Then y = sva for some s € S, v € 'and a € A. By y =
sya € STa C (a)r, STy C ST'(STa) = (STS)I'(STa) = (alI'S)L(STS) = (al'S)['S =
(ST'S)'a = STa C (a)r, yI'S C (STa)l'S C (a)r and (STy)I'S C (ST'(STa))'S =
((STS)T'(STa))I'S = ((al'S)T'(STS))I'S = ((al'S)T'S)T'S = ((STSTa)l'S = (STa)T'S C
(a)r. Then y U STy Uyl'SU (STy)l'S C (a)r, and so (y)r = (yU STy Uyl'SU (STy)I'S]
C ((a)r] = (a)r, i.e.,y <; a. Since x < y, by Lemma 3.1, we have x <; y. Soz <; y <; a.
Thus, z <; a.

Case 3: y € AI'S. Then y = avys for some a € A, y € ['and s € S. By y = ays €
al’S C (a)p, STy C ST (al'S) = al'(ST'S) = al'S C (a)r, yI'S C (aI'S)I'S = (ST'S)'a =
STa C (a)r and (STy)I'S C (ST(al'S))I'S = (aI'(STS))I'S = (aI'S)I'S = (ST'S)'a =
STa C (a)y. Then yuU STyUyl'SUT'S C (a)r, and so (y)r = (yUSTyUyl'SU (STy)I'S]
C ((a)r] = (a)r,ie.,y <r a. Since x < y, by Lemma 3.1, we have z <; y. Soz <; y <; a.
Thus, x <; a.

Case 4: y € (STA)L'S. Then y = (s17ya)Bss for some s1,s0 € S, 7,0 € ['and a € A. By
y = (s17a)Bs2 € (STa)I'S C (a)p, STy C ST((STa)I'S) = (STa)I'(ST'S) = (STa)l'S C
(a)r, yI'S C ((STa)I'S)I'S = (STSI'(STa) = (al'S)I'(STS) = (al'S)I'S = (ST'S)l'a =
STa C (a)r and (STy)['S C (ST((STa)I'S))['S = ((STa)I'(STS))I'S = ((STa)I'S)I'S =
(STS)I'(STa) = (al'S)I'(STS) = (al'S)T'S = (ST'S)T'a = STa C (a)r. Then y U STy U
yI'SuU (STy)I'S C (a)r, and so (y)r = (y U STy Uyl'S U (STy)I'S] C ((a)r] = (a)r, ie.,
y <7 a. Since x < gy, by Lemma 3.1, we have v <; y. So x <; y <; a. Thus, z <; a.

Hence the condition (1) holds. Next, let a,b € A such that a # b. Suppose a <; b. Set
B = A\{a}. Then b € B and B C A. Let z € S. By condition (1), there exists c € A
such that x <; ¢, i.e., (x)7 C (¢)r. There are two cases to consider. If ¢ # a, then ¢ € B.
Sox € (x)r C (¢)r € (B)p. If ¢ = a, then 2 <; a < by and = <; b, i.e., (x)r C (b)r.
So z € (x)r C (b)r C (B)r. Thus, S C (B)r and so S = (B)r. This is a contradiction.
Hence a <; b is false. The case b <; a proved similarly. Hence the condition (2) holds.

Conversely, assume that the conditions (1) and (2) hold. We will show that A is a
two-sided base of S. To show that S = (A)r, let x € S, by condition (1), there exists
a € A such that x <; a. Then z € ()7 C (a)r € (A)r. So S C (A)r and clearly
(A)r € S. Thus, S = (A)r. Next, to show that A is a minimal subset of S with the
property S = (A)r, let B C A such that S = (B)r. Then there exists a € A and a ¢ B.
Since a € A, a € S = (B)yr. We will show that a ¢ (B]. If a € (B], then a < y
for some y € B, by Lemma 3.1, a <; y. This is a contradiction. So a ¢ (B]. Thus,
a € (STBUBI'SU(ST'B)I'S]. Since a € (STBUBI'SU (ST'B)S], we have a < ¢ for some
c € STBUBI'SU (STB)I'S. There are three cases to consider.

Case 1: ¢ € STB. Then ¢ = syb, for some s € S, v € I' and b; € B. Since a < ¢ and
¢ = svyby € STby C by USTh U T'SU (STHh)T'S, a € (by U STy Ub 'S U (STh)T'S| =
(by)r. It follows that (a)r C (by)r. Thus, a <; by where a,b; € A. This is a contradiction.

Case 2: ¢ € BT'S. Then ¢ = byys for some s € S, v € I' and by € B. Since a < ¢ and
c = bz"}/S € b2FS Q bz U SFbQ U bQFS U (SFbg)FS, a € (bg U SFbQ U bQFS U (SFbQ)FS] =
(by)r. It follows that (a)r C (bg)r. Thus, a <; by where a, by € A. This is a contradiction.

Case 3: ¢ € (ST'B)I'S. Then ¢ = (s17b3) sy for some s1,$5 € S, 7,6 € I and b3 € B.
Since a < ¢ and ¢ = (s17b3)Bs1 € (STb3)I'S C by U STbs U bsI'S U (ST03)I'S, a € (bsU



578 W. JANTANAN, S. SUPHASIT, I. KAMKONG ET AL.

STb3 UbsI'S U (ST'h3)['S| = (b3)7. It follows that (a)r C (b3)r. Thus, a <; by where a, bs
€ A. This is a contradiction.
Therefore, A is a two-sided base of S. The proof is completed. 0

Theorem 4.2. Let A be a two-sided base of an ordered LA-I'-semigroup S with left iden-
tity, such that (a)r = (b)r, for some a in A and b in S. If a # b, then S contains at the
least two two-sided bases.

Proof: Assume that a # b. Suppose that b € A. Since a # b and a € (a)r = (b)r = (b
USTbU IS U (STH)I'S] = (b] U (STbUBL'S U (STH)I'S], a € (b] or a € (STbU LS U
(STH)I'S]. If a € (b], then a < b, by Lemma 3.1, we have a <; b where a,b € A. This
is a contradiction. So a € (STbU 'S U (ST'H)I'S]. By Lemma 3.2, a = b. This is a
contradiction. Thus, b € S\A. Setting B = (A\{a}) U {b}, then B # A. We will show
that B is a two-sided base of S using Theorem 4.1. First, let z € S. Since A is a two-sided
base of S, by Theorem 4.1(1), x <; ¢ for some ¢ € A. If ¢ # a, then ¢ € B. If ¢ = a, then
(¢)r = (a)r. Since (a)r = (b)r, we have (¢)r = (b)r, i.e., ¢ <;b. So z <y ¢ <y b. Thus,
x <; b where b € B. Next, let ¢;,co € B such that ¢; # c;. We will show that neither
c1 <7 cy nor ¢o <7 c¢;. Then there are four cases to consider.

Case 1: ¢; # b and ¢g # b. Then ¢1,c0 € A. Since A is a two-sided base of S, then
neither ¢; <; ¢y nor ¢ <; ¢y.

Case 2: ¢ # b and ¢ = b. Then (o) = (b)r. If ¢y <; ¢a, then (¢1)r C (co)r =
(b)r = (a)r. Thus, ¢; <; a where ¢;,a € A. This is contradiction. If co <; ¢;, then
(a)r = (b)r = (c2)r C (c1)7. Thus, a < ¢; where ¢;,a € A. This is a contradiction.

Case 3: ¢ = band ¢g # b. Then (c1)r = (b)r. If ¢4 <; o, then (a)r = (b)r =
(c1)r € (e2)r. Thus, a <; ¢3 where co,a € A. This is contradiction. If co <; ¢, then
(ca)r € (e1)r = (b)r = (a)p. Thus, ¢o <; a where cp,a € A. This is a contradiction.

Case 4: ¢; = b and ¢ = b. This is impossible.

Therefore, B is a two-sided base of S. 0

The following corollary follows directly from Theorem 4.2.

Corollary 4.1. Let A be a two-sided base of an ordered LA-T-semigroup S with left
identity, and let a € A. If (x)r = (a)p for some x € S, x # a, then x belongs to some
two-sided base of S, which is different from A.

Theorem 4.3. Let A and B be two-sided bases of ordered LA-T"-semigroup S with left
identity. Then A and B have the same cardinality.

Proof: Let A and B be two-sided bases of S. Let a € A. Since B is a two-sided base
of S, by Theorem 4.1(1), there exists b € B such that a <; b. Similarly, since A is a two-
sided base of S, there exists a* € A such that b <; a*. So a <; b <;a*, and a <; a*. By
Theorem 4.1(2), a = a*. Hence (a)r = (b)r. Now, define a mapping ¢ : A — B; p(a) =b
for all @ € A. First, to show that ¢ is well-defined, let a;,as € A such that a; = as,
v(a1) = by, and ¢(ay) = by for some by, by € B. Then (a1)r = (b1)r and (ag)r = (ba)r.
Since a; = asg, (CL1>T = (CLQ)T. ThU_S, (CL1>T = (a2)T = (b1>T = (bg)T, SO b1 S[ b2 and
by <; b;. By Theorem 4.1(2), by = by. Hence p(a;) = ¢(as). Therefore, ¢ is well-
defined. Next, to show that ¢ is one-to-one, let a;,as € A such that p(a;) = p(ag). Then
v(a1) = p(az) = b for some b € B. We have (a1)r = (az2)r = (b)r. Since (a1)r = (a2)r,
ay; <y as and as <; a;. Thus, a; = ay. Therefore, ¢ is one-to-one. Finally, to show that
@ is onto, let b € B, and then there exists a € A such that b <; a. Similarly, there exists
b* € B such that a <; b*. Then b <; a <; b*, i.e., b <; b*. By Theorem 4.1(2), b = b*.
Sob<;aanda<;b, ie., (b)r = (a)r and (a)r = (b)7. Thus, (a)r = (b)r. Therefore, ¢
is onto. This completes the proof. 0

If a two-sided base of an ordered LA-I-semigroup S with left identity, is a ['-ideal of .S,
then S = (AUSTAUATSU(STA)I'S] C (AUAUAUA] = (A] = A. Hence S = A. The



ICIC EXPRESS LETTERS, VOL.16, NO.6, 2022 579

converse statement is obvious. Then we conclude that a two-sided base A of an ordered
LA-T-semigroup S with left identity, is a I'-ideal of S if and only if A = S.

In Example 3.1, it is observed that not every two-sided base of an ordered LA-I-
semigroup S with left identity, is an LA-I'-subsemigroup. The following theorem gives
necessary and sufficient conditions of a two-sided base of an ordered LA-I-semigroup S
with left identity, to be an LA-I'-subsemigroup.

Theorem 4.4. A two-sided base A of an ordered LA-I'-semigroup S with left identity, is
an LA-T-subsemigroup if and only if A = {a} with aya = a for all v € T'.

Proof: Assume that A is an LA-I-subsemigroup of S. Let a,b € A and v € T.
Since A is an LA-T-subsemigroup S, we have ayb € A. Set ayb = ¢. Then ¢ = avb €
STh C (STbUbL'S U STOI'S]. By Lemma 3.2, we have ¢ = b. So ayb = b. Similarly,
¢c=ayb € al'S C (STaUal'S U STal'S]. By Lemma 3.2, we have ¢ = a. So avyb = a.
Thus, a = b. Therefore, A = {a} with aya = a. The converse statement is clear. O

The union of all two-sided bases of an ordered LA-I"-semigroup S with left identity is
denoted by C.

Theorem 4.5. Let S be an ordered LA-T'-semigroup with left identity. Then S\C = &
or a I'-ideal of S.

Proof: Assume that S\C # @. We will show that S\C' is a I'-ideal of S. Let z € S,
v €Tl and a € S\C. To show that zya € S\C and ayzr € S\C, suppose that zya ¢ S\C.
Then zya € C. Thus, zya € A for a two-sided base A of S. Let zya = b for some b € A.
Since b = xya € STa C (a)r, b € (a)r. It follows that (b)r C (a)r. If (b)r = (a)r, by
Corollary 4.1, we have that a € C. This is a contradiction. Thus, (b)r C (a)r, i.e., b <; a.
Since A is a two-sided base of S, by Theorem 4.1(1), there exists b; € A such that a < b;.
Since b <; a <; by, b <; by where b,b; € A. This is a contradiction. Thus, zya € S\C'
Similarly, we can show that ayx € S\C. Next, to show that if a; € S\C and as € S such
that as < aq, then ay € S\C. Suppose that a; € C. Then ay € B for a two-sided base
B of S. Since B is a two-sided base of S, by Theorem 4.1(1), there exists a3 € B such
that a; <; az. Since as < ay, by Lemma 3.1, as <; a;. We have that as <; az where
as,az € B. This is a contradiction. Thus, as ¢ C, i.e., ag € S\C. Therefore, S\C is a
[-ideal of S. U

Let M* be a proper I'-ideal of an ordered LA-I'-semigroup S with left identity, contain-
ing every proper I'-ideal of S.

Theorem 4.6. Let S be an ordered LA-T"-semigroup with left identity, and @ # C' C S.
Then S\C' = M* if and only if every two-sided base of S is one-element base.

Proof: Assume that S\C' = M*. Then S\C is a maximal proper ['-ideal of S. We will
show that for every a € C, C C (a)r. Let a € C. Suppose C' & (a)r. Since C € (a)r and
@ # C C S, (a)r is a proper I'-ideal of S. Thus, a € (a)r C M* = S\C, and so a € S\C,
i.e., a ¢ C. This is a contradiction. Hence C' C (a)r for every a € C. We will show
that for every a € C, S\C C (a)y. Suppose that S\C ¢ (a*); for some a* € C. Then
(a*); # S, and so (a*), is a proper I'-ideal of S. Thus, a* € (a*); € M* = S\C, and
so a* € S\C, i.e, a* ¢ C. This is a contradiction. Hence S\C' C (a)r for every a € C.
Since S\C' C (a)r and C C (a)r for every a € C, we have S = (S\C)UC C (a)r € S. So
S = (a)r for every a € C. Thus, {a} is a two-sided base of S. Next, let A be a two-sided
base of S. We will show that a = b for every a,b € A. Suppose that there exists a,b € A
such that a # b. Since A is a two-sided base of S, a € A C C and a € C. So S = (a)r.
Since a #band b € S = (aU STaUal'S U (STa)'S] = (a] U (STa U al'S U (STa)l'S],
be (a]orbe (STaUal'SU (STa)'S]. If b € (a], then b < a by Lemma 3.1, b <; a.
This is a contradiction. So b € (ST'a U al'S U (STa)I'S]. By Lemma 3.2, a = b. This is a
contradiction. Therefore, every two-sided base of S is one-element base.
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Conversely, assume that every two-sided base of S is a one-element base. Then S = (a)r
for every a € C. To show that S\C = M* since @ # C C S, @ # S\C C S. By
Theorem 4.5, S\C' is a proper I'-ideal of S. Next, let M be a proper I'-ideal of S such
that S\C' € M C S. Since S\C' C M, there exists x € M such that = ¢ S\C, i.e., z € C.
We have r e M NC. So MNC # @. Letbe MNC. Since be M, STb C STM C M,
bI'S € MT'S € M and (STH)I'S C (STM)I'S € MT'S € M, bU STbUbLl'S U (STH)I'S
C M. We have (b)r = (b|JSTbUB'SJ(STH)'S] C (M] = M. Since b € C, by
assumption, we have (b)y = S. So S = (b)r € M C S. Thus, M = S. This is a
contradiction. Hence S\C' is a maximal proper I'-ideal of S. Finally, let B be a I'-ideal
of S such that B ¢ S\C. Since B ¢ S\C, there exists x € B such that z ¢ S\C, i.e.,
reC. SoBNC#@. Letce BNC. Sincece B, ST'cCSTBC B, I'SCBI'SCB
and (ST¢)I'S C (STB)I'S € BI'S C B, cU STcU 'S U (ST¢)I'S € B. We have
(¢)r = (cUSTeUcI'SU (STe)'S] C (B] = B. Since c € C, S = (¢)r € B C S. Thus,
S = B. Therefore, S\C = M*. O]

Theorem 4.7. Let S be an ordered LA-I'-semigroup with left identity. If e is a left
identity of S, then {e} is a two-sided base of S.

Proof: Assume that e is a left identity of S. Let A = {e}. We will show that A is a
two-sided base of S. To show that S = (A)r, since e is a left identity of S, by Lemma
2.1, we have S = el'S = STe. Since S = STe, we have (STe)l'S = (STe)I'(STe) =
(ST'S)I'(el'e) = STe. So e U STeUel'SU (STe)'e = S. Thus, (A)r = (eU STeUel'SU
(STe)I'S] = (S] = S. Hence (A)r = S. Clearly, A is a minimal subset of S with the
property S = (A)r. Therefore, A is a two-sided base of S. O

In Examples 3.1 and 3.2, it is observed that every two-sided base of an ordered LA-
['-semigroup with left identity is one-element base. This leads to proving the following
corollary. From Theorem 4.3 and Theorem 4.7, we can easily obtain the following result.

Corollary 4.2. Let S be an ordered LA-TI'-semigroup with left identity. Then every two-
sided base of S is one-element base.

In Example 3.2, we have the all two-sided bases of S are A; = {c¢}, Ay = {d} and
A3z = {e}. Then S\C = {a,b} is a maximal proper I'-ideal of S containing every proper
[-ideal of S. We have the following result is combining Theorem 4.6 and Corollary 4.2.

Theorem 4.8. Let S be an ordered LA-T'-semigroup with left identity. Then S\C' is a
maximal proper I'-ideal of S containing all proper I'-ideals of S.

Proof: Let S be an ordered LA-TI'-semigroup with left identity. By Corollary 4.2, we
have every two-sided base of S is one-element base. Since every two-sided base of S is
one element base, by Theorem 4.6, we obtain S\C' = M*. Therefore, S\C' is a maximal
proper I'-ideal of S containing all proper I'-ideals of S. O

5. Conclusion. In this paper, we focus on the results for two-sided bases of ordered
LA-T-semigroups with left identity. We show in Corollary 4.2 that every two-sided base
of an ordered LA-I'-semigroup with left identity is one-element base. Finally, we prove
in Theorem 4.8 that the complement of union of all two-sided base of an ordered LA-
['-semigroup with left identity is the maximal proper I'-ideal. In the future work, we
can study other results in this algebraic structures. Moreover, we may use the essential
(m,n)-ideal of semigroups defined in [10] to define essential (m,n)-bases of semigroups
and study their properties.
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