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Abstract. For the purpose of studying a class of time-varying delay singular system
with nonlinear disturbances, the Lyapunov’s second method is employed in this work
to determine the uniformly asymptotic stability criterion. Initially, a new Lyapunov
Krasovskii Functional (LKF) is presented, followed by the addition of triple integral terms
to LKF. Secondly, following derivation, the Bessel-Legendre (B-L) integral inequalities
are applied to the integral terms of LKF. By combining the Lyapunov functional approach
with the free-weighting matrix method, we obtain the criterion of uniformly asymptotic
stability. Notably, compared to the study findings of other integral inequalities, B-L in-
tegral inequalities do achieve the uniformly asymptotic stability criterion for singular
time-delay systems with nonlinear disturbances. Finally, a numerical example is given
to demonstrate the feasibility and superiority of the result obtained.
Keywords: Singular time-varying delay system, Nonlinear disturbances, Uniform as-
ymptotic stability, Lyapunov-Krasovskii Functional (LKF), The Bessel-Legendre (B-L)
integral inequality

1. Introduction. Singular systems, also known as implicit systems, descriptor systems,
and generalized state-space systems, arise in a range of practical systems, including ro-
botics, the power system and economic systems. The single system model explains the
physical system more directly and generically than the standard state space model [1].
Currently, numerous fundamental system theories for developing regular state space sys-
tems have been successfully extended to the corresponding singular system theories, such
as controllability and observability [2], Lyapunov stability [3], robust stability and stabi-
lization [4], singular time-delay systems [5,6], and optimal control [7].

Because of their extensive applications in many practical systems, a great number of
fundamental notions and results in control and system theory based on singular systems
have been extended successfully to nonlinear singular systems. For more details on this
matter, we refer the reader to [8-15]. Reducing the conservativeness of existing stability
criteria remains a core issue in the above references. As we all know, the goal of this prob-
lem is to obtain delay-dependent stability conditions. In this study, researchers generally
use Jensen integral inequality, Wirtinger integral inequality and auxiliary function inte-
gral inequality [8-15] to deal with some integral terms generated by the derivative of L-K
function. Compared with Jensen inequality and Wirtinger inequality, B-L inequality en-
larges the integral term less, which effectively reduces the conservation and leads to more
advantageous. Ding et al. [15] developed criteria for the uniformly asymptotic stability
criterion of simple nonlinear singular systems based on the Lyapunov functional approach
and the free-weighted matrix method. The criteria significantly decrease the complexity
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of theoretical derivation and computation compared to current literature. Although the
stability criteria give a less conservative margin than the strategies described in [8-14],
there is still room to delay the reduction of the range boundary’s conservatism. Inspired
by [15], the authors tried to use B-L inequality to deal with the integral terms generated
by the new L-K functions, which has motivated this paper.
Then the primary contribution of this paper is to deal with the problems of uniform-

ly asymptotic stability analysis for nonlinear singular system with time delay. Firstly,
we construct a less conservative stability criterion, which guarantees that the system is
regular, impulse free and has uniformly asymptotic stability. Secondly, by combining the
Lyapunov stability theory and the B-L inequality technique, the conservatism is reduced,
and a delay-dependent sufficient condition for nonlinear singular systems with regular,
impulse free and uniformly asymptotic stability is proposed. Finally, a concrete example
is given to prove the effectiveness and superiority of the proposed method.

2. Problem Statement and Preliminaries. Consider the following nonlinear singular
system with time-varying delay:{

Eẋ(t) = Ax(t) + Adx(t− h(t)) + Ff(t, x(t)) +Gg(t, x(t− h(t)))

x(t) = ϕ(t), t ∈ [−h2, 0]
(1)

where x(t) ∈ Rn is the system state and ϕ(·) ∈ C([−h2, 0],Rn) is a differentiable vector-
valued initial continuous function. Rn is an n-dimensional vector space, defined in the real
number field. E,A,Ad ∈ Rn×n are known real constant matrices, where E may be singular,
rank(E) = r ≤ n, F ∈ Rn×n1 , G ∈ Rn×n2 are the coefficients of the nonlinearities. The
nonlinear disturbances f : R+ × Rn→Rn×n1 , g : R+ × Rn→Rn×n2 are continuous, f(t, 0) =
0, g(t, 0) = 0, and satisfy the Lipschitz conditions, that is

∥f(t, x(t))∥ ≤ ∥u1x(t)∥, ∥g(t, x(t− h(t)))∥ ≤ ∥u2x(t− h(t))∥. (2)

It is assumed that the nonlinear perturbations are bounded in magnitude as where ui

(i = 1, 2) ∈ Rni×n are constant matrices. And h(t) is a time-varying delay with the

differentiable function satisfying 0 ≤ h1 ≤ h(t) ≤ h2, 0 ≤ ḣ(t) ≤ hd < 1, ∀t ≥ 0, where
h1, h2, hd are the bound of time delay, respectively.
The following definitions and lemma are required.

Definition 2.1. [1] The pair (E,A) is said to be regular if there exists s ∈ C for
which det(sE − A) is not identically zero. The pair (E,A) is said to be impulse free
if deg(det(sE − A)) = rank(E).

Definition 2.2. [15] The nonlinear singular system (1) is said to be regular and impulse-
free if the pair (E,A) is regular and impulse-free.

Definition 2.3. [15] The nonlinear singular system (1) is said to be uniformly asymp-
totically stable if 1) system (1) is regular and impulse free; 2) for any ϵ > 0, there
exists a scalar δ(ϵ) > 0 such that, for any compatible initial conditions φ(t) satisfying
sup−h≤t≤0 ∥φ(t)∥ ≤ δ(ϵ), the solution x(t) of system (1) satisfies limt→∞ x(t) = 0.

Lemma 2.1. [5] (B-L integral inequlities) For a symmetric matrix R > 0, R ∈ Rn×n,
scalars a and b with a < b, a vector function ẋ : [a, b] → Rn, the following integral
inequality holds

(b− a)

∫ b

a

xT (s)Rx(s)ds ≥ Λ1
TRΛ1 + 3Λ2

TRΛ2 + 5Λ3
TRΛ3 + 7Λ4

TRΛ4

Λ1 =

∫ b

a

x(s)ds, Λ2 = −
∫ b

a

x(s)ds+
2

b− a

∫ b

a

∫ b

θ

x(s)dsdθ,
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Λ3 =

∫ b

a

x(s)ds− 6

b− a

∫ b

a

∫ b

θ

x(s)dsdθ +
12

(b− a)2

∫ b

a

∫ b

u

∫ b

θ

x(s)dsdθdu,

Λ4 = −
∫ b

a

x(s)ds+
12

b− a

∫ b

a

∫ b

θ

x(s)dsdθ − 60

(b− a)2

∫ b

a

∫ b

u

∫ b

θ

x(s)dsdθdu

+
120

(b− a)3

∫ b

a

∫ b

u

∫ b

θ

∫ b

λ

x(s)dsdλdθdu.

(b− a)2
∫ b

a

∫ b

u

ẋT (s)Rẋ(s)dsdu ≥ 2Θ1
TRΘ1 + 16Θ2

TRΘ2 + 54Θ3
TRΘ3 + 128Θ4

TRΘ4

Θ1 = (b− a)x(b)−
∫ b

a

x(s)ds, Θ2 =
b− a

2
x(b) +

∫ b

a

x(s)ds− 3

b− a

∫ b

a

∫ b

θ

x(s)dsdθ,

Θ3 =
b− a

3
x(b)−

∫ b

a

x(s)ds+
8

b− a

∫ b

a

∫ b

θ

x(s)dsdθ − 20

(b− a)2

∫ b

a

∫ b

u

∫ b

θ

x(s)dsdθdu,

Θ4 =
b− a

4
x(b) +

∫ b

a

x(s)ds− 15

b− a

∫ b

a

∫ b

θ

x(s)dsdθ +
90

(b− a)2

∫ b

a

∫ b

u

∫ b

θ

x(s)dsdθdu

− 210

(b− a)3

∫ b

a

∫ b

u

∫ b

θ

∫ b

λ

x(s)dsdλdθdu.

3. Main Results.

Theorem 3.1. Given scalars ε1, ε2 > 0 and given delay bound h1, h2, hd, the nonlin-
ear singular system (1) is uniformly asymptotically stable, if there exist positive definite

matrices P > 0, Qi > 0 (i = 1, 2, 3), Ti > 0 (i = 1, 2),

[
W1 W2

∗ W3

]
> 0,

[
Z1 Z2

∗ Z3

]
> 0,

matrices S, G1, G2 with appropriate dimensions and some known matrices R, u1, u2,
where R ∈ Rn×(n−r) is a matrix with full column rank satisfying ETR = 0, such that the
following Linear Matrix Inequalities (LMI) holds

Φ =

[
Π Γ
∗ Ω

]
< 0, Ω =

[
Ω1 O4×4

∗ Ψ2

]
, Ω1 = (Ωij), Ψ2 = (Ψij) (i, j = 1, 2, 3, 4) (3)

Π =



Π11 Π12 0 Π14 Π15 Π16 Π17

∗ Π22 0 0 Π25 Π26 Π27

∗ ∗ Π33 Π34 0 0 0
∗ ∗ ∗ Π44 0 0 0
∗ ∗ ∗ ∗ Π55 0 0
∗ ∗ ∗ ∗ ∗ Π66 0
∗ ∗ ∗ ∗ ∗ ∗ Π77


< 0 (4)

Γ =


Γ11 Γ12 Γ13 Γ14 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 Γ35 Γ36 Γ37 Γ38

Γ41 Γ42 Γ43 Γ44 Γ45 Γ46 Γ47 Γ48

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

 (5)

Π11 = ETPA+ ATPE +Q1 +Q2 +Q3 + h2
2W1 + h12

2Z1 − 16ETW3E + SRTA

+ATRST + ε1u
T
1 u1 +GT

1A+ ATG1 − 10h2
2ETT1E,

Π12 = h2
2W2 + h12

2Z2 + ATG2 −GT
1 , Π14 = −4ETW3E,

Π15 = ETPAd + SRTAd +GT
1Ad, Π16 = ETPF + SRTF +G1

TF,
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Π17 = ETPG+ SRTG+GT
1G, Π22 = −G2 −GT

2 + h2
2W3 + h12

2Z3 +
h2

4

4
T1 +

h12
4

4
T2,

Π25 = GT
2Ad, Π26 = GT

2 F, Π27 = GT
2G, Π33 = −Q1 − 16ETZ3E − 10h12

2ETT2E,

Π34 = −4ETZ3E, Π44 = −Q3 − 16ETW3E − 16ETZ3E,

Π55 = − (1− hd)Q2 + ε2u
T
2 u2, Π66 = −ε1I, Π77 = −ε2I,

Ω11 = −16W1 −
120

h2

W2E − 120

h2

ETW T
2 − 100ETT1E − 1200

h2
2
ETW3E,

Ω12 =
120

h2

W1 +
1200

h2
2
ETW T

2 +
480

h2
2
W2E +

5400

h2
3
ETW3E +

1200

h2

ETT1E,

Ω13 = −480

h2
2
W1 −

5400

h2
3
ETW T

2 − 840

h2
3
W2E − 10080

h2
4

ETW3E − 6300

h2
2
ETT1E,

Ω14 =
840

h2
3
W1 +

10080

h2
4

ETW T
2 +

13440

h2
3

ETT1E,

Ω22 = −1200

h2
2
W1 −

5400

h2
3
W2E − 5400

h2
3
ETW T

2 − 25920

h2
4

ETW3E − 16200

h2
2

ETT1E,

Ω23 =
5400

h2
3
W1 +

90720

h2
3

ETT1E +
10080

h2
4

W2E +
25920

h2
4

ETW T
2 +

50400

h2
5

ETW3E,

Ω24 = −10080

h2
4

W1 −
50400

h2
5

ETW T
2 − 201600

h2
4

ETT1E,

Ω33 = −25920

h2
4

W1 −
50400

h2
5

ETW T
2 − 50400

h2
5

W2E − 100800

h2
6

ETW3E − 529200

h2
4

ETT1E,

Ω34 =
50400

h2
5

W1 +
100800

h2
6

ETW T
2 +

1209600

h2
5

ETT1E,

Ω44 = −100800

h2
6

W1 −
2822400

h2
6

ETT1E,

Ψ11 = −16Z1 −
120

h12

ETZT
2 − 120

h12

Z2E − 1200

h12
2
ETZ3E − 100ETT2E,

Ψ12 =
120

h12

Z1 +
1200

h12
2
ETZT

2 +
480

h12
2
Z2E +

5400

h12
3
ETZ3E +

1200

h12

ETT2E,

Ψ13 = − 480

h12
2
Z1 −

5400

h12
3
ETZT

2 − 840

h12
3
Z2E − 10080

h12
4
ETZ3E − 6300

h12
2
ETT2E,

Ψ14 =
13440

h12
3
ETT2E +

840

h12
3
Z1 +

10080

h12
4
ETZT

2 ,

Ψ22 = −16200

h12
2
ETT2E − 1200

h12
2
Z1 −

5400

h12
3
Z2E − 5400

h12
3
ETZT

2 − 25920

h12
4
ETZ3E,

Ψ23 =
90720

h12
3
ETT2E +

5400

h12
3
Z1 +

10080

h12
4
Z2E +

25920

h12
4
ETZT

2 +
50400

h12
5
ETZ3E,

Ψ24 = −10080

h12
4
Z1 −

50400

h12
5
ETZT

2 − 201600

h12
4

ETT2E,

Ψ33 = −529200

h12
4

ETT2E − 25920

h12
4
Z1 −

50400

h12
5
ETZT

2 − 50400

h12
5
Z2E − 100800

h12
6

ETZ3E,

Ψ34 =
1209600

h12
5

ETT2E +
50400

h12
5
Z1 +

100800

h12
6

ETZT
2 ,

Ψ44 = −100800

h12
6

Z1 −
2822400

h12
6

ETT2E,

Γ11 = −10h2E
TT1E + 4ETW T

2 +
60

h2

ETW3E,
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Γ12 = −60

h2

ETW T
2 − 360

h2
2
ETW3E + 180ETT1E,

Γ13 =
360

h2
2
ETW T

2 +
840

h2
3
ETW3E − 1260

h2

ETT1E, Γ14 = −840

h2
3
ETW T

2 +
3360

h2
2
ETT1E,

Γ35 = −10h12E
TT2E + 4ETZT

2 +
60

h12

ETZ3E,

Γ36 = 180ETT2E − 60

h12

ETZT
2 − 360

h12
2
ETZ3E,

Γ37 = −1260

h12

ETT2E +
360

h12
2
ETZT

2 +
840

h12
3
ETZ3E, Γ38 = − 840

h12
3
ETZT

2 +
3360

h12
2
ETT2E,

Γ41 = 16ETW T
2 +

120

h2

ETW3E, Γ45 =
120

h12

ETZ3E + 16ETZT
2 ,

Γ42 = −120

h2

ETW T
2 − 480

h2
2
ETW3E, Γ43 =

480

h2
2
ETW T

2 +
840

h2
3
ETW3E,

Γ44 = −840

h2
3
ETW T

2 , Γ46 = −120

h12

ETZT
2 − 480

h12
2
ETZ3E,

Γ47 =
480

h12
2
ETZT

2 +
840

h12
3
ETZ3E, Γ48 = − 840

h12
3
ETZT

2 ,

ei = [0n×(i−1)n, In, 0n×(15−i)n], i = 1, 2, . . . , 15; h12 = h2 − h1.

Proof: The proof of this theorem is divided into two parts. The first part deals with the
regularity and impulse-free properties and the second part treats the uniformly asymptotic
stability property of the studied class of systems. First of all, we show that system (1) is
regular and impulse free. According to (3) and Schur complement lemma, Π < 0.

Let V1 =

I 0 0 0 0 0 0
0 I 0 0 0 0 0
0 0 0 0 I 0 0

. Pre- and post-multiplying (4) by V1 and V T
1 , yields

Π11 Π12 Π15

∗ Π22 Π25

∗ ∗ Π55

− h2
2

W1 W2 0
∗ W3 0
∗ ∗ 0

− h12
2

Z1 Z2 0
∗ Z3 0
∗ ∗ 0



−


Q1 +Q2 +Q3 + ε1u

T
1 u1 0 0

∗ h2
4

4
T1 +

h12
4

4
T2 0

∗ ∗ ε2u
T
2 u2

 < 0. (6)

Let V2 =

[
I AT 0
0 Ad

T I

]
. Pre- and post-multiplying (7) by V2 and V T

2 , respectively, yields

Σ =

[
Σ11 Σ12

∗ Σ22

]
< 0, Σ11 = ETPA+ATPE−16ETW3E+SRTA+ATRST−10h2

2ETT1E,

Σ12 = ETPAd + SRTAd, Σ22 = −(1− hd)Q2.
Since rankE = r ≤ n, there must exist two invertible matrices M̃, Ñ ∈ Rn×n such that

Ẽ = M̃EÑ =

[
Ir 0
0 0

]
, Ã = M̃AÑ =

[
Ã11 Ã12

Ã21 Ã22

]
, (7)

S̃ = ÑTS =

[
S̃11

S̃21

]
, Ãd = M̃PÑ =

[
Ãd11 Ãd12

Ãd21 Ãd22

]
, P̃ = M̃−TPM̃−1 =

[
P̃11 P̃12

P̃21 P̃22

]
, (8)

W̃3 = M̃−TW3M̃
−1 =

[
W̃311 W̃312

W̃321 W̃322

]
, T̃1 = M̃−TT1M̃

−1 =

[
T̃111 T̃112

T̃121 T̃122

]
, R = M̃T

[
0
H

]
(9)

where H ∈ R(n−r)×(n−r) is any nonsingular matrix.
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Pre- and post-multiply Σ11 by ÑT and Ñ . Using the obtained (7)-(9), we can easily

formulate the following inequality: Ξ =

[
♯ ♯
♯ Ξ22

]
< 0, Ξ22 = S̃21H

T Ã22 + Ã22
THS̃21

T . ♯

is irrelevant to the following discussion. It is easy to see that Ξ22 < 0. Thus, Ã22 is non-
singular. The pair (E,A) is regular and impulse free. This also means that the system
(1) is regular and impulse free.
In the following, we will show that the system (1) is uniformly asymptotically stable.

We can choose two nonsingular matrices M̄, N̄ ∈ Rn×n such that

Ē = M̄EN̄ =

[
Ir 0
0 0

]
, Ā = M̄AN̄ =

[
Ār 0
0 In−r

]
, P̄ = M̄−TPM̄−1 =

[
P̄11 P̄12

P̄21 P̄22

]
,

Ād = M̄AdN̄ =

[
Ād11 Ād12

Ād21 Ād22

]
, S̄ = N̄TS =

[
S̄11

S̄21

]
, R = M̄T

[
0
H̄

]
,

F̄ = M̄F =

[
F̄11

F̄12

]
, Ḡ = M̄G =

[
Ḡ11

Ḡ12

]
, Ḡ1 = M̄−TG1N̄ , Ḡ2 = M̄−TG1M̄

−1,

W̄1 = N̄TW1N̄ =

[
W̄111 W̄112

W̄121 W̄122

]
, W̄2 = N̄TW2M̄

−1 =

[
W̄211 W̄212

W̄221 W̄222

]
,

W̄3 = M̄−TW3M̄
−1 =

[
W̄311 W̄312

W̄321 W̄322

]
, Z̄1 = N̄TZ1N̄ =

[
Z̄111 Z̄112

Z̄121 Z̄122

]
,

Z̄2 = N̄TZ2M̄
−1 =

[
Z̄211 Z̄212

Z̄221 Z̄222

]
, Z̄3 = M̄−T Z̄3M̄

−1 =

[
Z̄311 Z̄312

Z̄321 Z̄322

]
,

R̄ = M̄−TR

[
0
H̄

]
, T̄1 = M̄−TT1M̄

−1 =

[
T̄111 T̄112

T̄121 T̄122

]
, T̄2 = M̄−TT2M̄

−1 =

[
T̄211 T̄212

T̄221 T̄222

]
.

At first, we define

ξ(t) = col {x(t), Eẋ(t), x(t− h1), x(t− h2), x(t− h(t)), f(t, x(t)), g(t, x(t− h(t))),

η1(t), η2(t)} ,

η1(t) = col

{∫ t

t−h2

x(s)ds,

∫ t

t−h2

∫ t

θ

x(s)dsdθ,

∫ t

t−h2

∫ t

u

∫ t

θ

x(s)dsdθdu,∫ t

t−h2

∫ t

u

∫ t

θ

∫ t

λ

x(s)dsdλdθdu

}
,

η2(t) = col

{∫ t−h1

t−h2

x(s)ds,

∫ t−h1

t−h2

∫ t−h1

θ

x(s)dsdθ,

∫ t−h1

t−h2

∫ t−h1

u

∫ t−h1

θ

x(s)dsdθdu,∫ t−h1

t−h2

∫ t−h1

u

∫ t−h1

θ

∫ t−h1

λ

x(s)dsdλdθdu

}
.

col means column vector. Then choose an LKF candidate as

V (xt) = V1(xt) + V2(xt) + V3(xt) + V4(xt) + V5(xt), (10)

V1(xt) = xT (t)ETPEx(t), (11)

V2(xt) =

∫ t

t−h1

xT (s)Q1x(s)ds+

∫ t

t−h(t)

xT (s)Q2x(s)ds+

∫ t

t−h2

xT (s)Q3x(s)ds, (12)

V3(xt) = h2

∫ 0

−h2

∫ t

t+θ

[
x(s)
Eẋ(s)

]T [
W1 W2

∗ W3

] [
x(s)
Eẋ(s)

]
dsdθ

+h12

∫ −h1

−h2

∫ t

t+θ

[
x(s)
Eẋ(s)

]T [
Z1 Z2

∗ Z3

] [
x(s)
Eẋ(s)

]
dsdθ, (13)



ICIC EXPRESS LETTERS, VOL.17, NO.6, 2023 647

V4(xt) =
h2

2

2

∫ t

t−h2

∫ t

λ

∫ t

θ

(Eẋ(s))TT1(Eẋ(s))dsdθdλ, (14)

V5(xt) =
h12

2

2

∫ t−h1

t−h2

∫ t−h1

λ

∫ t

θ

(Eẋ(s))TT2(Eẋ(s))dsdθdλ. (15)

Let

V̇ (xt) = V̇1(xt) + V̇2(xt) + V̇3(xt) + V̇4(xt) + V̇5(xt), (16)

V̇1(xt) = 2xT (t)ETP (Ax(t) + Adx(t− h(t)) + Ff(t, x(t)) +Gg(t, x(t− h(t)))), (17)

V̇2(xt) ≤ xT (t)(Q1 +Q2 +Q3)x(t)− xT (t− h1)Q1x(t− h1)

−xT (t− h(t))(1− hd)Q2x(t− h(t))− xT (t− h2)Q3x(t− h2), (18)

V̇3(xt) = h2
2

[
x(t)
Eẋ(t)

]T [
W1 W2

∗ W3

] [
x(t)
Eẋ(t)

]
+ h12

2

[
x(t)
Eẋ(t)

]T [
Z1 Z2

∗ Z3

] [
x(s)
Eẋ(s)

]
−h2

∫ t

t−h2

[
x(s)
Eẋ(s)

]T [
W1 W2

∗ W3

] [
x(s)
Eẋ(s)

]
ds

−h12

∫ t−h1

t−h2

[
x(s)
Eẋ(s)

]T [
Z1 Z2

∗ Z3

] [
x(s)
Eẋ(s)

]
ds. (19)

Assume

I1 =

∫ t

t−h2

[
x(s)
ẋ(s)

]
ds, I2 =

∫ t

t−h2

∫ t

θ

[
x(s)
ẋ(s)

]
dsdθ, I3 =

∫ t

t−h2

∫ t

u

∫ t

θ

[
x(s)
ẋ(s)

]
dsdθdu,

I4 =

∫ t

t−h2

∫ t

u

∫ t

θ

∫ t

λ

[
x(s)
ẋ(s)

]
dsdλdθdu, I5 =

∫ t−h1

t−h2

[
x(s)
ẋ(s)

]
ds,

I6 =

∫ t−h1

t−h2

∫ t−h1

θ

[
x(s)
ẋ(s)

]
dsdθ, I7 =

∫ t−h1

t−h2

∫ t−h1

u

∫ t−h1

θ

[
x(s)
ẋ(s)

]
dsdθdu,

I8 =

∫ t−h1

t−h2

∫ t−h1

u

∫ t−h1

θ

∫ t−h1

λ

[
x(s)
ẋ(s)

]
dsdλdθdu.

According to Lemma 2.1, we have

−h2

∫ t

t−h2

[
x(s)
ẋ(s)

]T [
W1 W2E
∗ ETW3E

] [
x(s)
ẋ(s)

]
ds

≤ −IT1

[
W1 W2E
∗ ETW3E

]
I1 − 3

(
−I1 +

2

h1

I2

)T [
W1 W2E
∗ ETW3E

](
−I1 +

2

h1

I2

)
− 5

(
I1 −

6

h1

I2 +
12

h1
2
I3

)T [
W1 W2E
∗ ETW3E

](
I1 −

6

h1

I2 +
12

h1
2
I3

)
− 7

(
−I1 +

12

h1

I2 −
60

h1
2
I3 +

120

h1
3
I4

)T [
W1 W2E
∗ ETW3E

](
−I1 +

12

h1

I2 −
60

h1
2
I3 +

120

h1
3
I4

)
−h12

∫ t−h1

t−h2

[
x(s)
Eẋ(s)

]T [
Z1 Z2

∗ Z3

] [
x(s)
Eẋ(s)

]
ds

≤ −IT5

[
Z1 Z2E
∗ ETZ3E

]
I5 − 3

(
−I5 +

2

h12

I6

)T [
Z1 Z2E
∗ ETZ3E

](
−I5 +

2

h12

I6

)
− 5

(
I5 −

6

h12

I6 +
12

h12
2
I7

)T [
Z1 Z2E
∗ ETZ3E

](
I5 −

6

h12

I6 +
12

h12
2
I7

)
− 7

(
−I5 +

12

h12

I6

− 60

h12
2
I7 +

120

h12
3
I8

)T [
Z1 Z2E
∗ ETZ3E

](
−I5 +

12

h12

I6 −
60

h12
2
I7 +

120

h12
3
I8

)
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V̇4(xt) ≤
h2

4

4
ξT (t)e2

TT1e2ξ(t)− ξT (t)
(
ΓT
1E

TT1EΓ1 + 8ΓT
2E

TT1EΓ2 + 27ΓT
3E

TT1EΓ3

+64ΓT
4E

TT1EΓ4

)
ξ(t) (20)

V̇5(xt) ≤
h12

4

4
ξT (t)eT2 T2e2ξ(t)− ξT (t)

{
ΓT
5E

TT2EΓ5 + 8ΓT
6E

TT2EΓ6 + 27ΓT
7E

TT2EΓ7

+64ΓT
8E

TT2EΓ8

}
ξ(t) (21)

Γ1 = h2e1 − e8, Γ2 =
h2

2
e1 + e8 −

3

h2

e9, Γ3 =
h2

3
e1 − e8 +

8

h2

e9 −
20

h2
2
e10,

Γ4 =
h2

4
e1 + e8 −

15

h2

e9 +
90

h2
2
e10 −

210

h2
3
e11, Γ5 = h12e3 − e12, Γ6 =

h12

2
e3 + e12 −

3

h12

e13,

Γ7 =
h12

3
e3 − e12 +

8

h12

e13 −
20

h12
2
e14, Γ8 =

h12

4
e3 + e12 −

15

h12

e13 +
90

h12
2
e14 −

210

h12
3
e15.

For nonlinear functions f , g, given ε1 > 0, ε2 > 0, we have

0 ≤ −ε1f
T (t, x(t))f(t, x(t)) + ε1x

T (t)uT
1 u1x(t) (22)

0 ≤ −ε2g
T (t, x(t− h(t)))g(t, x(t− h(t))) + ε2x

T (t− h(t))uT
2 u2x(t− h(t)). (23)

It is clear that ETR = 0, and then we can deduce that 0 = 2xT (t)SRTEẋ(t).
Using the free weighted matrix method, we get that

0 = 2
[
xT (t)GT

1 + (Eẋ(t))TG2
T
]

× [−Eẋ(t) + Ax(t) + Adx(t− h(t)) + Ff(t, x(t)) +Gg(t, x(t− h(t)))] . (24)

Using the derived derivative terms (17)-(21), add the left and right sides of (22)-(24)
into V̇ (xt), and we get V̇ (xt) ≤ ξT (t)Φξ(t) < 0.
Thus, the nonlinear singular system (1) is stable. Let Ῡ=diag

[
N̄ M̄−1 N̄ N̄ N̄ I I N̄

N̄ N̄ N̄ N̄ N̄ N̄ N̄
]
. Pre- and post-multiply Φ by ῩT and Ῡ. We can easily formulate the

following inequalities: Φ̄ =

[
Π̄ Γ̄

Γ̄T Ω̄

]
< 0. Now, letting ζ(t) = N̄−1x(t) =

[
ζ1(t)

ζ2(t)

]
, where

ζ1(t) ∈ Rr, ζ2(t) ∈ Rn−r, the nonlinear singular system (1) can be written as

Ēζ̇(t) = Āζ(t) + Ādζ(t− h(t)) + F̄ f(t, ζ(t)) + Ḡg(t, ζ(t− h(t))). (25)

Let x(t) = N̄ζ(t) in (10) and x(t) is substituted into N̄ζ(t), we get

V (ζ(t)) = V1(ζ(t)) + V2(ζ(t)) + V3(ζ(t)) + V4(ζ(t)) + V5(ζ(t)). (26)

We can follow the same line as (17)-(24) to get V̇ (ζt) ≤ ξ̄ T (ζt)Φ̄ξ̄ (ζt) < 0, where

ξ̄ (ζt) = col
{
ζ(t), Eζ̇(t), ζ(t− h1), ζ(t− h2), ζ(t− h(t)), f(t, ζ(t)), g(t, ζ(t− h(t)))

}
.

Then we have λmin

(
P̄11

)
∥ζ1(t)∥2−V (ζ(0)) ≤ −λ1

∫ t

0
∥ζ1(s)∥2 ds < 0, λmin

(
P̄11

)
∥ζ1(t)∥2

−V (ζ(0)) ≤ −λ1

∫ t

0
∥ζ2(s)∥2 ds < 0, if λ1 = −λmax

(
Φ̄
)
> 0. Therefore,

0 ≤
∫ t

0

∥ζ1(s)∥2 ds ≤
1

λ1

V (ζ(0)),

∫ t

0

∥ζ2(s)∥2 ds ≤
1

λ1

V (ζ(0)). (27)

From (27), it is easy to obtain that limt→∞ ζ1(t) = 0, limt→∞ ζ2(t) = 0. According
to ζ(t) = N̄−1x(t), we can obtain limt→∞ xi(t) = 0 (i = 1, 2). Thus, limt→∞ x(t) = 0.
According to Definition 2.3, the nonlinear singular system (1) is uniformly asymptotically
stable. This completes the proof.

Remark 3.1. Compared with [15], Theorem 3.1 introduces double and triple integral terms
in the construction of L-K functions in order to increase the information of time delay,
which reduce conservatism.
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Remark 3.2. Two B-L integral inequalities are applied in order to deal with LKF integral
terms in Theorem 3.1, which would obtain a tighter bound. Consequently, the application
of B-L integral inequalities helps to reduce the conservatism of the results efficiently.

4. Numerical Example.

Example 4.1. [15] Consider the following nonlinear singular time-delay system (1) with

Eẋ(t) = Ax(t) + Adx(t− h(t)) + Ff(t, x(t)) +Gg(t, x(t− h(t)))

where

E =

[
1 0
0 0

]
, A =

[
−1.8760 −0.0385
−0.3985 2.0366

]
, Ad =

[
0.7324 −1.7906
−0.4120 0.6635

]
,

F =

[
−0.8876 −0.0805
−0.9591 −0.7514

]
, G =

[
1.1965 −0.7897
−0.0348 0.9169

]
.

Using these data in [15], a simulation program has been written in Matlab. For this
system, we are able to find a feasible solution for the set of LMI for any hd ∈ [0, 0.4772].

In this example, we choose R =
[
0 1

]T
. Choosing h1 as in Table 1 and applying Theorem

3.1 with hd = 0.4772, we find the maximum values of h2 for which the system remains
uniformly asymptotically stable, which are listed in Table 1.

Table 1. The maximum allowable delay bounds h2 for given h1 in Example 4.1

Method h1 = 0 h1 = 0.1 h1 = 0.3 h1 = 0.5 h1 = 0.7 h1 = 0.9 h1 = 1

[15] 0.8617 0.9617 1.1617 1.3617 1.5617 1.7677 1.8825

Theorem 3.1 1.7817 3.9617 4.8709 5.8769 6.9821 7.7774 7.3915

Let us compare the results of Theorem 3.1 in this paper with the ones of Theorem 3.1
in [15]. Theorem 3.1 in [15] gives a delay-range-dependent uniformly asymptotic stability
criterion for system (1). The paper selected the upper bound of time-varying delay h1

which is the same as [15]. For given different values of h1, using Theorem 3.1, the values
of h2 are shown in Table 1. The maximum value of h2 that makes the system uniformly
asymptotically stable in [15] is also listed in Table 1. It is obvious that h2 obtained by
applying Theorem 3.1 is larger than h2 of [15]. Therefore, the proposed method presented
in this paper provides less conservative results than previous results.

5. Conclusions. In this paper, the uniformly asymptotic stability of singular time delay
systems with nonlinear disturbances has been investigated. The augmented LKF is estab-
lished, and the B-L integral inequality and the double B-L integral inequality are used to
deal with the integral terms of the derivative of LKF. A numerical example demonstrates
that the proposed method is less conservative than those in previous studies. In future,
state feedback controller or output feedback controller could be considered in order to
control the singular time-delay systems with nonlinear disturbances.
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