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ABSTRACT. The tracking control of nonlinear system with partially available states is
investigated. The nonlinear system in this paper can be considered to be composed of
the two coupled subsystems: the subsystem with all available state variables and the
other subsystem with all unavailable state variables. The dynamics of the two subsystems
are represented by vector differential equations, respectively. By using the available state
and the given system tracking reference targets, the state feedback tracking controller is
designed for the nonlinear system, which can guarantee that the available state and the
unavailable state asymptotically track the given reference targets, respectively. In other
words, the results in this paper show that when the available state asymptotically tracks
a given reference target, the unavailable state can also asymptotically track the other
given reference target. Compared with the existing literature, this paper directly utilizes
the available state variables to design the tracking controller instead of utilizing any state
observers to estimate the unavailable state of the system, which not only maintains the
dimension of the system to be constant but also reduces the control operation delay.
Finally, a numerical simulation example is given to verify the validity of the results in
this paper.

Keywords: Available state variables, Nonlinear system, Tracking control, Unavailable
state variables, State feedback controller

1. Introduction. In the field of practical engineering application, some state variables
of the controlled system cannot be directly detected due to sensor technology, design
requirements or cost saving considerations, for example, the permanent magnet synchro-
nous motor drive system without speed sensor [1, 2], the AC/DC servo system without
speed sensor [3, 4], and the winding system without tension sensor [5, 6]. Evidently, the
unavailable state variables mean that they cannot be detected and used directly in control
scheme, so them will make a direct difficulty on the synthesis of state feedback controller.
On the other hand, during system operation, the controller may have some sensor faults
in the detection state beyond expectations. In this case, the controlled system can be
regarded as the operation under the condition with unavailable state variables, which will
also cause the system controller failure, leading to the instability of the whole system
(7, 8,9, 10]. Thinking via the perspective of large system theory [11], we can consider the
nonlinear system with available state variables and unavailable state variables as a com-
posite system, which is composed of the two subsystems, one is with the available state
variables, and the other is with unavailable state variables. Therefore, how to design the
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controller for the system under the condition that some state variables are unavailable is
a problem worth considering.

In order to solve the above problem, the existing literature mainly considers the control
design based on system state observers [12, 13, 14, 15], containing the full dimensional
state observers [12, 13| and the reduced order observers [14, 15]. For instance, in [12],
a full dimensional state observer is designed for linear systems with unavailable distur-
bances, providing a simple and efficient method for linear systems with unmeasurable
disturbances to estimate disturbances, and solves the shortcomings of previous many
scholars who must assume that unavailable disturbances satisfy the given constant coef-
ficient differential equation and that all inputs are assumed to be known states to design
state observers. In [13], a general nonlinear full-dimensional observer is designed for fuzzy
systems with unavailable variables, which is suitable for discrete and continuous systems,
and solves the mismatch problem of the system caused by the premise variables of un-
available variables. In [14], when studying distributed output feedback tracking control
of nonlinear multi-agent systems, in order to solve the problem of dependence of dynamic
nonlinear functions on available state variables of the system, the reduced order observer
is used to estimate the unavailable state variables, and the corresponding relationship
between network topology and the reduced order observer is established to achieve the
consistency of output of leaders and followers in the system. In [15], a reduced order ob-
server of the nonlinear system is designed for the unavailable state vector contained in the
system to estimate the unmeasurable state, and the coupling between the reduced order
observer and the feedback controller is used to finally complete the design of the system
output feedback controller, when studying the global stabilization and stability problem
of smooth control output feedback of high-order switched nonlinear systems with uncon-
trollable unobservable subsystems linearized by Jacobian matrices. The above examples
show the control design methods based on the state observers, the essence of which is to
design state observers to replace the unavailable state variables with the corresponding
estimated state variables, so as to finish the purpose of designing state feedback controllers
for the system.

However, the control methods via state observers have some disadvantages [16, 17, 18].
On the one hand, the state observer increases the state dimensions of the whole system
(which consists of the original controlled system and state observer), which easily causes
the time-delay of the controller operation; on the other hand, owing to the nonlinear and
unknown inputs, disturbances and other environment uncertainties, the state observer
has a large estimation deviation in actual operation. In order to overcome the above two
shortcomings, designing a robust state observer for the system is one of useful methods
[19, 20, 21]. However, it is a useful alternative method without the state observer that
the control scheme is synthesized only by using the available state variables and the
boundedness information involved in available state variables. This alternative method is
rare in the existing literature.

Influenced by the above discussion, this paper focuses on the tracking control of com-
posite system without the state observer. Compared with the existing literature, the main
contributions and innovations of this paper are as follows. (i) Different from the previous
literature, this paper regards the controlled system as the composite system with the
two coupled subsystems, one is described by the available state variables, and the other
is described by the unavailable state variables. The available state variables are used to
synthesize the tracking controller without the state observer, which is rare in the existing
literature. (ii) The feedback gains in the synthesized tracking controller are determined
mainly by the boundedness information involved in available state variables. This implies
that the tracking controller is robust for the unavailable state variables to a certain extent.

The rest of this manuscript is organized as follows. In Section 2, the dynamic differ-
ential equations for the composite system are proposed, which is composed of the two
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subsystems, one is with available state variables, and the other is with unavailable state
variables, where the two subsystems are mutually coupled. In addition, the control goal
of this paper is presented and the tracking control scheme is also designed. In Section 3,
the simulation example is given to demonstrate the validity of control scheme. Finally,
the conclusion is given in Section 4.

2. Model Description and Control Design. In this paper, we consider the nonlinear
composite system with the state vector x = z(t) = [ xl 2l }T € R", where ;1 € R™ is
available state vector, and x5 € R™ is unavailable state vector, ny +ny = n. The dynamic
differential equations of nonlinear composite system can be described as follows:

¥ = Ay (x1, )z + 1 (21, 8) 22 + G (1)
fg = AQ(SEl, t)$2 + (132(131, t)$1 + GQUQ (2)

where Al = Al(xl,t) € Rnlxnl’ AQ = Ag(ivl,t) € Rn2><n2, q)l = (I)l(.fﬁl,t) S Rnlan, (I)Q =
$y(xq,t) € R™*™ are matrix functions of state vector i, uy € R™, uy € R™ are
control inputs for the subsystem (1) and subsystem (2), respectively, G; € R™*™ and
Gy € R™*™ are gain matrices, ny < na.

Remark 2.1. The models of linear composite systems with two subsystems can be regarded
as the special ones of Equations (1) and (2), if the matrices Ay = Ay(x1,t), As = As(x1,t),
O, = Oy(x1,t), Py = DPy(x1,t) are constant matrices [22, 23, 24]. For some dynamic
systems, the auxiliary system models can be represented in form of Equations (1) and (2).
This can refer to the simulation example (the double coupled inverted pendulums system)
in Section 3.

Let A = A(z1,t) = block-diag| Ai(x1,t) As(xi,t) | € R™™, & = &(xq,t) =

On1><n1 (I)l(xlﬁt) nxn _ ; nxn _ Uy n

By(21,1)  Onyrn, € R™" G = block-diag]| G1 G2 | € R™", u = w | € R™.
Therefore, by the above symbols, Equations (1) and (2) can be rewritten as follows:

= Az + dx + Gu (3)

Assumption 2.1. Consider the nonlinear composite system with Equations (1) and (2).
The state vector xy is available and x5 is unavailable. The matrices Ay(z1,t), As(xy,t),
O (x1,t), Po(xy1,t) are known and bounded, and the gain matrices G1 and Gy are known
with inversible matrices G7' and G5, respectively.

Let x] = 23(t) € R™ and x5 = x3(t) € R™ be two given bounded tracking targets of
subsystem (1) and subsystem (2), respectively, with the bounded derivatives. Introduce
the error vectors e; = e1(t) = x1(t) — xf(t), ea = ea(t) = xo(t) — x3(t), and tracking error

e=x—1" = ( 21 ), in which z* = ii . The following error differential equation
2 2

can be obtained by using Equation (3).
é=Ae+ Qe+ P2 + Ax™ — " + Gu (4)

For a real symmetric matrix D, the inequality D < 0 means that the matrix D is
negative definition.

Assumption 2.2. Consider the nonlinear composite system with Equations (1) and (2).
The following Inequality (5) is true.

1

where p is an adjustable positive parameter (u > 0). B = [ Iy Onyx(ng—ny) } € RMxm2
the I, denotes the ni-order identity matriz.
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I,

TLQ—TL1)><1’L1

It is seen that its transpose matrix BT = [ O, } satisfies BBT = I, , where

Opx 4 denotes the p x ¢ zero matrix.

Remark 2.2. If Ay + AT is the Hurwitz matriz with bounded norm, namely, its mazimum
eigenvalue A\pax (AQ + Ag) < —v, and v s a positive real number, X\ represents matrix

[

eigenvalue, || * || denotes the norm of matriz “x

Due to ﬁ/\max (BT®, + @TB) < ﬁ HBTCI>1 + ®T'B||, we can select the u that sat-

isfies the inequality ﬁ HBT<I>1 + <I>1TBH < e < 7, further ﬁ)\max (BT<I)1 + (I)ITB) <

e (e is any positive real number). Consequently, the eigenvalue of matrix |:A2 + AT

+o (BT®, + @7 B) } makes the following Inequality (6) true.

1 1
M| Ay 4+ AT + P (BT®; + @fB)} < Amax (A2 + A7) + mAm (B"®;, + @] B)

< —y+e<0 (6)

The above Inequality (6) implies that Assumption 2.2 is true.
Control goal. Consider the nonlinear composite system with Equations (1) and (2).

For the given bounded signal x* = ( ;i € R™ with the bounded derivative, if the

2

state vector xo = xo(t) is unavailable, design the control input u = u(xy,z*,t) for the
subsystems (1) and (2) such that e = < Zl "22%° 0 holds, that is to say, the state
2

vectors x1(t) and z5(t) can track the given reference goals z3(t) and x3(t), respectively.

I,
Remark 2.3. According to Assumption 2.2, the matriz BTB = {O ! ]
(nzfnl)xnl

. Inl On1 X (ng—ny)
n1) ] -

, then, defining matriz I,, =
O(n2fn1)><n1 O(TLQ’nl)X(nin):| ?

[ In1 Onlx(nz—
I,

|: On1><(n2—n1)

O(ng—ﬂ1)><ﬂ1 Ing—m

{ wly, Oy x(na—n1)
O(ng—nl)XTn (:u + 1)In2—n1

1, hence, it is easy to obtain [(u + 1)I,, — B'B] =

} , this proves that the matriz [(u+1)I,, — BT B] is invertible

71]711 On1 no—n1
and [(u+ V)L, — BTB] "1 = | " Hnamm)

0 g , particularly, if ny = ng, then
(n27n1)><n1 M+1 ng—ni

1
=p ',

[(n+ 1)1, — BTB]~
In order to achieve the above control goal, the control input u; of subsystem (1) and
the control input us of subsystem (2) are proposed, respectively.

Uy = Gl_l (-Kannlel — q)ll’; — A1[E>{ + l’i) (7)

U = G;l (—KnQanel — (I)QZ'T — Agac; + x;) (8)

where the gain matrices f(mxnl and K, «xn, of the control inputs are proposed as follows:

~ ,u_ljnl Onlx(ng—nl)

Kngxru = O 1 {(I)r{ + (,U + 1)@2 + AgBT + BTAI

(n27n1)><1n [L—i— 1

— B"[0.561,, + B®, + A;]} (9)

Ky xny, = 0561, + B®y + Ay — BK,,xn, (10)

ng—mni
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where § is an adjustable positive parameter (6 > 0).
Equations (7) and (8) can be rewritten as follows:

Kn1><n1 .
u=G"! {— ( — “ ) —@x*—Aw*—kx*} (11)

Kn2 ><1'L1€1
It is easily verified by Equations (9) and (10) that the following equations are true.
61, = Ay — Knysiny + B (—Kpgxeny + ©2) + AT — KL 0 4+ (=KL, +©3) BT (12)

niXni N2 Xni

On2><n1 - (I)f + AgBT + BT (Al - Km ><n1) + (M + 1) (_Kn2><n1 + (1)2) (13)
Theorem 2.1. Consider the nonlinear composite system with Equations (1) and (2), if

Assumptions 2.1 and 2.2 are true, for the given bounded signal x* = € R™ with the

1
>
bounded derivative, the designed control scheme (7)-(10) can ensure that e = ( “ ) =

€2
( 17 ) e}
I, B

B" (1 + 1)1,
2.3 into the Schur Complement theorem [25], it can be verified that the P is the positive
definite matrix. So, V = V(e) = el Pe is the positive definite function about the entries

of e.
Through Assumptions 2.1 and 2.2 and the control scheme (7)-(10) with (12) and (13),
the orbit derivative of V' = V(e) along the error system (4) is obtained as follows.

Proof: Consider the block-matrix P = } € R™". By using Remark

V = ¢l Pe+ el Pé
= 2¢L pe
= 2€T |: Inl B

BT (u+ 1)1,
_ 26T |: Inl B :| {|: Al Onlxnz :| e+ ( (I>162 ) . ( Knlxn1el )
BT (,LL + I)Inz On2><n1 AQ (I)Qel Kn2><'rnel

Ky xn, €
—i—( i 1>—|—<I>x*+Ax*—j3*—|—Gu}

ngxni €1

—9 T |: In1 B :| { [ Al On1><n2 :| |: _Kn1Xn1 (I)l :|
= 2Ze T e+ _ e
B (N + 1)In2 O’n2 XMn1 A2 _Kn2><n1 + <b2 On2><n2

Kn n
+( e 161 ) +<I)x*—|—A:U*—x'*+Gu}

Knanl €1

_ 2€T |: Inl B :| {|: Al —Knlxnl @1 :| e+ ( Kannlel )
BT (/’1’ + 1)In2 _anan + (PQ A2 K’n,2 xn1 €1

+ ®x* + Az* — & —i—Gu}

26T |: Inl B :| |: A]. - Kn1><n1 ®1 :| e
BT (/’L + l)I'IZz _Knanl + (I)Q A2

K e
+26T{( Sl >+<I>x*+A:B*—:t*+Gu}

Kn2 anel

}{Ae—l—@e—i—@x*—i—Aw*—a&*—i—Gu}

A]. - Knl XM + B (_anan + (132) (b]. + BA2

T I T €
BY (A1 = Knyseny) + (0 + 1) (_anxn1 + (I)2) BY®y + (n+1)A,

= 2¢7
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T A]. - Kn1><n1 + B (_I_{TLQan + ¢2) ¢1 + BA2
== € _
BT (A1 — K xny) + (0 + 1) (—Knoxn, +®2) BT®1 4+ (n+1)As
+ eT A,{iKng Xmn1 + (7K7,{2><n1 +(Dg) BT (A,{iKleﬂl ><n1) B+(,LL + 1)(7Kv7,17,12><n1 +(bg) e
o7+ AT BT ST B+(u+1)AT
T [ M + Mir My
=€ T T T T
M BT®) + (p+ 1)As + ®TB + (u + 1) Al
[ 51 0
=7 B s ., (14)
OTLanl B (Pl + (,u/ + 1)142 + (I)l B + ('U/ + 1)A2

where matrices in Equation (14) M; = A; — K, xn, + B (—Kmxm + CI>2), My = &, +
BA2 + (A,{ - Kngnl) B + (/’L + 1) (_KZ;an + ®g)

By Assumption 2.2, we get that V(e) < 0 and

_5[n1 OTL1><TL2
b= T T T
Onzxnl B (I)l + (,u + 1)A2 + (I)l B+ ([1/ + 1)A2

is negative definite. Therefore, it can be seen by using Equation (14) that the error
system (4) with the control scheme (7)-(10) is asymptotically stable in Lyapunov sense.

€1 t—+o00

This means that e = — 0. So, Theorem 2.1 is proved.

€2
Remark 2.4. To apply Theorem 2.1, the following steps are proposed.

(I) Determine the known and bounded function matrices Ay (x1,t), Ag(z1,t), ®1(21,1),
Oy (z1,t) and the known inversible matrices Gy, G, in Equations (1) and (2). Verify
whether Assumptions 2.1 and 2.2 are true for the above matrices.

(II) Give the bounded and derivatives bounded reference signal targets xi and x3 con-
cerning z1(t) and xo(t), respectively.

(11I) Give the matriz B according to ny and ns, adjustable positive parameter p in
Assumption 2.2.

(IV) Take the above matrices and parameters into the control scheme (7)-(10), which

. t—+00
can ensure that tracking error vector e — 0.

3. Simulation Example. Consider the double coupled inverted pendulums system (DC-
IPS) with the following dynamic models [26].

L1¢1 = maglipr + kh? (2 — 1) — c1p1r — maliugy — malyis (15)

Iy$s = maglaps + kh? (2 — 1) — oy — Malaugr — Malyling (16)
where 1 and ¢, are the swing angles of two inverted pendulums with the masses m; and
mo, the damping coefficients are ¢; and ¢y, and the lengths are [; and [y, respectively.
The spring stiffness coefficient is k and the h is the distance between the spring fixation
point and the suspension point of the pendulums. The u; and wuy are control inputs for
the DCIPS.

Here, assume that the swing angle ; and its angular speed ¢, of the first pendulum
are available, and the swing angle ¢, and the angular speed ¢, of the second pendulum
are unavailable.

The control goal in this simulation is to control the swing angles ¢; and ¢, to track
the given reference targets ] and ¢, respectively. In order to use the control scheme in
this paper for achieving the above control goal in this simulation, the following auxiliary
system models with (17) and (18) can be obtained in form of Equations (1) and (2).
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Selecting the system state variables z; = ( ill ), Ty = ( im ) with 11 = ¢,
12 22

mal 2u22 and the control

Tig = Tol = P2, Tag = —QpPa + Py +

inputs u; = ( ZH ), Uy = ( 221 ), where a; and «s are the adjustable parameters to
12 22

be chosen, by which and Equations (15) and (16), we can obtain the auxiliary dynamic
models of DCIPS as follows:

1+ | kh? To

i)
+ O A ] uy (17)
)

|
VRS
o
S
_|_
=10
~_
8
o~
o

m1l1 m1l1 i C1
p— a —
L L \'''L

Q9 1 0 0
Ty = | maogly kh? o o To+ | kh2 T
12 ]2 s | ag + ) g + [2 I—2 0
0 _m2l2
I
-+ 2 U2 (18)
m2l2 m212 L2 Co
L L \"TL

For Equations (17) and (18) and the given reference goals 27 = ( iil >, rh = ( izl ),
12 22
the control goal in this simulation is that the swing angles x1; and x5, track the given
reference targets x3; = ¢i(t) and x5, = @3(t), respectively. The other state variables x5
and gy are auxiliary variables, which can track the given reference targets =7, = x3,(t)
and x5, = x3,(t), respectively.

In simulation, choose the parameters inspired in [26, 27] as follows: m; = my = 1.0 kg,
lh=10=05m, h= ll = %2 =0.25 m, I = my x 2, [, = my x [3. The spring stiffness
coefficient £ = 100 N/m the damping coefficients ¢; = 3.5, ¢o = 3.33.

Comparing (17) and (18) with Equations (1) and (2), the function matrices A;(z1,1),
Ay(x1,t), 1(z1,1), Po(x1,t) and gains G, G are obtained as follows:

o 1 [ 0 07
Ai(z1,t) = | mygly  kh? c e , Dy(21,t) = | kh2
| e (@) (o f) LY
[ s 1 ] 0 0]
As(z1,t) = | mogly  kh? o Co , Doy, t) = | kA2
2 _1_2_“2(0‘”1_2) ‘(“ﬁf:)_ |7, Y
0 _m1l1 0 _m2l2
Il [2
Gl - 9 G2 =
mlll m1l1 L a C1 m2l2 m212 L2 (&)
_ o — (6%
L L \"''hL L L \"" L
In addition, it is easily verified that 52 > 1+ 147, k > m“’b ( kl—ff -1 mi—fb)

is true. In order to ensure that Assumptlon 2.2 is true, the adJustable parameter a; < 0



748 B. LI, Y. WANG, S. LI AND X. LI

can be selected arbitrarily and «s is chosen to satisfy the following two inequalities:

1 Ca 3 2 1| o 3 2
b [ Y <1+\/1—|—7‘> cag< s | -2 2 (1—\/1+r> (19)
or
1 2 2 1 2 2
| F R (1= VTEr) | <as< o | F oy [ -a(14VIFT) | (20)
In simulation, select oy = —13.5, ag = —14.48, = 9. The reference targets of two

swing angles xj;, = ¢} = sin(t) and 25, = 5 = cos(t), the reference targets of auxiliary
variables x7, = sin(t) and x5, = cos(t).

The simulation results are shown in Figures 1-3, in which Figure 3 shows that the
comparison results by using controllers via the reduced-order observers in [20, 21] and
state feedback controller in this paper, where the comparison results are indicated by the
tracking error curves of two swing angles 1 and 9, as well as two auxiliary variables x1o
and 9.

Let e11 = 11 — 27 = p1— 91, €21 = To1 — X5 = P2 — Y5, €12 = T12 — Ty, €22 = Tag — Ty,

From the simulation figures, the following conclusions can be obtained.

(I) Figure 1 shows that the tracking errors of two swing angles 1, o and two auxiliary
variables x19, x99 are divergent. This implies that the swing angles ¢1, 5 and the auxiliary
variables x19, X292 cannot track their respective reference targets without the controller in
this paper.

(IT) Figure 2 shows that the swing angle tracking errors and auxiliary variables tracking
errors converge asymptotically to zero, respectively. This implies that the controller in
this paper can ensure not only the swing angles ¢; and ¢, track asymptotically the given
reference goals ¢} and ¢}, respectively, but also the auxiliary variables x19, 242 can track
asymptotically the given reference goals 7, and x3,, respectively. This verified the validity
of the control scheme proposed in this paper.

300 T T T T T T T T T 4000

3000 [~

200 -

2000 [~

1000 -

€11 €21
€12 €22

-1000 - oy

-2000 -

-200 -

-3000 [~

300 L L L L L L L L L 4000
0 0

FIGURE 1. The error response curves without controller in this paper: (a)
The tracking errors of two swing angles ¢; and ¢s; (b) the tracking errors
of auxiliary variables x5 and oo
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e11| N

)

100 [~

T T
€12
---€x»

50 -

€12 €22

-50 [~
4t

-100 -

L L L L L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
t(s)

t(s)
(a) (b)

FIGURE 2. The error response curves with controller in this paper: (a)

The tracking errors of two swing angles ¢; and ¢o; (b) the tracking errors
of auxiliary variables z15 and x99

(III) In Figure 3, (a) and (b) show that the comparison results by using the controllers
based on the reduced-order observers in [20, 21] and this paper, respectively. It is easy
to observe that with the controller in this paper, the tracking errors of swing angles can
quickly and asymptotically converge to zero. However, the tracking errors cannot converge
to zero with the controllers in [20, 21]. The above results mean that compared to the
observers with the partially unavailable state variables that are not utilized in the tracking
control scheme, the controller proposed in this paper is more suitable than ones in [20, 21].
(c) shows that the auxiliary variables x5 and 9y are bounded. This implies that the

auxiliary variables introduced in this paper do not cause the unboundedness in the control
process. In addition, from x5 = —ayp1 + $1 + m%lulg and oy = —Qps + Yo + m%fum
with the controllers (7) and (8), it is seen that the boundedness of 21 and x5 can guarantee
the boundedness of angular velocities of the inverted pendulums.

4. Conclusion. In this paper, the dynamic model of nonlinear composite system, which
is composed of the available state subsystem and the unavailable state subsystem has
been proposed. In the existing literature mainly focused on the tacking control of the
nonlinear system with unavailable state variables, designing the state observer to esti-
mate unavailable state is important one of control synthesis methods. Compared with the
existing literature, the main advantage of this paper is to synthesize the asymptotic track-
ing control scheme only by using the available state variables, in which any observers for
unavailable state are not used. In simulation example, the auxiliary variables are chosen
so that the dynamic model of the double coupled inverted pendulums can be transformed
into a standard form in this paper. However, the tracking control of nonlinear systems
with unavailable state in this paper is based on the accurate mathematical model of the
system, and the system matrices and parameters are known. Hence, the tracking control

of nonlinear systems with partially unavailable state variables and uncertainties will be
researched in the future work.
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F1GURE 3. The error and auxiliary variable response curves with controller
in this paper: (a) The tracking errors of swing angle ; with the controllers
in [20, 21] and in this paper; (b) the tracking errors of swing angle ¢, with
the controllers in [20, 21] and in this paper; (c¢) the time response curves of
auxiliary variables x15 and x99 with the controller in this paper
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