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ABSTRACT. This paper concentrates on the issue of adaptive predefined-time trajectory
tracking control for underactuated autonomous underwater vehicles (AUVs). With the
help of time-varying asymmetric barrier function, the good trajectory tracking accuracy
of AUVs can be achieved. Based on predefined-time stable and adaptive backstepping
control, a novel predefined-time trajectory tracking adaptive constraint control approach is
developed. The proposed control approach can ensure the AUV’s trajectory tracking error
converges to a preset error constrained region in predefined time, and also guarantees the
other closed-loop signals are bounded in predefined time.
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1. Introduction. With the rapid development of marine techniques, underactuated
AUVs or autonomous vehicles, as a more efficient tool for exploring ocean boundaries,
have attracted considerable attention for scholars. Meanwhile, many useful works have
been published, for example, [1-3]. The authors in [1] investigate a leader-follower for-
mation control for multi-underactuated AUVs, and the dynamic model and kinematic of
AUVs are given. Inspired by [1], [2] develops a robust adaptive trajectory tracking control
method for AUVs. By adopting prescribed performance technique, the trajectory track-
ing accuracy of AUVs is ensured. Then, the authors in [3] study the trajectory following
control method for autonomous vehicles by designing a feedforward controller. Note that
the above developed control approaches do not ensure the settling time of AUVs usually
tends to infinite, which will be detrimental to the development of marine exploring indus-
try. Thus, the high trajectory tracking accuracy and the faster settling time need to be
required.

To overcome this drawback, the fixed-time stable theory is developed for nonlinear
systems in [4]. The settling time in [4] does not depend on the initial values, but only on
the design parameters. Thus, inspired by [4], the author in [5] investigates the fixed-time
adaptive output constraint control issue for nonlinear systems. The authors in [6] develop
an adaptive fuzzy fixed-time control approach for nonlinear systems, and the concept
of practical fixed-time stable is developed. In addition, [7,8] study adaptive fixed-time
output feedback control issues for nonlinear systems. The authors in [9] study a robust
adaptive practical fixed-time leader-follower formation control for AUVs. Note that [8,9]
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also develop the non-singular fixed-time control methods, but the settling time depends
on the small design parameter.

Obviously, the fixed-time control schemes in [6-9] are all depending on a small design pa-
rameter. Thus, a novel predefined-time adaptive control approach is developed for robotic
in [10], and the settling-time is given in advance. Then, the authors in [11] develop a
singularity-free adaptive predefined-time control approach for rigid spacecrafts. However,
it should be noted that there are not available works about the predefined-time adaptive
constraint tracking control for AUVSs.

Inspired by the above discussions, this paper concentrates on the predefined-time-based
adaptive trajectory tracking constraint control issue for underactuated AUVs. Compared
with the existing works, the main contributions of this paper can be highlighted as follows.

1) With the help of predefined-time stable theory and hyperbolic tangent function,
a predefined-time adaptive trajectory tracking control approach is developed for AUVs.
The problem that the settling time depends on the small design parameter and singular
problem are solved in [8,9].

2) An output feedback control approach is developed for AUVs by using time-varying
barrier function. The developed constraint control approach can ensure the tracking error
converges to a preset time-varying error constraint region, and then the trajectory tracking
accuracy can be ensured.

2. Problem Statement and Preliminaries.

2.1. Model of AUVs. Based on the body and earth fixed coordinates, inspired by [1,2],
AUV usually can be modeled as follows:

i = Ry N
T+ d(t) = Mv + C(v)v + D(v)v

where v = [u, v, r|T represents the AUV’s velocity vector with yaw rate r, sway velocity v
and surge velocity u; | = [z,y,9]|" represents the AUV’s position vector with yaw angle
Y € [0,27) and position (x,y); d(t) = [di(t), da(t), d3(t)]* represents external disturbance
vector; T = [7,,0,7,]T represents the control input vector with yaw moment, sway force
and surge force. The damping matrix D(v), the matrix of Coriolis and centripetal terms
C(v), positive definite inertia matrix M and rotation matrix R(¢) are described as

dl,l (U) 0 0 0 0 —Ma 2V
D(U) = 0 d272(1)) 0 , C(U) = 0 0 my1u s
0 0 d3,3 (7’) Mmool —Mi11U 0
mip 0O 0 cos(vp) —sin(yh) 0
M = 0 mos O ., R(yp)=| sin(¢p) cos(yp) 0O
0 0 mss 0 0 1

where dy 1(u) = =Xy — Xy |u|, do2(v) = =Y, = Yyu|v| and d33(r) = =N, — N,y |r| with
hydrodynamic derivatives X, Xyju, Yo, Yop|, Ney Nppr)s Mg = m — Xy, Mmoo = m — Yy,
ms s = I, — N; with AUV’s mass m, added masses X;, Y, and N;, and moment of inertia
in yaw 1.

Assumption 2.1. [1] The desired trajectory Mg = [Ta, ya,%a]* is bounded, g and Nq are
also bounded.

Assumption 2.2. [2] There ezists unknown constant vector d* = [df,d;,dgf, and the
external disturbance vector d(t) = [dl(t),012(75),d3(25ﬂT satisfies ||d(t)]] < ||d*(t)]].

Control Objective: This paper will design an adaptive predefined-time constraint

tracking control law for AUVs (1) such that
1) AUV can track the desired trajectory Mg = [a, Ya,%a]" in predefined time;
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2) All closed-loop signals are bounded; o
3) Tracking error e; (j = x,y, 1) are not beyond the constraint regions H;(t) and H,(t).
ej, H,(t) and H;(t) will be defined in Section 3.1.

2.2. Preliminaries. The following useful knowledge is introduced to achieve the control
objective of this paper.

Definition 2.1. [10, 11] For nonlinear system x(t) = f(x,t) with f(0) = 0, the equilib-
rium point x(0) = xo is said to be the practical predefined-time stable (PTS) if the state
trajectory satisfies ||x(xo,t)|| < 0 for Vt > Thax with predefined time Ty and constant
9 > 0. Thus, for any constants € (0,1), ¢ > 0, € > 0 and D > 0, there exists a
continuous differentiable function V(x), we have

: €M 1148

V(ix) < —

ETT B
- ——V"24D 2
BT BT @)

thus, the nonlinear system x(t) = f(x,t) is practical predefined-time stable (PPTS).

Lemma 2.1. [7] Assume that )15“ < 0* with constant 6* > 0, thus for constants 31 € (%, 1)

and Py > 1, the following inequality holds
. 1 . /81 1 . /82 _
—9T < (Eﬁw) — (519T19) +T (3)

_ T
where T' = (1 — )3, ™ + (%)52.
Lemma 2.2. [6] For x; € R, there exist constants p € (0,1] and ¢ > 1, and we have

m m q m m P
Z il > m! (Z |X1‘> ; Z Xl > (Z |Xz|) (4)
i=1 i=1 i=1 i=1

3. Main Results. In this section, the adaptive path following control law will be de-
signed, and the stability analysis will be given.

3.1. Adaptive predefined time path following controller design. In this subsec-
tion, an adaptive predefined time tracking controller will be designed by using the uni-
versal asymmetric barrier function and novel predefined-time technique.

First, define the tracking error e = [e,, €y, e¢]T as

e="mn-", (5)

where Ny = [Z4,Yd, Ya)’, Yo is called to be approach angle, which is used to solve the
AUV’s underactuation issue, and defined as
e2 + e2 e + e?
Y, = atan2(e,, ;) tanh ( ud 5 y) + 1y (1 — tanh ( z 5 y)) (6)

Obviously, ¥, = ¢ when e, = e, = 0.
To achieve the predefined-time constraint control objective, according to [5] and [12],
define the following universal asymmetric barrier function as

— Hjﬂ]@j —
= TORM) = Sy “BO<eO<RO O
where H;(t) > 0 and 7{;(¢) > 0 are time-varying continuous functions, and H;(t) # H,(t)
(j = z,y,v). Obviously, z, ; = 0 if and only if ¢; = 0. Then, when e; — H; or e; — —H,;,
we have z; ; — 400 or z;; — —00.
Hereafter, the adaptive backstepping-based predefined-time constraint controller design
will be given.
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Step 1: From (5) and (7), 2, ; is

Gy =Pie; +Q; (8)
W-ﬂ.(e%ﬁ-ﬂ-) H.e? - H.e2 .
WhereP-:#,Q-:_i 5 €5 H. 4+ — 3§ €] 1.
J (Hj_ej (ﬂj"‘Ej) J (’Hj—ej)Q(#j—‘rej) J (Hj_ej)(ﬂj‘f‘ej)Q_]

)
From (1) and (5), we have é¢; = R(¢))v — N, define zo = v — @, and thus z; is
71 = P[R(¢)(2z2 + o) —Ma] + Q (9)
where P = dlag (Pw, Py,,])z/;), Q = [Qaﬁ; Qy7 Qw]T

Choose the Lyapunov function as

Vi = %Z?zl (10)
From (9) and (10), V; is
Vi =z{z1 =2/ P [R(¢)(22 + &) — Na] +2{Q (11)
With the help of Young’s inequality, the following inequality holds
7z PR()zy < 27 PR(V)z) + 25 PR(¢)2 (12)

Design the virtual control law a as

B
2’m (1 B g8 T 18
BTmax \2 ' BThax

B B
1\'"2 T 1\'"2 227
Z tanh z 1 —
. (2) o <6Tmax <2> S1 Q

where ¢ > 0 is a constant.
Invoking (11)-(13), V4 can be further written as

o =R7(1) {P*

+ ﬁa} - R(¢)z (13)

BTmaX 2

B B
™ 1\'"2 92— T 1\'" 2 zf_ﬁ
— — tanh - 14
BTmax <2> “ o <5Tmax (2) S1 ( )

Inspired by [9], the inequality |x| — x tanh (’f) < K¢ is used to handle term tanh(-); thus,

the following inequality holds
1-2 9.5
28 T 1 2z
tanh — < 15
Zl an <6Tmax ( 2 ) S1 ) = ( )

1-8
where x = 0.2785. Thus, V; can be finally written as

_ 8 1+
Vi < zg PR(v)zy — 2 (1) 72

[Nl

T 1 2 95 T A
— Z J— —
/BTHIB.X 2 ! BTHlaX 2

B
2

. T 287 1 1+§ 2+ T 1 . 2—3
Vi < ) PR(¢)z, - z,"" — = I S (16)

© BTmax \2 BTmax \ 2
Step 2: From z, = v — Q, 29 is
7o = M ' [t+d(t) — C(v)v — D(v)v — Mg (17)

Define F (v7,d) as
F(Z) = -M ' [C(v)v + D(v)v + Md] (18)

where Z = [UT, dc}T.
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In the practical environment, there exist the uncertain parameters in AUVSs; thus, with
the help of universal approximation property of FLS in [6], an FLS F <Z ‘é) = éT(p(Z) is
adopted to identify F(Z), and assume that

F(Z) = 0" ¢(Z) +(Z) (19)

where Q(Z) = [p1(Z), v2(Z), 3(Z)]" is the fuzzy basis function vector, £(Z) = [e1, €4, £3] "
is the identify error vector, and 0* is the ideal weight vector, which is defined as

;i 0 0
=1 0 6" 0
0 0 65"

Thus, z5 can be further rewritten as
zo =M [t+d(t) + 0" 9(Z) + £(Z)] (20)
Choose the Lyapunov function as

1 1~ ~
Vo=V + 5z2T1v1z2 + 5eTrfle (21)
where I' € R¥*3 is a positive-definite gain matrix. 6 = 0* — 0 is the estimation error, and

0 is the estimation of 0*. .
Invoking (20) and (21), V4 is

Vo = Vi + 74 [1+d(t) + 070(Z) + &(Z)] — 6T '6 (22)
Based on Assumption 2.2, define ©} , = €(Z) +d(t), there is an unknown constant w; o >
0, 0}, satisfies ||0] || < wi,o. Then, similar to (15), we have

W1.0Z2
z) O 0 — wi1,02Z2 tanh ( 1; ) < KG (23)
2

Invoking (21)-(23), V, can be further written as

. 2671' 1 1+§ 2 s 1 1*% 2
Vy < — (—) 7z, — (—) z; 7 + 2z, PR(¢)zs

BTmaX 2 /BTIH&X 2
+z5 [’c + éT(p(Z)} + K¢ + Koy + 0T [I‘([)(Z)z2T —0| + w1 022 tanh <w1,022> (24)
S2
Design the adaptive tracking control law T and adaptive law 0 as
2 (1) gy m
= - = —0%p(Z) - PR — 15
K ﬁTmaX (2) (p< ) (w>Z2 Br]:‘maxz2
8 i
1 -2 ™ 1 -2 Z2_/B ZoW1 0

x| = tanh — 2 — wy o tanh : 25
(2) (/BTmax (2> <2 o ( <2 ) ( )
0=T (cp(Z)z;f - Ké) (26)

where w; o will be defined later, ¢; > 0 is a constant. K > 0 is a constant.
Thus, invoking (24)-(26), V5 can be finally written as

: 2o 1 1+ 248 n 1\~ 2-8 | ATP-1A
‘/2 S _5T 5 Z, — /BT 5 Z, +e I'e
max max
8

P (NI L. ow (1\TE L,
+/€§1+2/1§2—BT (5) Z5 T AT (5) z5 (27)

[NlisY
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3.2. Stability analysis. The following theorem is summarized to illustrate the proper-
ties of the above developed adaptive predefined-time constraint tracking control law for
AUVs.

Theorem 3.1. For AUV system (1), Assumptions 2.1 and 2.2 hold, if we adopt the
control law (25), virtual control law (13), adaptive law (26); thus, the proposed control
algorithm has the following properties:
1) AUV can track the desired trajectory Mg = x4, Ya, Vq
2) All closed-loop signals are bounded.

]T in predefined time;

Proof: Choose the whole Lyapunov as
1 1 1~ ~
V= §le 7, + 5z;sz2 + 5eTF—le (28)
From (16), (27) and (28), V is
B
2

. B 1+§ 1— N R
V< —;TW (%) 7t — 6T7T G) z; 7+ 0TK6

P (1IN Ly o (1\TE L,
+ KS1 + 2K6 — T 3 z, = — BT 3 Z (29)

Similar to (12), the following inequality holds

N[

O DU |
TKO < 5eTKe + 5e*TKe* (30)

From Lemma 2.1, assume Hé” < 6*; thus, we have
o< (S of) - (X
- 2 2

2 .
Thus, from (29)-(31), V' can be further rewritten as

N1

N\ 142

eH) +T (31)
where T = £ (52) 7 4 [£K]'*.

B
2

B _
ve 27 L, SEEE Lo r 20 1, 1*
B ﬂTmax 2 1 /BTmax 2 1 /BTI'[I&X 2 2

8
1-3

LK A () (%éﬁ“%) T

B
2

2

Lap 2\ 1
— KM Ao (T7Y) (§eTr—1e> + kSt + 2K + 5e*TKe* (32)

With the help of Lemma 2.2, choose parameters e and as € = min{l,

(i () K A (1) )% = tnim {27, (i (KK A (1))

ther rewritten as

Rl

}, and V can be fur-

. €T 1-8 em 148
V< —V, 2 ——V 2
o ﬂTm_ax ! /BTHIHX !

where D = k¢ + 2rG + %G*TKG* + T

To achieve the predefined-time control objective, inspired by [11], define a set as

25 T35
o { VIV < min { [zﬁDTmax] | [2@me} E }} ”
ETT ETT

+D (33)
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thus, we know V can converge into the set Q in predefined time T < v/2T pax. Obviously,
from the definition of V', we know tracking and virtual errors z; and z,, estimation error
8, and other closed-loop signals are all bounded in predefined time v/2Tpax. The proof of
Theorem 3.1 is thus completed. O

4. Conclusions. We have investigated the issue of predefined-time trajectory tracking
adaptive constraint control for underactuated AUVs. The ideal trajectory tracking accu-
racy of AUVs has been ensured by adopting time-varying asymmetric barrier functions.
Then, under frame of adaptive backstepping control, a novel predefined-time trajectory
tracking control approach has been developed. Based on predefined-time stable theory, the
developed control method can ensure the AUVs’ trajectory tracking error converges into
a preset error region, and all closed-loop signals are bounded in predefined time. Future
research direction will extend the proposed control method of this paper to multi-agent
systems.
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