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Abstract. In this paper, we give the concepts of essential interval valued fuzzy ideals
in semigroups. We proved properties and relationships between essential interval valued
fuzzy ideals and essential ideals in semigroups. Moreover, we investigate properties of 0-
essential interval valued fuzzy ideals and relationships between 0-essential interval valued
fuzzy ideals and 0-essential ideals in semigroups.
Keywords: Essential ideal, Essential interval valued fuzzy ideals, Interval valued fuzzy
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1. Introduction. The concept of fuzzy sets was published by Zadeh in 1965 [1]. In 1979,
Kuroki [2] studied a fuzzy semigroup and various kinds of fuzzy ideals in semigroups. In
1975, Zadeh [3] introduced the theory of interval valued fuzzy sets as a generalization
of the notion of fuzzy sets. Interval valued fuzzy sets have various applications in sev-
eral areas like medical science [4], image processing [5], and decision making [6]. Later,
Narayanan and Manikantan studied the definition and properties of an interval valued
fuzzy subsemigroup and an interval valued fuzzy ideal in semigroups in 2006 [7].

In 2008, Medhi et al. [8] studied essential fuzzy ideals of ring. In 2013, Medhi and Saikia
[9] discussed the concept of T-fuzzy essential ideals and studied the properties of T-fuzzy
essential ideals. In 2017, Wani and Pawar [10] extended the concept of essential ideals in
semigroups to ternary semiring and studied essential ideals in ternary semiring. In 2021,
Baupradist et al. [11] studied properties of the essential ideals and essential fuzzy ideals in
semigroups. Together with 0-essential ideals and 0-essential fuzzy ideals in semigroups. In
2021, Chinram and Gaketem [12] give concept and investigated essential (m,n)-ideals and
essential fuzzy (m,n)-ideals in semigroups. In 2023, Panpetch et al. [13] studied essential
bi-ideals and fuzzy essential bi-ideals in semigroups. Moreover, Gaketem and Iampan
[14,15] used knowledge of essential ideals in semigroups go to studied essential ideals in
UP-algebra. Recently, Rittichuai et al. [16] studied properties of the essential ideals and
essential fuzzy ideals in ternary semigroups.

In this papar, we used the concepts of essential fuzzy ideals to study interval valued
fuzzy ideals in semigroups and investigated their properties. Moreover, we character-
ize essential interval valued fuzzy ideals and 0-essential interval valued fuzzy ideals of
semigroups. Together, we prove relationship between essential interval fuzzy ideals and
essential ideals in semigroups.
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2. Preliminaries. In this section, we review concepts of basic definitions and the theo-
rem used to prove all results in the next section.
A non-empty subset I of a semigroup S is called a subsemigroup of S if I2 ⊆ I. A

non-empty subset I of a semigroup S is called a left (right) ideal of S if SI ⊆ I (IS ⊆ I).
An ideal I of a semigroup S is a non-empty subset which is both a left ideal and a right
ideal of S. An ideal I of a semigroup S is called an essential ideal of S if I ∩ J ̸= ∅ for
every ideal J of S.
We see that for any η1, η2 ∈ [0, 1], we have

η1 ∨ η2 = max{η1, η2} and η1 ∧ η2 = min{η1, η2}.
A fuzzy set η of a non-empty set T is function from T into unit closed interval [0, 1] of

real numbers, i.e., η : T → [0, 1].
For any two fuzzy sets η and ν of a non-empty set T, define ≥,=,∧ and ∨ as follows:

(1) η ≥ ν ⇔ η(k) ≥ ν(k) for all k ∈ T,
(2) η = ν ⇔ η ≥ ν and ν ≥ η,
(3) (η ∧ ν)(k) = min{η(k), ν(k)} = η(k) ∧ ν(k) for all k ∈ T,
(4) (η ∨ ν)(k) = max{η(k), ν(k)} = η(k) ∨ ν(k) for all k ∈ T.

For the symbol η ≤ ν, we mean ν ≥ η.

The following definitions are types of fuzzy subsemigroups on semigroups.

Definition 2.1. [17] A fuzzy set η of a semigroup S is said to be a fuzzy ideal of S if
η(uv) ≥ η(u) ∨ η(v) for all u, v ∈ S.

Definition 2.2. [11] An essential fuzzy ideal η of a semigroup S if η is a nonzero fuzzy
ideal of S and η ∧ ν ̸= 0 for every nonzero fuzzy ideal ν of S.

Now, we review interval valued fuzzy set.
Let C[0, 1] be the set of all closed subintervals of [0, 1], i.e.,

C[0, 1] =
{
p̆ =

[
p−, p+

]∣∣ 0 ≤ p− ≤ p+ ≤ 1
}
.

We note that [p, p] = {p} for all p ∈ [0, 1]. For p = 0 or 1 we shall denote [0, 0] by 0̆
and [1, 1] by 1̆.
Let p̆ = [p−, p+] and q̆ = [q−, q+] ∈ C[0, 1]. Define the operations ≼, =, f and g as

follows:

(1) p̆ ≼ q̆ if and only if p− ≤ q− and p+ ≤ q+,
(2) p̆ = q̆ if and only if p− = q− and p+ = q+,
(3) p̆f q̆ = [(p− ∧ q−), (p+ ∧ q+)],
(4) p̆g q̆ = [(p− ∨ q−), (p+ ∨ q+)].

If p̆ ≽ q̆, we mean q̆ ≼ p̆.

For each interval p̆i =
[
p−i , p

+
i

]
∈ C[0, 1], i ∈ A where A is an index set, we define

f
i∈A

p̆i =

[
∧
i∈A

p−i , ∧
i∈A

p+i

]
and g

i∈A
p̆i =

[
∨
i∈A

p−i , ∨
i∈A

p+i

]
.

Definition 2.3. [7] Let T be a non-empty set. Then the function η̆ : T → C[0, 1] is called
interval valued fuzzy set (shortly, IVF set) of T.

Definition 2.4. [7] Let L be a subset of a non-empty set T. An interval valued charac-
teristic function of T is defined to be a function χ̆L : T → C[0, 1] by

χ̆L(u) =

{
1̆ if u ∈ L,
0̆ if u /∈ L

for all e ∈ T.

For two IVF sets η̆ and ν̆ of a non-empty set T, define
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(1) η̆ ⊑ ν̆ ⇔ η̆(u) ≼ ν̆(u) for all u ∈ T,
(2) η̆ = ν̆ ⇔ η̆ ⊑ ν̆ and ν̆ ⊑ η̆,
(3) (η̆ ⊓ ν̆)(u) = η̆(u)f ν̆(u) for all u ∈ T,
(4) (η̆ ⊔ ν̆)(u) = η̆(u)g ν̆(u) for all u ∈ T.

For u ∈ S, define Fu = {(t, h) ∈ S × S | u = th}.
For two IVF sets η̆ and ν̆ in a semigroup S, define the product η̆ ◦ ν̆ as follows: for all

u ∈ S,

(η̆ ◦ ν̆) (u) =


∪
u=th

{η̆(t)f ν̆(h)} if Fu ̸= ∅,

0̆ if Fu = ∅.

Definition 2.5. [7] An IVF subset η̆ of a semigroup S is said to be an IVF ideal of S if
η̆(uv) ≽ η̆(u)g η̆(v) for all u, v ∈ S.

The following theorems are true.

Theorem 2.1. [7] Let S be a semigroup and let L be non-empty subset of S. Then L is
an ideal of S if and only if the characteristic function χ̆L is an IVF ideal of S.

Theorem 2.2. [7] Let L and J be subsets of a non-empty set S. Then χ̆L∩J = χ̆L ∧ χ̆J
and χ̆L ◦ χ̆J = χ̆LJ .

The support of an IVF set η̆ of a set is defined by supp(η̆) =
{
u ∈ T

∣∣η̆(u) ̸= 0
}
.

Theorem 2.3. Let η̆ be a nonzero IVF set of a semigroup S. Then η̆ is an IVF ideal of
S if and only if supp(η̆) is an ideal of S.

Proof: Supposet that η̆ is an IVF ideal of S and let u, v ∈ S with u, v ∈ supp(η̆). Then
η̆(u) ̸= 0̆ and η̆(v) ̸= 0̆. Since η̆ is an IVF ideal of S, we have η̆(uv) ≽ η̆(u)g η̆(v). Thus,
η̆(uv) ̸= 0̆, so uv ∈ supp(η̆). Hence, supp(η̆) is an ideal of S.

Conversely, suppose that supp(η̆) is an ideal of S and let η̆ be not an IVF ideal of S.
Then there exist u, v ∈ S such that η̆(uv) ≺ η̆(u) f η̆(v). Since supp(η̆) is an ideal of S,
we have uv ∈ supp(η̆). Thus, η̆(uv) ̸= 0̆.

If u ∈ supp(η̆) or v ∈ supp(η̆), then η̆(u) ̸= 0̆ or η̆(v) ̸= 0̆ so uv ∈ supp(η̆). Thus, η̆(uv)
≽ η̆(u)f η̆(v). It is a contradiction.

If u ∈ supp(η̆) and v ∈ supp(η̆), then η̆(u) ̸= 0̆ and η̆(v) ̸= 0̆ so uv ∈ supp(η̆). Thus,
η̆(uv) ≽ η̆(u)f η̆(v). It is a contradiction.

Hence, η̆(uv) ≽ η̆(u)g η̆(v). Therefore, η̆ is an IVF ideal of S. �

3. Essential Interval Valued Fuzzy Ideals in a Semigroup.

Definition 3.1. A nonzero IVF ideal η̆ of a semigroup S is called an essential IVF ideal
of S if η̆ f ν̆ ̸= 0̆ for every nonzero IVF ideal ν̆ of S.

Theorem 3.1. Let I be an ideal of a semigroup S. Then I is an essential ideal of S if
and only if χ̆I is an essential IVF ideal of S.

Proof: Suppose that I is an essential ideal of S and let ν̆ be a nonzero IVF ideal
of S. Then by Theorem 2.3, supp(ν̆) is an ideal of S. Since I is an essential ideal of S,
we have I is an ideal of S. Thus, I ∩ supp(ν̆) ̸= ∅. So there exists u ∈ I ∩ supp(ν̆).
Since I is an ideal of S, we have χ̆I is an IVF ideal of S. Since ν̆ is a nonzero IVF ideal
of S, we have (χ̆I f ν̆)(u) ̸= 0̆. Thus, χ̆I f ν̆ ̸= 0̆. Therefore, χ̆I is an essential IVF ideal
of S.

Conversely, assume that χ̆I is an essential IVF ideal of S and let J be an ideal of S.
Then χ̆J is a nonzero IVF ideal of S. Since χ̆I is an essential IVF ideal of S, we have
χ̆I is an IVF ideal of S. Thus, χ̆I f χ̆J ̸= 0̆. So by Theorem 2.2, χ̆I∩J ̸= 0̆. Hence,
I ∩ J ̸= ∅. Therefore, I is an essential ideal of S. �
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Theorem 3.2. Let η̆ be a nonzero IVF ideal of a semigroup S. Then η̆ is an essential
IVF ideal of S if and only if supp(η̆) is an essential ideal of S.
Proof: Assume that η̆ is an essential IVF ideal of S and let J be an ideal of S. Then

by Theorem 2.1, χ̆J is an IVF ideal of S. Since η̆ is an essential IVF ideal of S, we have η̆
is an IVF ideal of S. Thus, η̆ f χ̆J ̸= 0̆. So there exists u ∈ S such that (η̆ f χ̆J )(u) ̸= 0̆.
It implies that η̆(u) ̸= 0 and χ̆J (u) ̸= 0. Hence, u ∈ supp(η̆) ∩ J , so supp(η̆) ∩ J ̸= ∅.
Therefore, supp(η̆) is an essential ideal of S.
Conversely, assume that supp(η̆) is an essential ideal of S and let ν̆ be a nonzero IVF

ideal of S. Then by Theorem 2.3, supp(ν̆) is an ideal of S. Since supp(η̆) is an essential
ideal of S, we have supp(η̆) is an ideal of S. Thus, supp(η̆) ∩ supp(ν̆) ̸= ∅. So there
exists u ∈ supp(η̆) ∩ supp(ν̆). It implies that η̆(u) ̸= 0̆ and ν̆(u) ̸= 0̆ for all u ∈ S. Hence,
(η̆f ν̆)(u) ̸= 0̆ for all u ∈ S. Therefore, η̆f ν̆ ̸= 0̆. We conclude that η̆ is an essential IVF
ideal of S. �
Theorem 3.3. Let η̆ be an essential IVF ideal of a semigroup S. If ν̆ is an IVF ideal of
S such that η̆ ⊑ ν̆, then ν̆ is also an essential IVF ideal of S.
Proof: Let ν̆ be an IVF ideal of S such that η̆ ⊑ ν̆ and let µ̆ be any IVF ideal of S.

Since η̆ is an essential IVF ideal of S, we have η̆ is an IVF ideal of S. Thus, η̆ f µ̆ ̸= 0̆.
So ν̆ f µ̆ ̸= 0̆. Hence, ν̆ is an essential IVF ideal of S. �
Theorem 3.4. Let η̆1 and η̆2 be essential IVF ideals of a semigroup S. Then η̆1 ⊔ η̆2 and
η̆1 ⊓ η̆2 are essential IVF ideals of S.
Proof: Since η̆2 ⊑ η̆1 ⊔ η̆2, we have η̆1 ⊔ ν̆2 is an essential IVF ideal of S.
Since η̆1 and η̆2, are essential IVF ideals of S, we have η̆1 and η̆2 are IVF ideals of S.

Thus, η̆1 ⊓ η̆2 is an IVF ideal of S. Let µ̆ be an IVF ideal of S. Then η̆1 f µ̆ ̸= 0̆. Thus,
there exists u ∈ S such that (η̆1 f µ̆)(u) ̸= 0̆. So η̆1(u) ̸= 0̆ and µ̆(u) ̸= 0̆. Since η̆2 ̸= 0̆,
let v ∈ S such that η̆2(v) ̸= 0̆. Since η̆1 and η̆2 are IVF ideals of S, we have η̆1(uv) ≽
η̆1(u)g η̆1(v) ≥ 0̆ and η̆2(uv) ≽ η̆2(u)g η̆2(v) ≥ 0̆. Thus, (η̆1 f η̆2)(uv) = η̆1(uv)f η̆2(uv)
̸= 0̆. Since µ̆ is an IVF ideal of S and µ̆(u) ̸= 0̆, we have µ̆(uv) ̸= 0̆ for all u, v ∈ S. Thus,
((η̆1 f η̆2)f µ̆)(uv) ̸= 0̆. Hence, ((η̆1 f η̆2)f µ̆) ̸= 0̆. Therefore, η̆1 ⊓ η̆2 is an essential IVF
ideal of S. �
Definition 3.2. [11] An essential ideal I of a semigroup S is called

(1) a minimal if for every essential ideal of J of S such that J ⊆ I, we have J = I,
(2) a prime if uv ∈ I implies u ∈ I or v ∈ I,
(3) a semiprime if u2 ∈ I implies u ∈ I, for all u, v ∈ S.
Example 3.1. [11] Let S be a semigroup with zero. Then {0} is a unique minimal essential
ideal of S, since {0} is an eseential ideal of S.
Definition 3.3. An essential IVF ideal η̆ of a semigroup S is called

(1) a minimal if for every essential IVF ideal of ν̆ of S such that ν̆ ⊑ η̆, we have supp(η̆) =
supp(ν̆),

(2) a prime if η̆(uv) ≼ η̆(u)g η̆(v),
(3) a semiprime if η̆(u2) ≼ η̆(u), for all u ∈ S.
Theorem 3.5. Let I be a non-empty subset of a semigroup S. Then the following state-
ment holds.

(1) I is a minimal essential ideal of S if and only if χ̆I is a minimal essential IVF ideal
of S,

(2) I is a prime essential ideal of S if and only if χ̆I is a prime essential IVF ideal of S,
(3) I is a semiprime essential ideal of S if and only if χ̆I is a semiprime essential IVF

ideal of S.
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Proof:

(1) Suppose that I is a minimal essential ideal of S. Then I is an essential ideal of S. By
Theorem 3.1, χ̆I is an essential IVF ideal of S. Let η̆ be an essential IVF ideal of S
such that η̆ ⊑ χ̆I . Then supp(η̆) ⊑ supp(χ̆I). Thus, supp(η̆) ⊑ supp(χ̆I) = I. Hence,
supp(η̆) ⊑ I. Since η̆ is an essential IVF ideal of S, we have supp(η̆) is an essential
ideal of S. By assumption, supp(η̆) = I = supp(χ̆I). Hence, χ̆I is a minimal essential
IVF ideal of S.
Conversely, χ̆I is a minimal essential IVF ideal of S and let B be an essential ideal

of S such that B ⊆ I. Then B is an ideal of S. Thus, by Theorem 3.1, χ̆B is an
essential IVF ideal of S such that χ̆B ⊑ χ̆I . So χ̆B = χ̆I . Hence, B = supp(χ̆B) =
supp(χ̆I) = I. Therefore, I is a minimal essential ideal of S.

(2) Suppose that I is a prime essential ideal of S. Then I is an essential ideal of S. Thus,
by Theorem 3.1 χ̆I is an essential IVF ideal of S. Let u, v ∈ S.
If uv ∈ I, then u ∈ I or v ∈ I. Thus, χ̆I(u)g χ̆I(v) = 1̆ ≽ χ̆I(uv).
If uv /∈ I, then χ̆I(uv) ≼ χ̆I(u)g χ̆I(v).
Thus, χ̆I is a prime essential IVF ideal of S.
Conversely, suppose that χ̆I is a prime essential IVF ideal of S. Then χ̆I is an

essential IVF ideal. Thus, by Theorem 3.1, I is an essential ideal of S. Let u, v ∈ S.
If uv ∈ I, then χ̆I(uv) = 1̆. By assumption, χ̆I(uv) ≼ χ̆I(u) g χ̆I(v). Thus, χ̆I(u)g
χ̆I(v) = 1̆, so u ∈ I or v ∈ I. Hence, I is a prime essential ideal of S.

(3) Suppose that I is a semiprime essential ideal of S. Then I is an essential ideal of S.
Thus, by Theorem 4.1, χ̆I is an essential IVF ideal of S. Let u ∈ S.
If u2 ∈ I, then u ∈ I. Thus, χ̆I(u) = χ̆I(u

2) = 1̆. Hence χ̆I(u
2) ≼ χ̆I(u).

If u2 /∈ I, then χ̆I(u
2) = 0 ≼ χ̆I(u).

Thus, χ̆I is a semiprime essential IVF ideal of S.
Conversely, suppose that χ̆I is a semiprime essential IVF ideal of S. Then χ̆I is an

essential IVF ideal. Thus, by Theorem 4.1, I is an essential ideal of S. Let u ∈ S
with u2 ∈ I. Then χ̆I(u

2) = 1̆. By assumption, χ̆I(u
2) ≼ χ̆I(u). Thus, χ̆I(u) = 1̆, so

u ∈ I. Hence, I is a semiprime essential ideal of S. �
Theorem 3.6. Let η̆ be a minimal essential IVF ideal of a semigroup S. If ν̆ is an IVF
ideal of S such that η̆ ⊑ ν̆, then ν̆ is also a minimal essential IVF ideal of S.

Proof: Let ν̆ be an IVF ideal of S such that η̆ ⊑ ν̆ and let µ̆ be any nonzero IVF ideal
of S such that µ̆ ⊑ η̆. Since η̆ is a minimal essential IVF ideal of a semigroup S, we have
supp(η̆) = supp(µ̆). Thus, supp(ν̆) = supp(µ̆). Hence, ν̆ is a minimal essential IVF ideal
of S. �
Corollary 3.1. Let η̆1 and η̆2 be minimal essential IVF ideals of a semigroup S. Then
η̆1 ⊔ η̆2 is minimal essential fuzzy ideals of S.

4. 0-Essential IVF Ideal. In this section, let S be a semigroup with zero. At the
beginning, we review the definition 0-essential ideal of S as follows.

Definition 4.1. [11] A nonzero ideal I of a semigroup with zero S is called a 0-essential
ideal of S if I ∩ J ≠ {0} for every nonzero ideal of J of S.
Example 4.1. [11] Let (Z12,+) be semigroup. Then {0, 2, 4, 6, 8, 10} and Z12 are 0-
essential ideal of Z12.

Definition 4.2. An IVF ideal η̆ of a semigroup with zero S is called a nontrivial IVF
ideal of S if there exists a nonzero element u ∈ S such that η̆(u) ̸= 0̆.

We define the definition of 0-essential IVF ideals of a semigroup with zero as follows.

Definition 4.3. A 0-essential IVF ideal η̆ of a semigroup with zero S if η̆ is a nonzero
IVF ideal of S and supp(η̆ f ν̆) ̸= {0} for every nonzero IVF ideal ν̆ of S.



994 P. KHAMROT AND T. GAKETEM

Theorem 4.1. Let I be a nonzero ideal of a semigroup with zero S. Then I is a 0-essential
ideal of S if and only if χ̆I is a 0-essential IVF ideal of S.
Proof: Suppose that I is a 0-essential ideal of S and let ν̆ be a nontrivial IVF ideal

of S. Then by Theorem 2.3, supp(ν̆) is a nonzero ideal of S. Since I is a 0-essential
ideal of S, we have I is a nonzero ideal of S. Thus, I ∩ supp(ν̆) ̸= {0}. So there exists
u ∈ I ∩ supp(ν̆). Since I is a nonzero ideal of S, we have χ̆I is a nonzero IVF ideal of
S. Since ν̆ is a nonzero IVF ideal of S, we have supp(χ̆I f ν̆)(u) ̸= 0. Thus, χ̆I f ν̆ ̸= 0̆.
Therefore, χ̆I is a 0-essential IVF ideal of S.
Conversely, assume that χ̆I is a 0-essential IVF ideal of S and let J be a nonzero ideal

of S. Then χ̆J is a nonzero IVF ideal of S. Sicne χ̆I is a 0-essential IVF ideal of S we
have χ̆I is a nontrivial IVF ideal of S. Thus, supp(χ̆I f χ̆J ) ̸= {0}. So by Theorem 2.2,
χ̆L∩J ̸= 0̆. Hence, I ∩ J ≠ {0}. Therefore, I is a 0-essential ideal of S. �
Theorem 4.2. Let η̆ be a nonzero IVF ideal of a semigroup with zero S. Then η̆ is a
0-essential IVF ideal of S if and only if supp(η̆) is a 0-essential ideal of S.
Proof: Assume that η̆ is a 0-essential IVF ideal of S and let J be a nontrivial ideal

of S. Then by Theorem 2.1, χ̆J is a nonzero IVF ideal of S. Since η̆ is a 0-essential IVF
ideal of S, we have η̆ is a nonzero IVF ideal of S. Thus, η̆ f χ̆J ̸= 0̆. So there exists a
nonzero element u ∈ S such that (η̆f χ̆J )(u) ̸= 0̆. It implies that η̆(u) ̸= 0̆ and χ̆J (u) ̸= 0̆.
Hence, u ∈ supp(η̆) ∩ J , so supp(η̆) ∩ J ̸= {0}. Therefore, supp(η̆) is a 0-essential ideal
of S.
Conversely, assume that supp(η̆) is a 0-essential ideal of S and let ν̆ be a nonzero IVF

ideal of S. Then by Theorem 2.3, supp(ν̆) is a nontrivial zero ideal of S. Since supp(η̆) is
a 0-essential ideal of S, we have supp(η̆) is a nonzero ideal of S. Thus, supp(η̆)∩ supp(ν̆)
̸= 0̆. So there exists u ∈ supp(η̆) ∩ supp(ν̆), and this implies that η̆(u) ̸= 0̆ and ν̆(u) ̸= 0̆
for all u ∈ S. Hence, (η̆ f ν̆)(u) ̸= 0̆ for all u ∈ S. Therefore, η̆ f ν̆ ̸= 0̆. We conclude
that η̆ is a 0-essential IVF ideal of S. �
Theorem 4.3. Let S be a semigroup with zero and η̆ be a 0-essential IVF ideal of S. If
ν̆ is an IVF ideal of S such that η̆ ⊑ ν̆, then ν̆ is also a 0-essential IVF ideal of S.
Proof: Let ν̆ be an IVF ideal of S such that η̆ ⊑ ν̆ and let µ̆ be any nonzero IVF

ideal of S. Since η̆ is a 0-essential IVF ideal of S, we have η̆ is an IVF ideal of S. Thus,
supp(η̆ f µ̆) ̸= {0}. So supp(ν̆ f µ̆) ̸= {0}. Hence, ν̆ is a 0-essential IVF ideal of S. �
Theorem 4.4. Let η̆1 and η̆2 be 0-essential IVF ideals of a semigroup with zero S. Then
η̆1 ⊔ η̆2 and η̆1 ⊓ η̆2 are 0-essential IVF ideals of S.
Proof: Since η̆2 ⊑ η̆1 ⊔ η̆2, we have η̆1 ⊔ η̆2 is a 0-essential IVF ideal of S.
Since η̆1 and η̆2 are 0-essential IVF ideals of S, we have η̆1 and η̆2 are IVF ideals of S.

Thus, η̆1 ⊓ η̆2 is an IVF ideal of S. Let ν̆ be a nontrivial IVF ideal of S. Since η̆1 is an
IVF ideal of S, we have supp(η̆1) is an ideal of S. Thus, supp(η̆1 f ν̆) ̸= {0}. So there
exists a nonzero element u ∈ S such that (η̆1 f ν̆)(u) ̸= 0̆. Since η̆2 is a 0-essential IVF
ideal of S, we have supp(η̆2) is a 0-essential IVF ideal of S. Thus, supp(η̆2 f ν̆) ̸= {0}.
So there exists a nonzero element v ∈ supp(η̆2 f ν̆) that implies (η̆2)(v) ̸= 0̆. Since η̆1 and
ν̆ are IVF ideals of S, we have η̆1(v) ≽ η̆1(u) and ν̆(v) ≽ ν̆(u). So ((η̆1 f η̆2)f ν̆)(v) ̸= 0̆.
Thus, supp((η̆1 f η̆2)f ν̆) ̸= {0}. Therefore, η̆1 ⊓ η̆2 is a 0-essential IVF ideal of S. �
Definition 4.4. [11] A 0-essential ideal I of a semigroup with zero S is called

(1) a minimal if for every 0-essential ideal of J of S such that J ⊆ I, we have J = I,
(2) a prime if uv ∈ I implies u ∈ I or v ∈ I,
(3) a semiprime if u2 ∈ I implies u ∈ I, for all u, v ∈ S.
Example 4.2. Let (Z12,+) be a semigroup with zero. Then {0, 2, 4, 6, 8, 10} is a minimal
0-essential ideal of S.
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Definition 4.5. A 0-essential fuzzy ideal f of a semigroup with zero S is called

(1) a minimal if for every 0-essential IVF ideal of ν̆ of S such that ν̆ ⊆ η̆, we have
supp(η̆) = supp(ν̆),

(2) a prime if η̆(uv) ≼ η̆(u)g η̆(v),
(3) a semiprime if η̆(u2) ≼ η̆(u), for all u, v ∈ S.

Theorem 4.5. Let I be a non-empty subset of a semigroup with zero S. Then the following
statements hold.

(1) I is a minimal 0-essential ideal of S if and only if χ̆I is a minimal 0-essential IVF
ideal of S,

(2) I is a prime 0-essential ideal of S if and only if χ̆I is a prime 0-essential IVF ideal
of S,

(3) I is a semiprime 0-essential ideal of S if and only if χ̆I is a semiprime 0-essential
IVF ideal of S.

Proof:

(1) Suppose that I is a minimal 0-essential ideal of S. Then I is a 0-essential ideal of S.
By Theorem 4.1, χ̆I is a 0-essential IVF ideal of S. Let η̆ be a 0-essential IVF ideal
of S such that η̆ ⊑ χ̆I . Then supp(η̆) ⊑ supp(χ̆I). Thus, supp(η̆) ⊑ supp(χ̆I) = I.
Thus, supp(η̆) ⊑ I. Since η̆ is a 0-essential IVF ideal of S, we have supp(η̆) is 0-
essential ideal of S. By assumption, supp(η̆) = I = supp(χ̆I). Hence, χ̆I is a minimal
0-essential IVF ideal of S.
Conversely, χ̆I is a minimal 0-essential IVF ideal of S and let B be a 0-essential

ideal of S such that B ⊆ I. Then B is a nonzero ideal of S. Thus, by Theorem 4.1,
χ̆B is a 0-essential IVF ideal of S such that χ̆B ⊑ χ̆I . So χ̆B = χ̆I . Hence, B =
supp(χ̆B) = supp(χ̆I) = I. Therefore, I is a minimal 0-essential ideal of S.

(2) Suppose that I is a prime 0-essential ideal of S. Then I is a 0-essential ideal of S.
Thus, by Theorem 3.1, χ̆I is a 0-essential IVF ideal of S. Let u, v ∈ S.
If uv ∈ I, then u ∈ I or v ∈ I. Thus, χ̆I(u)g χ̆I(v) = 1̆ ≽ χ̆I(uv).
If uv /∈ I, then χ̆I(uv) ≼ χ̆I(u)g χ̆I(v).
Thus, χ̆I is a prime 0-essential IVF ideal of S.
Conversely, suppose that χ̆I is a prime 0-essential IVF ideal of S. Then χ̆I is

a 0-essential IVF ideal. Thus, by Theorem 4.1, I is a 0-essential ideal of S. Let
u, v ∈ S. If uv ∈ I, then χ̆I(uv) = 1̆. By assumption χ̆I(uv) ≼ χ̆I(u)g χ̆I(v). Thus,
χ̆I(u)g χ̆I(v) = 1̆ so u ∈ I or v ∈ I. Hence, I is a prime 0-essential ideal of I.

(3) Suppose that I is a semiprime 0-essential ideal of S. Then I is a 0-essential ideal of
S. Thus, by Theorem 4.1, χ̆I is a 0-essential IVF ideal of S. Let u ∈ S.
If u2 ∈ I, then u ∈ I. Thus, χ̆I(u) = χ̆I(u

2) = 1̆. Hence, χ̆I(u
2) ≼ χ̆I(u).

If u2 /∈ I, then χ̆I(u
2) = 0 ≼ χ̆I(u).

Thus, χ̆I is a semiprime 0-essential IVF ideal of S.
Conversely, suppose that χ̆I is a semiprime 0-essential IVF ideal of S. Then χ̆I is

a 0-essential IVF ideal. Thus, by Theorem 4.1, I is a 0-essential ideal of S. Let u ∈ S
with u2 ∈ I. Then χ̆I(u

2) = 1̆. By assumption, χ̆I(u
2) ≼ χ̆I(u). Thus, χ̆I(u) = 1̆, so

u ∈ I. Hence, I is a semiprime 0-essential ideal of S. �

5. Conclusion. In this article, we give the concept of essential IVF ideals and 0-essential
IVF ideals in semigroups. We study properites of essential IVF ideals and 0-essential IVF
ideals in semigroups. In the future, we study essential hesitant fuzzy ideals and 0-essential
hesitant fuzzy ideals in semigroups or algebraic systems.
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