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ABSTRACT. The concepts of bi-quasi ideals of semigroups were presented by Krishna Rao
in 2017, and it is a generalization of left ideals, right ideals, bi-ideals, and quasi-ideals
of semigroups. In this paper, we introduce the notion of hesitant fuzzy bi-quasi ideals of
semigroups. We investigate the properties of hesitant fuzzy bi-quasi ideals of semigroups.
In addition, we characterize the reqular semigroups as hesitant fuzzy bi-quasi ideals of
SEMIGroups.
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1. Introduction. In 1965, the fundamental concept of theory fuzzy sets was introduced
by Zadeh [1]. Tt is an essential tool in science, engineering, computer science, control
engineering, etc. In 1981, Kuroki [2, 3, 4] gave the idea of fuzzy ideals, fuzzy bi-ideals,
and fuzzy interior ideals in semigroups. Later, concepts were expanded about interval
valued fuzzy sets that have many applications such as approximate reasoning, image
processing, decision making, medicine, and mobile networks. In 2006, Narayanan and
Manikanran [5] initiated the notion of interval valued fuzzy ideals in semigroups. In 2010,
Torra [6] proposed an extension of the notion so-called a hesitant fuzzy set which is a
function from a reference set to a power set of the unit interval. Hesitant fuzzy set theory
has been applied to several practical problems, primarily in the area of decision making.
In 2015, Jun et al. [7] developed the notion of hesitant fuzzy sets to a semigroup. They
introduced and applied the idea of hesitant fuzzy semigroups and hesitant fuzzy left (right)
ideals, and investigated their properties. They considered characterizations of hesitant
fuzzy subsemigroups and hesitant fuzzy left (right) ideals. The hesitant sets research
has included many studies; for example, in 2020, Yiarayong [8] studied hesitant fuzzy
sets in ternary semigroups. In 2021, Lekkoksung [9] discussed hesitant ideals in ordered
semigroups. In 2022, Julatha and Iampan [10] gave the concepts of inf-hesitant fuzzy I'-
ideals in T-semigroups. In the same year, Kona and Rao [11] studided hesitant fuzzy right
bi-quasi ideals of T-semigroups. In 2023, Kou et al. [12] studied k-hyperideals in ordred
semihypering. The research of bi-quasi ideals and fuzzy bi-quasi ideals in semigroups
studied in 2019 by Rao [13]. The aim of this paper is that we define the definition of
the hesitant fuzzy bi-quasi ideals of semigroups, and we prove the properties of hesitant
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fuzzy bi-quasi ideals of semigroups. Furthermore, we characterize the regular semigroups
in terms of a hesitant fuzzy bi-quasi ideal of a semigroup.

2. Preliminaries. In this section, we give definitions which are used in this paper.

By a subsemigroup of a semigroup S we mean a non-empty subset A of S such that
A% C A, and by a left (right) ideal of S we mean a non-empty subset A of S such that
SA C A(AS C A). By a two-sided ideal or simply an ideal, we mean a non-empty subset
of a semigroup S that is both a left and a right ideal of S. A non-empty subset A of S is
called an interior ideal of S if SAS C A. A subsemigroup A of a semigroup S is called a
bi-ideal of S if ASA C A. A non-empty subset A of a semigroup S is called a quasi-ideal
of Sif ASNSA C A. A subsemigroup A of a semigroup S is said to be left (right) bi-quasi
ideal of S if SANASA C A(ASN ASA C A). A subsemigroup A of a semigroup S is
said to be bi-quasi ideal of S if it is both a left bi-quasi and right bi-quasi ideal of S [13].

Let S be a reference set. Then we define hesitant fuzzy set on S in terms of a function
H that when applied to S returns a subset of [0, 1] [6].

For a hesitant fuzzy set H on S and z,y,z € S, we use the notations H, = H(z),
HY = H(x) N H(y), and HY[z] := H(z) NH(y) N H(z). Tt is clear that H; = HY, and

He=Hy = He CHy, Hy C Hy
for all z,y € S.

Let H and G be two hesitant fuzzy sets on S. The hesitant union H LI G and hesitant
intersection H MG of H and G are defined to be hesitant fuzzy sets on S as follows:

HUG:S — P(0,1]), 2 — H, UG,
and
HOG:S— P(0,1), 2 — H, NG,
respectively.
For any hesitant fuzzy sets H and G on S, we define
HEGitH, CG, forallzeS.

The hesitant fuzzy product of H and G is defined to be the hesitant fuzzy set HoG on
S which is given by

U {H,NG.} forsome y,z € S such that x = yz,
(Hag)x - =Yz

0 otherwise.
For a hesitant fuzzy set H on S and a subset € of [0, 1], the set
S(H;e):={x € Sle CH,}
is called the hesitant level set of H.

For a nonempty subset A of S and ¢,d € P([0, 1]) with £ 2 §, define a map [X(j’é)} as

follows:

. 67 xr € A7
[Xi; 5)} 0 S = P([0,1]), — { 9, otherwise.

Then [X(j’(s)} is a hesitant fuzzy set on S, which is called the (e, §)-characteristic hesitant

fuzzy set. The hesitant fuzzy set [)éf"”] is called the (g, 0)-identity hesitant fuzzy set on

S. The (e, 0)-characteristic hesitant fuzzy set with ¢ = [0,1] and 6 = 0 is called the
characteristic hesitant fuzzy set, and is denoted by [ya]. The (g, d)-identity hesitant fuzzy
set with e = [0,1] and 6 = () is called the identity hesitant fuzzy set, and is denoted by

[XS]‘
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3. Hesitant Fuzzy Bi-Quasi Ideals.

Definition 3.1. A hesitant fuzzy set H on S is called a hesitant fuzzy subsemigroup on
S if it satisfies

(Va,y € S) (HY C Hay)
Definition 3.2. A hesitant fuzzy set H on S is called a hesitant fuzzy left (resp., right)
tdeal on S if it satisfies

(Va,y € S)(HY D Hy(resp., HY D H,)).

If a hesitant fuzzy set H on S is both a hesitant fuzzy left ideal and a hesitant fuzzy
right ideal on S, we say that H is a hesitant fuzzy two-sided ideal on S. Obviously,
every hesitant fuzzy left (resp., right) ideal on S is a hesitant fuzzy subsemigroup on S.
However, the converse is not true in general.

Definition 3.3. A hesitant fuzzy subsemigroup H on S is called a hesitant fuzzy left
(resp., right) bi-quasi ideal on S if it satisfies the following conditions:
[xs]oH NH3[xs|]oH C H(resp., Ho[xs] N Ho[xs|oH C H).
A hesitant fuzzy subsemigroup H on semigroup S is called a hesitant fuzzy bi-quasi

ideal if it is both hesitant fuzzy left bi-quasi ideal and hesitant fuzzy right bi-quasi ideal
of S.

Theorem 3.1. Fvery hesitant fuzzy left ideal of a semigroup S is a hesitant fuzzy left
bi-quasi ideal of S.
Proof: Let H be a hesitant fuzzy left ideal of a semigroup S. Let x € S. Then

(xsloH), = JAlxsly Ny = € U} = U {H) = He

T=yz T=yz T=yz T=yz
Thus, [xs]oH NHS[xs|6H C H. Therefore, H is a hesitant fuzzy left bi-quasi ideal of the
semigroup S. 0J

Theorem 3.2. Every hesitant fuzzy left ideal of a semigroup S is a hesitant fuzzy right
bi-quasi ideal of S.

Proof: Let H be a hesitant fuzzy left ideal of a semigroup S. Let x € S. We have
([xs]oH), € H,. Then

(Ho[xsloM), = |J {Ha 0 ([xs]oHe} € | {Ha N Hac} € M,

r=abc r=abc

Thus, Ho[xs] N Ho[xs|6H C H. Therefore, H is a hesitant fuzzy right bi-quasi ideal of
the semigroup S. O

Theorem 3.3. Every hesitant fuzzy right ideal of a semigroup S is a hesitant fuzzy right
bi-quasi ideal of S.
Proof: Let H be a hesitant fuzzy ideal of a semigroup S. Let z € S. Then

(HO XS U {H m XS } - U {%yz} U {H:p} = Hz

T=Yyz =Yz =Yz
Thus, Ho[xs] N Ho[xs]oH C H. Hence, H is a hesitant fuzzy right bi-quasi ideal of the
semigroup S. O

Corollary 3.1. Fvery hesitant fuzzy ideal of a semigroup S is a hesitant fuzzy bi-quasi
ideal of S.

Corollary 3.2. Every hesitant fuzzy right (left) ideal of a semigroup S is a hesitant fuzzy
bi-quasi ideal of S.
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Theorem 3.4. Let S be a semigroup and H be a non-empty fuzzy set of S. A fuzzy
set H is a hesitant fuzzy left bi-quasi ideal of a semigroup S if and only if the hesitant
level set S(H;e) of H is a left bi-quasi ideal of a semigroup S for every e € [0, 1], where
S(H;e) # 0.

Proof: Assume that H is a hesitant fuzzy left bi-quasi ideal of a semigroup S, S(H;¢) #
0,e€0,1]. Let z € SS(H;e) NS(H;)SS(H;e). Then & = ba = cde where b,d € S and
a,c,e € S(H;e). Thus, € C ([xs|6H), and e C (HS[xs]oH ), so € € H,. Hence, ¢ € H,.
Then x € S(H;e). Therefore, S(H;¢€) is a left bi-quasi ideal of a semigroup S.

Conversely suppose that S(H;e) is a left bi-quasi ideal of the semigroup S, for all
ee€Im(H). Letz,y € S. Then H, =1, H, = €3, &1 > 2. Thus, z,y € S(H;e). We have
SS(H;v) NS(H;v)SS(H;v) € S(H; ), for all v € Im(H). Suppose € = min{Im(H)}.
Then SS(H;e) NS(H;e)SS(H;e) C S(H;e). Therefore, [ys]oHIHSxs|oH C H. Hence,
‘H is a hesitant fuzzy left bi-quasi ideal of a semigroup S. U

Corollary 3.3. Let S be a semigroup and H be a non-empty fuzzy set of S. A fuzzy set
H is a hesitant fuzzy right bi-quasi ideal of a semigroup S if and only if the hesitant level
set S(H;e) of H is a right bi-quasi ideal of a semigroup S for every e € [0,1], where
S(H;e) # 0.

Corollary 3.4. Let S be a semigroup and H be a non-empty fuzzy set of S. A fuzzy set
‘H is a hesitant fuzzy bi-quasi itdeal of a semigroup S if and only if the hesitant level set
S(H;e) of H is a bi-quasi ideal of a semigroup S for every e € [0, 1], where S(H;e) # 0.

Lemma 3.1. Let [X(Ag’é)] and [XS’(S)} be (g,9)-characteristic hesitant fuzzy sets on S where

A and B are nonempty subsets of S. Then the following properties hold.
£,0 €,0 £,0
1) [Xfax )} i [X§3 )] = [X(Amé},

2) [Xf’é)} 6 [x%’é)] = [Xffﬁ)]-

Theorem 3.5. Let I be a non-empty subset of a semigroup S and [Xf"”] be the (g,0)-
characteristic hesitant fuzzy sets of I. Then I is a left bi-quasi ideal of a semigroup S if

and only if [Xga’d)] 1S a hesitant fuzzy left bi-quasi ideal of a semigroup S'.

Proof: Suppose [ is a left bi-quasi ideal of S. Then [ is a subsemigroup of S and
SINISI C I. Obviously, [X?"”} is a hesitant fuzzy subsemigroup of S. We have

€,9)| ~ £,0 €,9)| ~ g0)| ~ €,0
(D53 e o [y o ] o ),

= (b2 ), o (] ] = [r)),

[ €,0 £,0
= _stf )]x N [X.(TSI)LC

[ (e
= _XgSm)ISI} N

[ (&6
Xf )L~

Thus, [Xg’é)} o [Xge,a)] o [ng,&)} N |:X§a,6):| o [Xg"s)} o [X(IE"S)] C [X(IE";)]‘ Hence, [X(f’&)} 18

a hesitant fuzzy left bi-quasi ideal of S.

Conversely suppose that [ng’é)] is a (g, 0)-characteristic hesitant fuzzy sets of S. Then

N

I is a subsemigroup of S. We have
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(o). (] ] i), < o)
S [ ] < [ -
= [XSI’(;)ISIL - [Xga,a)L'

We have ST N I1SI C I. Hence, [ is a left bi-quasi ideal of a semigroup S. O

x

Theorem 3.6. Let [ be a non-empty subset of a semigroup S and [ng’é)] be the (£,0)-
characteristic hesitant fuzzy sets of I. Then I is a right bi-quasi ideal of a semigroup S if

and only if [X(Ia’(s)] 1s a hesitant fuzzy right bi-quast ideal of a semigroup S.
Proof: It follows by Theorem 3.5. 0

Corollary 3.5. Let I be a non-empty subset of a semigroup S and [Xf"ﬂ be the (e,9)-
characteristic hesitant fuzzy sets of I. Then I is a bi-quasi ideal of a semigroup S if and
only if [Xge’é)} 1s a hesitant fuzzy bi-quast ideal of a semigroup S.

Theorem 3.7. If H and G are hesitant fuzzy bi-quasi ideals of a semigroup S, then H I
G is a hesitant fuzzy left bi-quasi ideal of a semigroup S.

Proof: Let H and G be hesitant fuzzy bi-quasi ideals of a semigroup S. Then
(xsloeHNgG), = U {Ixsla N(H NG}

r=ab

= | {Ixsla N Hy N G}

r=ab

- U {HIxsla " Ho} N {[xsla NGp}}

r=ab

= U {xslan#} 0 U {lxsle N G}

r=ab rx=ab

= ([xslet), N ([xs]o9),
= ([xsloH N [xs]o9), -
Therefore, [xs]oH NG = [xs]oH N [xs]5G.

(HNGaxs]oHNG), = [J {(HNG)an ([xs]oH NG}

xr=abc

= J {#HNG)an {([xs] o H N [x5]5G),.}}

r=abc

= | {#nG)a n{([xsI5H)be N ([x515G). }}

r=abc

= |J {Ha 0 (Ixs18H)be} N {Ga N ([xs] © G)ye}}

x=abc
= (He[xsloH), N (Go[xs]eg),
= (Hd[xs|oH N Gd[xs]oG), -
Therefore, H N G[xs|oH NG = H3[xs]oH N Gd[xs]6G. Then [xs]o(H N G) N (H N
G)o[xs]o(H NG) = [xs]oH N HI[xs]oH N [xs5]6G N G3[xs]6G C HNG. Hence, HMG is a
hesitant fuzzy left bi-quasi ideal of a semigroup S. OJ
The following results are immediate consequences of Theorem 3.7.

Corollary 3.6. If H and G are hesitant fuzzy bi-quasi ideals of a semigroup S, then H
M G is a hesitant fuzzy right bi-quasi ideal of a semigroup S.
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Corollary 3.7. If H and G are hesitant fuzzy bi-quasi ideals of a semigroup S, then H
M G is a hesitant fuzzy bi-quasi ideal of a semigroup S.

Theorem 3.8. If H and G are hesitant fuzzy right ideals and a hesitant fuzzy left ideal of
a semigroup S, respectively, then HMG is a hesitant fuzzy left bi-quasi ideal of a semigroup

S.

Corollary 3.8. If H and G are hesitant fuzzy right ideals and a hesitant fuzzy left ideal
of a semigroup S, respectively, then H G is a hesitant fuzzy right bi-quasi ideal of a
semigroup S.

Corollary 3.9. If H and G are hesitant fuzzy right ideals and a hesitant fuzzy left ideal
of a semigroup S, respectively, then HMG is a hesitant fuzzy bi-quasi ideal of a semigroup

S.

Definition 3.4. A semigroup S is called regular if for all a € S there exists x € S such
that a = aza.

Definition 3.5. A hesitant fuzzy subsemigroup H on S is called a hesitant fuzzy quasi-
ideal on S if it satisfies the following conditions:

Ho[xs] N [xs]oH C H.

Theorem 3.9. If H is a hesitant fuzzy quasi-ideal of a reqular semigroup S, then H is a
hesitant fuzzy ideal of a semigroup S.

Proof: Assume that H is a hesitant fuzzy quasi-ideal of S and let z,y € S. Then
Hay 2 (HO[xX5])ay N ([x5]OH )ay
= U {Ha N [xsls} N U {IxsliNH;}

ry=ab TYy=1j
2 H:c N [XS]y N [XS]:L‘ N Hy
= M, NH,.

Thus, Hay 2 HoNH,. Hence, H is a hesitant fuzzy subsemigroup of S. Let z,y,z € S.
Then

%zyz ) (Ha[XS])myz N ([XS]6H>$ZIZ

= U Hanlxshtn | {Ixsli n#}

zyz=ab TYz=1j
2 He N [XS]yz N [XS]:vy NH.
=H,NH,.

Thus, Hzy. 2 Hy NH,. Hence, H is a hesitant fuzzy bi-ideal of S. Since S is regular, H
is a hesitant fuzzy bi-ideal of S and z,y € S we have zy € (£Sx)S C xSxz. Thus, there
exists k € S such that zy = zkx. So

Thus, H is a hesitant fuzzy right ideal of S. Similarly, we can show that H,, 2 H,. Thus,
‘H is a hesitant fuzzy left ideal of S. Hence, H is a hesitant fuzzy ideal of S. O

Theorem 3.10. Let S be a reqular semigroup. Then H is a hesitant fuzzy left bi-quasi
tdeal of S if and only if H is a hesitant fuzzy quasi-ideal of S.

Proof: Let H be a hesitant fuzzy left bi-quasi ideal of S and x € S. Thus, ([ys]oH). N
(Hoxs|oH ), € H,. Suppose ([xs]oH), 2 H,. Since S is regular, there exists y € S such
that © = xyx. Then

(Ha[xsloH)e = | {Hay 0 ([xs15H)a} 2 | {Ha NHa} = Ha,

T=xYr T=xYT
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which is a contradiction. Therefore, H is a hesitant fuzzy quasi-ideal of S. By Theorem

3.9, converse is true. O

Corollary 3.10. Let S be a reqular semigroup. Then H is a hesitant fuzzy right bi-quasi
ideal of S if and only if H is a hesitant fuzzy quasi-ideal of S.

Corollary 3.11. Let S be a regular semigroup. Then H is a hesitant fuzzy bi-quasi ideal
of S if and only if H is a hesitant fuzzy quasi-ideal of S'.

Theorem 3.11. Let S be a semigroup. S is a regular semigroup if and only if B =
SB N BSB, for every bi-quasi ideal of S.

Theorem 3.12. Let S be a semigroup. Then S is a reqular semigroup if and only if
H = [xs]oH NHS[xs|oH, for any hesitant fuzzy left bi-quasi ideal of a semigroup S.

Proof: Let H be a hesitant fuzzy left bi-quasi ideal of the regular semigroup S. Then
[xs]oH N Hd[xs|oH C H. Let € S. Since S is regular, there exists a € S such that
xr = xax. Thus,

(HolxsoH)e = | {He N (x5}

- U {me U {[XS]ymHz}}
r=xax ar=yz

> | {HanH.}

.

Therefore, H = [xs]oH N H3[xs|oH.
Conversely suppose that let B be a left bi-quasi ideal of a semigroup S. Then by

Theorem 3.5, [X(Bs’é)} is (e, d)-characteristic hesitant fuzzy sets of the semigroup S. Thus,

8 8] ~ 8 0] ~ 8] ~ 8
57, = (72 ), n ([ s [ o [67]),

£,0 €,0
= |62 n x|
_ [ (2,0) }
~ |XsBnBsB|_-
Therefore, B =SB N BSB. By Theorem 3.11, S is a regular semigroup. 0J

Corollary 3.12. Let S be a semigroup. Then S is a regular semigroup if and only if
H = [xs]o HNHS|[xs|oH, for any hesitant fuzzy right bi-quasi ideal of a semigroup S.

Corollary 3.13. Let S be a semigroup. Then S is a regular semigroup if and only if
H = [xs|6 H N HSxs]oH or H = HS[xs| N HO|xs]oH, for any hesitant fuzzy bi-quasi
ideal of a semigroup S.

Theorem 3.13. Let S be a semigroup. Then S is a reqular semigroup if and only if
HNG C GoH NHOGOH, for every hesitant fuzzy left bi-quasi ideal H and every hesitant
fuzzy ideal G of a semigroup S.

Proof: Let S be a regular semigroup and z € S. Then there exists y € S such that
T = xyr.

(H8G5H ), = | {(H8G)sy NHa}

T=TYT
= U { U {Hzﬂgywy}ﬂHw}
r=zyr \xy=xyxry
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= (HNG),.
and
(GoH)o = | {Guy N Ha} 2{G: N Ha} = (GNH)..
T=xYyT
Hence, HNG C GoH N HOGH.
Conversely suppose that the condition holds. Let H be a hesitant fuzzy left bi-quasi
ideal. We have H N [xs] C [xs]oH N Ho[xs|oH implies that H C [ys]oHS N H[xs]oH.

By Theorem 3.12, S is a regular semigroup. 0

Corollary 3.14. Let S be a semigroup. Then S is a regular semigroup if and only if
HNG C GoHNHOGOH, for every hesitant fuzzy right bi-quast ideal H and every hesitant
fuzzy ideal G of a semigroup S.

Corollary 3.15. Let S be a semigroup. Then S is a reqular semigroup if and only if
HNG C GoHNHOGIH, for every hesitant fuzzy bi-quasi ideal H and every hesitant fuzzy
ideal G of a semigroup S.

4. Conclusion. In this paper, we study concept of a hesitant fuzzy bi-quasi ideal of
semigroups and discuss properties of hesitant fuzzy bi-quasi ideals of semigroups. Finally,
we characterize the regular semigroup in terms of a hesitant fuzzy bi-quasi ideal of a
semigroup. In the future work, we can study hesitant fuzzy bi-interior ideals of semigroups
or algebraic structures.
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