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Abstract. Hyperstructure theory was first studied in 1934 by Marty. This they are
widely studied from theoretical point of view and for their pure and applied mathematics.
Essential ideal in studied by Medhi et al. Later in 2020, Baupradist et al. studied essen-
tial ideals and essential fuzzy ideals in semigroups. In this paper, we give the concepts
of essential hyperideals and essential fuzzy hyperideals in hypersemigroups. We investi-
gate the properties of essential hyperideals and essential fuzzy hyperideals in semigroups.
Moreover, we show some relationships between essential hyperideals and essential fuzzy
hyperideals.
Keywords: Essential hyperideals, Essential fuzzy hyperideals, Minimal essential hyper-
ideals, Minimal essential fuzzy hyperideals

1. Introduction. Hyperstructure theory was first studied in 1934 by Marty [1], which
it is a generalization of ordinary algebraic structures. This they are widely studied from
theoretical point of view and for their applications to many subjects of pure and applied
properties. In 1965, Zadeh [2] gave the concept of a fuzzy set. The theory of fuzzy semi-
groups has been first considered by Kuroki [3]. The concept of fuzzy hyperalgebraic theory
developed from fuzzy set in 2000 by Davvaz [4]. The essential ideals of rings have been
studied in 2008 by Medhi et al. [5]. In 2013, Medhi and Saikia [6] discussed the concept
of T-fuzzy essential ideals and studied the properties of T-fuzzy essential ideals. In 2017,
Wani and Pawar [7] studied the concept of essential ideals ternary semirings. In 2020,
Baupradist et al. [8] studied properties of the essential ideals and essential fuzzy ideals
in semigroups, together with 0-essential ideals and 0-essential fuzzy ideals in semigroups.
In 2021, Chinram and Gaketem [9] investigated essential (m,n)-ideals and essential fuzzy
(m,n)-ideals in semigroups. Moreover, Gaketem et al. [10, 11] used knowledge of essential
ideals in semigroups to study essential ideals in UP-algebra. In 2023, Panpetch et al. [12]
studied essential bi-ideals and fuzzy essential bi-ideals in semigroups. In the same year,
Khamrot and Gaketem [13] studied essential ideals in bipolar fuzzy set. Recently, Rit-
tichuai et al. [14] studied essential ideals and essential fuzzy ideals in ternary semigroups.

The aim of this paper is to extend essential ideals and essential fuzzy ideals to hyper-
ideals in hypersemigroups in which the main results are divided in the following sections.
In Section 2, we shall extend concepts of essential ideals and essential fuzzy ideals to
hyperideals in hypersemigroups. In Section 3, we study essential hyperideals and essen-
tial fuzzy hyperideals of hypersemigroups. In Section 4, we study 0-essential hyperideals
and 0-essential fuzzy hyperideals of hypersemigroups with zero. Finally, we conclude the
paper and give future work.
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2. Preliminaries. In this section, we review the definition of hypersemigroups and fuzzy
hypersemigroups.
Let H be a non-empty set. A funtion ∗ : H×H → P∗(H) is said to be hyperoperation

on set H, where P∗(H) = P(H)\{∅} denotes the set of all non-empty subsets of H.
A hyperoperation (H, ∗) is said to be hypersemigroup if (a ∗ b) ∗ c = a ∗ (b ∗ c) for all

a, b, c ∈ H.
For x ∈ H and A and B are non-empty subsets of a set H defined as

A ∗ B =
∪

a∈A,b∈B

a ∗ b, A ∗ x = A ∗ {x}, and x ∗ B = {x} ∗ B.

A non-empty subset B of a hypersemigroup H is called a subhypersemigroup of H if
B2 ⊆ B.
A non-empty subset B of a hypersemigroup H is called a left (right) hyperideal of H if

HB ⊆ B (BH ⊆ B).
A hyperideal B of H is a non-empty subset which is both a left hyperideal and a right

hyperideal of H.
For any a, b ∈ [0, 1], we have

a ∨ b = max{a, b} and a ∧ b = min{a, b}.
A fuzzy set φ of a non-empty set T is a function from T into unit closed interval [0, 1]

of real numbers, i.e., φ : T → [0, 1].
For any two fuzzy sets of φ and τ of a non-empty set T , we define
1) the support of φ instead of supp(φ) = {k ∈ T |φ(k) ̸= 0},
2) φ ⊆ τ if φ(k) ≤ τ(k) for all k ∈ T ,
3) (φ ∨ τ)(k) = φ(k) ∨ τ(u) = max{φ(k), τ(k)} for each k ∈ T ,
4) (φ ∧ τ)(k) = φ(k) ∧ τ(u) = min{φ(k), τ(k)} for each k ∈ T .
For two fuzzy sets φ and τ in a hypersemigroup H, define the product φ ◦ τ as follows:

for all k ∈ H,

(φ ◦ τ)(k) =


∨

(r,b)∈Fk

{{φ(r) ∧ τ(b)}|(r, b) ∈ Fk} if Fk ̸= ∅,

0 if Fk = ∅,
where Fk := {(r, b) ∈ H ×H|k = rb}.
A fuzzy hypersubsemigroup φ of a hypersemigroup H if infp∈k∗r φ(p) ≥ φ(k) ∧ φ(r) for

all k, r ∈ H.
A fuzzy hyperleft (hyperright) ideal φ of a hypersemigroup H if infp∈k∗r φ(p) ≥ φ(r)

(infp∈k∗r φ(p) ≥ φ(k)) for all k, r ∈ H. A fuzzy hyperideal φ of hypersemigroup H if it is
both hyperleft ideal and hyperright ideal of H [4].
The characteristic fuzzy set χB of a non-empty set B is defined as follows:

χB : T → [0, 1], k 7→
{

1 if k ∈ B,
0 if k /∈ B.

The following theorems are true.

Theorem 2.1. [4] Let B be non-empty subset of hypersemigroup H. Then B is a hyper-
ideal of H if and only if characteristic function χB is a hyperideal of H.

Theorem 2.2. [4] Let B and C be non-empty subsets of a hypersemigroup H. Then χB∩C =
χB ∩ χC and χB ◦ χC = χBC.

Theorem 2.3. Let φ be a nonzero fuzzy set of a hypersemigroup H. Then φ is a fuzzy
hyperideal of H if and only if supp(φ) is a hyperideal of H.

Proof: Assume that φ is a fuzzy hyperideal of H and let k ∗ r ∈ supp(φ)H supp(φ).
By assumption, we have



ICIC EXPRESS LETTERS, VOL.18, NO.4, 2024 361

inf
p∈k∗r

φ(p) ≥ φ(k) ∨ φ(r).

Therefore, infp∈k∗r φ(p) ̸= 0. Thus, k ∗ r ∈ supp(φ). Hence, supp(φ) is a hyperideal of
H. Conversely, assume that supp(φ) is a hyperideal of H and let k, r ∈ H. If k, r ∈
supp(φ), then k ∗ r ∈ supp(φ). Thus, infp∈k∗r φ(p) ≥ φ(k) ∨ φ(r). If k, r /∈ supp(φ), then
infp∈k∗r φ(p) ≥ φ(k) ∨ φ(r). Hence, φ is a fuzzy hyperideal of H. �

3. Essential Hyperideals and Essential Fuzzy Hyperideals in Hypersemigr-
oups. In this section, we will study concepts of essential hyperideals and fuzzy essential
hyperideals in a hypersemigroup and properties of those.

Definition 3.1. An essential hyperideal B of a hypersemigroup H if B is a hyperideal of
H and B ∩ C ≠ ∅ for every hyperideal C of H.

Example 3.1. (1) We have that a hypersemigroup H is an essential hyperideal of H.
(2) Let H be a hypersemigroup with zero. Then every hyperideal of H is an essential

hyperideal of H.

Theorem 3.1. Let B be an essential hyperideal of a hypersemigroup H. Then every
hyperideal B1 of H containing B is an essential hyperideal of H.

Proof: Suppose that B1 is a hyperideal of H such that B ⊆ B1 and let C be any
hyperideal of H. By assumption, B ∩ C ̸= ∅. Thus, ∅ ̸= B ∩ C ⊆ B1 ∩ C. Hence, B1 ∩ C
̸= ∅. Therefore, B1 is an essential hyperideal of H. �
Theorem 3.2. Let B and C be essential hyperideals of a hypersemigroup H. Then B ∪ C
and B ∩ C are essential hyperideals of H.

Proof: Since B ⊆ B ∪ C and B is an essential hyperideal of H, we have B ∪ C is an
essential hyperideal of H by Theorem 3.1.

Since B and C are essential hyperideals of H, we have B and C are hyperideals of H.
Thus, B ∩ C is a hyperideal of H. Let K be a hyperideal of H. Then B ∩ K ̸= ∅. Thus,
there exists u ∈ B ∩K. Let v ∈ C. Then uv ∈ (B ∩ C)∩K. Thus, (B ∩ C)∩K ̸= ∅. Hence,
B ∩ C is an essential hyperideal of H. �
Theorem 3.3. Let {Ki|i ∈ A} be a non-empty collection of essential hyperideals of a
semigroup S. Then ∩i∈AKi is an essential hyperideal of H.

Proof: By assumption, we have {Ki|i ∈ A} is a hyperideal of H. Let C be any hyper-
ideal of H. Then ∩i∈AKi ∩ C is a hyperideal of H and ∩i∈AKi ∩ C ̸= ∅. Thus, ∩i∈AKi is
an essential hyperideal of H. �
Definition 3.2. A nonzero fuzzy hyperideal φ of a hypersemigroup H is called an essential
fuzzy hyperideal of H if φ ∧ τ ̸= 0 for every nonzero fuzzy hyperideal τ of H.

Theorem 3.4. Let φ be an essential fuzzy hyperideal of a hypersemigroup H. If φ1 is a
fuzzy hyperideal of H such that φ ⊆ φ1, then φ1 is also an essential fuzzy hyperideal of
H.

Proof: Let φ1 be a fuzzy hyperideal of H such that φ ⊆ φ1 and let τ be any fuzzy
hyperideal of H. Then, φ ∧ τ ̸= 0. Thus, 0 ̸= φ ∧ τ ⊆ φ1 ∧ τ . So φ1 ∧ τ ̸= 0. Hence, φ1 is
an essential fuzzy hyperideal of H. �
Theorem 3.5. Let φ1 and φ2 be essential fuzzy hyperideals of a hypersemigroup H. Then
φ1 ∨ φ2 and φ1 ∧ φ2 are essential fuzzy hyperideals of H.

Proof: By Theorem 3.4, φ1 ∨φ2 is an essential fuzzy hyperideal of H. Since φ1 and φ2

are essential fuzzy hyperideals of H, we have φ1 ∧φ2 is a fuzzy hyperideal of H. Let τ be
a nonzero fuzzy hyperideal of H. Then, φ1 ∧ τ ̸= 0. Thus, there exists u ∈ H such that

φ1(u) ̸= 0 and τ(u) ̸= 0.



362 N. KAEWMANEE AND T. GAKETEM

Since φ2 ̸= 0, let v ∈ H we have φ2(v) ̸= 0. Since φ1 and φ2 are fuzzy hyperideals of H,
we have

inf
p∈u∗v

φ1(p) ≥ φ1(u) ∨ φ1(v) ≥ φ1(u) > 0

and
inf

p∈u∗v
φ2(p) ≥ φ2(u) ∨ φ2(v) ≥ φ2(u) > 0.

So infp∈u∗v(φ1 ∧ φ2)(p) = φ1(uv) ∧ φ2(uv) ̸= 0. Since τ is a fuzzy hyperideal of H and
τ(u) ̸= 0, τ(uv) ̸= 0. Thus, [(φ1∧φ2)∧ τ ](uv) ̸= 0. Hence, [(φ1∧φ2)∧ τ ] ̸= 0. Therefore,
φ1 ∧ φ2 is an essential fuzzy hyperideal of H. �
Theorem 3.6. Let {φi|i ∈ A} be a non-empty collection of essential fuzzy hyperideals of
a semigroup H. Then ∧i∈Aφi is an essential fuzzy hyperideal of H.

Proof: By assumption, we have {φi|i ∈ A} is a fuzzy hyperideal of H. Let τ be any
fuzzy hyperideal of H. Then ∧i∈Aφi ∧ τ is a fuzzy hyperideal of H and ∧i∈Aφi ∧ τ ̸= 0.
Thus, ∧i∈Aφi is an essential fuzzy hyperideal of H. �
Theorem 3.7. Let B be a hyperideal of a hypersemigroup H. Then B is an essential
hyperideal of H if and only if χB is an essential fuzzy hyperideal of H.

Proof: Suppose that B is an essential hyperideal of H and let τ be any nonzero fuzzy
hyperideal of H. Then supp(τ) is a hyperideal of H. By assumption, we have B is a
hyperideal of H. Then χB is a hyperideal of H. Thus, B ∩ supp(τ) ̸= ∅. So there exists
z ∈ B ∩ supp(τ). It implies that z ∈ B and z ∈ supp(τ). Thus, (χB ∧ τ)(z) ̸= 0. Hence,
χB ∧ τ ̸= 0. Therefore, χB is an essential fuzzy hyperideal of H.
Conversely, assume that χB is an essential fuzzy hyperideal of H and let C be any

hyperideal of H. Then χC is a nonzero fuzzy hyperideal of H. Since χB is an essential
fuzzy hyperideal of H, we have χB is a fuzzy hyperideal of H. Thus, χB ∧ χC ̸= 0. So by
Theorem 2.2, χB∩C ̸= 0. Hence, B∩C ̸= ∅. Therefore, B is an essential hyperideal of H. �
Theorem 3.8. Let φ be a nonzero fuzzy hyperideal of a hypersemigroup H. Then φ is an
essential fuzzy hyperideal of H if and only if supp(φ) is an essential hyperideal of H.

Proof: Assume that φ is an essential fuzzy hyperideal of H. Then supp(φ) is a hyper-
ideal of H. Let B be any hyperideal of H. Then by Theorem 2.1, χB is a hyperideal of H.
Since φ is an essential fuzzy hyperideal of H, we have φ is a fuzzy hyperideal of H. Thus,
φ ∧ χB ̸= 0. So there exists z ∈ H such that (φ ∧ χB)(z) ̸= 0. It implies that φ(z) ̸= 0
and χB(z) ̸= 0. Hence, z ∈ supp(φ) ∩ B, so supp(φ) ∩ B ̸= ∅. It implies that supp(φ) is
an essential hyperideal of H.
Conversely, assume that supp(φ) is an essential hyperideal of H and let τ be a nonzero

fuzzy hyperideal ofH. Then by Theorem 2.3, supp(τ) is a hyperideal ofH. By assumption,
supp(φ) ∩ supp(τ) ̸= ∅. So there exists z ∈ supp(φ) ∩ supp(τ). This implies that φ(z) ̸=
0 and τ(z) ̸= 0. Hence, (φ ∧ τ)(z) ̸= 0. Therefore, φ ∧ τ ̸= 0. We conclude that φ is an
essential fuzzy hyperideal of H. �
Next, we will focus on minimality of essential hyperideals and essential fuzzy hyperide-

als.

Definition 3.3. An essential hyperideal B of a hypersemigroup H is called a minimal
essential hyperideal if for every essential hyperideal C of H such that C ⊆ B, we have
B = C.
Definition 3.4. An essential fuzzy hyperideal φ of a hypersemigroup H is called a minimal
fuzzy hyperideal if for every essential fuzzy hyperideal τ of H such that τ ⊆ φ, we have
supp(φ) = supp(τ).

Theorem 3.9. Let B be a non-empty subset of a hypersemigroup H. Then K is a minimal
essential hyperideal of H if and only if χK is a minimal essential fuzzy hyperideal of H.
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Proof: Let K be a minimal essential hyperideal of H. Then K is an essential hyperideal
of K. Thus, by Theorem 3.7, χK is an essential fuzzy hyperideal of H. Let φ be an essential
fuzzy hyperideal of H such that φ ⊆ χK. Then supp(φ) ⊆ supp(χK) = K. Thus, by
Theorem 3.8, supp(φ) is an essential hyperideal of H. Since K is a minimal essential
hyperideal of H, we have supp(φ) = K = supp(χK). Thus, χK is a minimal essential fuzzy
hyperideal of H.

Conversely, assume that χK is a minimal essential fuzzy hyperideal of S and let J be an
essential fuzzy hyperideal of H such that J ⊆ K. Then χJ is an essential fuzzy hyperideal
of H such that χJ ⊆ χK. Thus, J = supp(χJ ) = supp(χK) = K. Hence, K is a minimal
essential hyperideal of H. �

Next, we study relationship between prime (semiprime) essential hyperideals and prime
(semiprime) essential fuzzy hyperideals in semigroups.

Definition 3.5. Let B be an essential hyperideal of a hpersemigroup H. Then

(1) B is called a prime if uv ∈ B implies u ∈ B or v ∈ B for all u, v ∈ H;
(2) B is called a semiprime if u2 ∈ B implies u ∈ B for all u ∈ H.

Definition 3.6. Let φ be an essential fuzzy hyperideal of a hypersemigroup H. Then

(1) φ is called a prime if infp∈u∗v φ(p) ≤ φ(u) ∨ φ(v) for all u, v ∈ H;
(2) φ is called a semiprime if infp∈u∗u φ(p) ≤ φ(u) for all u ∈ H.

Theorem 3.10. A non-empty subset B of a hypersemigroup H is a prime (semiprime)
essential hyperideal of H if and only if χB is a prime (semiprime) essential fuzzy hyperideal
of H.

Proof: Suppose that B is a prime essential hyperideal of H. Then B is an essential
hyperideal of H. Thus, by Theorem 3.7, χB is a fuzzy essential hyperideal of H. Let u
and v be any two elements of H. If uv ∈ B, then u ∈ B or v ∈ B. Thus, infp∈u∗v χB(p) ≤
χB(u) ∨ χB(v). If uv /∈ B, then infp∈u∗v χB(p) ≤ χB(u) ∨ χB(v). Therefore, χB is a prime
essential fuzzy hyperideal of H.

Conversely, assume that χB is a prime essential fuzzy hyperideal of H. Then χB is an
essential fuzzy hyperideal of H. Thus, by Theorem 3.7, B is an essential hyperideal of H.
Let u and v be any two elements of H such that uv ∈ B. Then infp∈u∗v χB(p) = 1. By
assumption, infp∈u∗v χB(p) ≤ χB(u) ∨ χB(v). Thus, χB(u) ∨ χB(v) = 1. Hence, u ∈ B or
v ∈ B. Therefore, B is a prime essential hyperideal of H. �

4. 0-Essential Hyperideals and 0-Essential Fuzzy Hyperideals. In this section,
let H be a hypersemigroup with zero. We define the definition and study properties of
0-essential hyperideals and 0-essential fuzzy hyperideals as follows.

Definition 4.1. A nonzero hyperideal B of a hypersemigroup with zero H is called a
0-essential hyperideal of H if B ∩ C ≠ {0} for every nonzero hyperideal C of H.

Theorem 4.1. Let B be a 0-essential hyperideal of a hypersemigroup with zero H. Then
every hyperideal B1 of H containing B is a 0-essential hyperideal of H.

Proof: Let B be a 0-essential hyperideal of H and B1 be a hyperideal of H such that
B ⊆ B1. Let C be any nonzero hyperideal of H. Then, B ∩ C ̸= {0}. Thus, {0} ̸= B ∩ C ⊆
B1 ∩ C. So, B1 ∩ C ̸= {0}. Hence, B1 is a 0-essential hyperideal of H. �
Theorem 4.2. Assume that B1 and B2 are 0-essential hyperideals of hypersemigroup with
zero H. Then B1 ∪ B2 and B1 ∩ B2 are 0-essential hyperideals of H.

Proof: By Theorem 4.1, B1 ∪ B2 is a 0-essential hyperideal of H. Since B1 and B2 are
0-essential hyperideals of H, we have B1 and B2 are hyperideals of H. Thus, B1 ∩ B2 is a
hyperideal of H. Let C be any nonzero hyperideal of H. Then B1 ∩ C ̸= {0}. Thus, there
exists a nonzero u ∈ B1 ∩C. Let (u)i be a hyperideal of H generated by u. Then (u)i ̸= 0.
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Thus, there exists a nonzero element v ∈ (u)i ∩B2. So, y ∈ (B1 ∩B2)∩ C. Hence, B1 ∩B2

is a 0-essential hyperideal of H. �
Definition 4.2. A fuzzy hyperideal φ of hypersemigroup with zero H is called a 0-essential
fuzzy hyperideal of H if supp(φ ∧ τ) ̸= {0} for every fuzzy hyperideal τ of H.

Theorem 4.3. Let φ be a 0-essential fuzzy hyperideal of a hypersemigroup with zero H.
If φ1 is a fuzzy hyperideal of H such that φ ⊆ φ1, then φ1 is also a 0-essential fuzzy
hyperideal of H.

Proof: Assume that φ is a 0-essential fuzzy hyperideal ofH and φ1 is a fuzzy hyperideal
of H such that φ ⊆ φ1. Let τ be any fuzzy hyperideal of H. Then supp(φ ∧ τ) ̸= {0}.
Thus, {0} ̸= supp(φ ∧ τ) ⊆ supp(φ1 ∧ τ) ̸= {0}. So, supp(φ1 ∧ τ) ̸= {0}. Hence, φ1 is a
0-essential fuzzy hyperideal of H. �
Theorem 4.4. Assume that φ1 and φ2 are 0-essential fuzzy hyperideals of a hypersemi-
group with zero H. Then φ1 ∨ φ2 and φ1 ∧ φ2 are 0-essential fuzzy hyperideals of H.

Proof: By Theorem 4.3, φ1 ∨ φ2 is a 0-essential fuzzy hyperideal of H. Since φ1 and
φ2 are 0-essential fuzzy hyperideals of H, we have f1 and f2 are fuzzy (m,n)-ideals of
S. Thus, φ1 ∧ φ2 is a fuzzy hyperideal of H. Let τ be any fuzzy hyperideal of H. Then
supp(φ1∧τ) ̸= {0}. Thus, there exists a nonzero element u ∈ H such that (φ1∧τ)(u) ̸= 0.
Since φ2 is a 0-essential fuzzy hyperideal of H, we have supp(φ2) is a 0-essential fuzzy
hyperideal of H. Thus, supp(φ2)∧ (u)i ̸= {0}. So there exists u ∈ supp(φ2)∧ (u)i. Hence,
φ2(u) ̸= 0. Since φ1 and τ are fuzzy hyperideals of H, we have ((φ1 ∧ φ2) ∧ τ)(u) ̸= 0.
Thus, sup[(φ1 ∧ φ2) ∧ τ ] ̸= {0}. Hence, φ1 ∧ φ2 is a 0-essential fuzzy hyperideal of H. �
Theorem 4.5. A nonzero hyperideal B of a hypersemigroup with zero H is a 0-essential
hyperideal if and only if χB is a 0-essential fuzzy hyperideal of H.

Proof: Assume that B is a 0-essential hyperideal of H and let φ be a fuzzy hyperideal
of H. Then supp(φ) is a nonzero hyperideal of H. Thus, B ∩ supp(φ) ̸= {0}. So there
exists a nonzero element u ∈ H such that u ∈ B ∩ supp(φ). Since B is a 0-essential
hyperideal of H, we have B is an essential hyperideal of H. Thus, by Theorem 3.7, χB is
an essential hyperideal of H. So, (χB ∧ φ)(u) ̸= 0. Hence, u ∈ supp(χB ∧ φ). Therefore,
χB is a 0-essential fuzzy hyperideal of H.
Conversely, assume that χB is a 0-essential fuzzy hyperideal ofH and let J be a nonzero

hyperideal of H. Then χJ is a fuzzy hyperideal of H. Thus, supp(χB ∩ χJ ) ̸= {0} so by
Theorem 2.2, χB ∧ χJ = χB∩J ̸= {0}. Hence, B ∩ J ̸= ∅. Therefore, B is a 0-essential
hyperideal of H. �
Theorem 4.6. Let φ be a nonzero fuzzy hyperideal of a hypersemigroup with zero H. Then
φ is a 0-essential fuzzy hyperideal of H if and only if supp(φ) is a 0-essential hyperideal
of H.

Proof: Assume that φ is a 0-essential fuzzy hyperideal of H and let J be a nontrivial
hyperideal of H. Then by Theorem 2.1, χJ is a nonzero fuzzy hyperideal of H. By as-
sumption, φ is a nonzero hyperideal of H. Thus, φ ∧ χJ ̸= 0. So there exists a nonzero
element u ∈ H such that (φ∧χJ )(u) ̸= 0. It implies that φ(u) ̸= 0 and χJ (u) ̸= 0. Hence,
u ∈ supp(φ)∩J so supp(φ)∩J ̸= {0}. Therefore, supp(φ) is a 0-essential hyperideal of
H.
Conversely, assume that supp(φ) is a 0-essential hyperideal of H and let τ be a nonzero

hyperideal of H. Then by Theorem 2.3, supp(τ) is a nontrivial zero hyperideal of H. By
assumption, supp(φ) is a nonzero hyperideal of H. Thus, supp(φ) ∩ supp(τ) ̸= 0. So,
there exists u ∈ supp(φ) ∩ supp(τ), this implies that φ(u) ̸= 0 and τ(u) ̸= 0 for all u ∈
H. Hence, (φ ∧ τ)(u) ̸= 0 for all u ∈ H. Therefore, φ ∧ τ ̸= 0. We conclude that φ is a
0-essential fuzzy hyperideal of H. �
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Next, we will focus on minimality of 0-essential hyperideals and 0-essential fuzzy hy-
perideals.

Definition 4.3. A 0-essential hyperideal B of a hypersemigroup H is called a minimal
0-essential hyperideal if for every 0-essential hyperideal C of H such that C ⊆ B, we have
B = C.

Example 4.1. Let (Z12,+) be a hypersemigroup. Then {0, 2, 4, 6, 8, 10} is a unique 0-
essential hyperideal of Z12.

Definition 4.4. A 0-essential fuzzy hyperideal φ of a hypersemigroup H is called a min-
imal fuzzy hyperideal if for every 0-essential fuzzy hyperideal τ of H such that τ ⊆ φ, we
have supp(φ) = supp(τ).

Theorem 4.7. Let B be a non-empty subset of a hypersemigroup H. Then K is a minimal
0-essential hyperideal of H if and only if χK is a minimal 0-essential fuzzy hyperideal of
H.

Proof: It follows from Theorem 3.9. �
Next, we prove relationship between prime (semiprime) essential hyperideals and prime

(semiprime) essential fuzzy hyperideals in semigroups.

Definition 4.5. Let B be a 0-essential hyperideal of a hypersemigroup H. Then

(1) B is called a prime if uv ∈ B implies u ∈ B or v ∈ B for all u, v ∈ H;
(2) B is called a semiprime if u2 ∈ B implies u ∈ B for all u ∈ H.

Definition 4.6. Let φ be a 0-essential fuzzy hyperideal of a hypersemigroup H. Then

(1) φ is called a prime if infp∈u∗v φ(p) ≤ φ(u) ∨ φ(v) for all u, v ∈ H;
(2) φ is called a semiprime if infp∈u∗u φ(p) ≤ φ(u) for all u ∈ H.

Theorem 4.8. A non-empty subset B of a hypersemigroup H is a prime (semiprime)
0-essential hyperideal of H if and only if χB is a prime (semiprime) 0-essential fuzzy
hyperideal of H.

Proof: It follows from Theorem 3.10. �

5. Conclusion. In Section 3, we define essential hyperideals and essential fuzzy hyper-
ideals in semigroups. We present that the union and intersection of essential hyperideals
(essential fuzzy hyperideals) of hypersemigroup H are also an essential hyperideal (es-
sential fuzzy hyperideal) of H. Moreover, we prove some relationship between essential
hyperideals and essential fuzzy hyperideals. In Section 4, we define 0-essential hyperideals
and 0-essential fuzzy hyperideals in semigroups with zero.

In the future work, we can discuss essential i-ideals and essential fuzzy i-ideals in n-ary
semigroups and algebraic systems.
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