ICIC Express Letters ICIC International (©)2025 ISSN 1881-803X
Volume 19, Number 4, April 2025 pp. 403-410

POWERS OF THE GENERATING MATRIX FOR THE GENERALIZED
FIBONACCI SEQUENCE OF ORDER k

ARAM TANGBOONDUANGJITY* AND SHAYATHORN WANASAWAT?

Mahidol University International College
Mahidol University
999 Phutthamonthon 4 Road, Salaya, Phutthamonthon, Nakhon Pathom 73170, Thailand
*Corresponding author: aram.tan@mahidol.edu

2Department of Mathematics and Statistics
Thammasat University
99 Moo 18 Phahonyothin Road, Khlong Nueng, Khlong Luang, Pathum Thani 12120, Thailand
shayathorn@mathstat.sci.tu.ac.th

Received April 2024; accepted July 2024

ABSTRACT. We establish that under certain conditions, the gemerating matriz for the
generalized Fibonacci sequence of order k can be diagonalized by a Vandermonde matriz.
The purpose of this work is to investigate the properties of the generating matrix for
the generalized Fibonacci sequence of order k and to derive new results related to its
diagonalizability and applications. The results include a closed-form expression for the
matriz’s powers and the determinant of a related Toeplitz matrix.
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1. Introduction. The generalized Fibonacci sequence (75,),>0 of order k& > 2 is defined

byTQZTl :"':Tk_gzo, Tk—l :]_, and for allnzk,
Tn = CLlTn_1 + ang_z + -t CLan_k, (1)
where ay,...,a; are nonzero integers. For k = 2, the sequence (7},),>0 reduces to the

usual Lucas sequence. The recurrence relation for the generalized Fibonacci sequence can
be expressed in matrix form. Let

Tn - (Tn Tn—l T Tn—k—i—l)T
and define the matrix A, by

ay a2 ar—1 Qg
1 0 0 0
A, =0 1 0 0
0o 0 ... 1 0

Then we have the equation T,, = A;T,_;. The matrix Ay is said to be the generating (or
companion) matrix of the generalized Fibonacci sequence of order k. For the cases k = 2
and k = 3, the mth (m > 1) power of the generating matrix Ay is extensively investigated
(see, for example, Cerda-Morales [1], Shannon and Horadam [2], and Waddill [3]), yielding
the forms shown in the following equations:

Tyo Toys — a1Tmgs aslnm
m
and Ay = | Ty Do — a1 Thngr a3Ts,

Tm Tm—l—l — Tm a3Tm—1

Tm+1 a2Tm

Ay =
Tm a2Tm—1
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This study investigates the power of the generating matrix Ay for higher orders. We
prove that, under specific conditions, the generating matrix of the generalized Fibonacci
sequence of order k can be diagonalized by a Vandermonde matrix, enabling a closed-form
expression for the matrix’s power and recovery of well-known Lucas sequence identities.
Prasad and Mahato [4] explored a specific form of the matrix with a; = ay = --- = a, = 1,
leading to cryptographic applications. Additionally, we present a closed form for the de-
terminant of a Toeplitz matrix whose entries are the generalized Fibonacci sequence of
order k. Toeplitz matrices, noted for their unique structure and applications in signal pro-
cessing, control theory, and numerical analysis (Gray [5], Trench [6]), are complemented
by our result, offering a general method for determining such matrices’ determinants. The
advantages of these methods include leveraging matrix diagonalization for closed-form ex-
pressions, despite the complexity of generalizing to higher-order sequences and intricate
calculations.

The remainder of this paper is organized as follows. Section 2 covers definitions and
preliminaries related to the generalized Fibonacci sequence, its generating matrix, and the
Vandermonde matrix. Section 3 presents our main result on the diagonalizability of the
generating matrix and derives its power’s closed form, offering a combinatorial perspective
different from Taher and Rachidi [7]. In Section 4, we link our results to Lucas sequences,
recover known identities, and provide a closed form for the determinant of a Toeplitz
matrix containing generalized Fibonacci sequences.

2. Preliminaries. Lemma 2.1 is a curious spectral property of the generating matrix
Aj. Lemma 2.2 provides an explicit formula for the generalized Fibonacci sequence of
order k (see, for example, Kalman [8] and Levesque [9]).

Lemma 2.1. Suppose that the zeros aq, ..., ax of the characteristic polynomial p(x) =
oF—aiab = —ay of (1) are distinct. Then ayq, . .., ay are the eigenvalues of the matrix
A,.. Moreover, the eigenvectors vy,...,Vy corresponding to aq,...,qy, respectively, are
given by
T
vi= (b k2 1) 1<k,

Proof: Let A be an eigenvalue of the generating matrix Ay. We require that
det()\Ik - Ak) = 0,

where I}, is the identity matrix of order k. We claim that the determinant on the left-hand
side of the equation has the form

det()\Ik — Ak) = )\k — al)\k_l — e — .

This would show that A is a zero of the characteristic polynomial p(z), and thus proving
the first part of the theorem. This claim follows from a general formula that, for any =z,
bi,...,bx (k> 2), we have

det(ka — Bk) = x‘k — blgjk_l —_— e — bk7
where By, is a square matrix of the form
bi by . obg—r Dy
1 0 0 0
B.,=]|0 1 0 O
0O 0 ... 1 0

We prove the formula by induction on k. For k = 2, we have
det(xI2 — B2) = .TL’(LU — bl) — (-bg)(-l) = 213'2 — blflf — bg.
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Hence, the formula holds for £ = 2. We assume that the formula holds for £ — 1 where
k > 3 and prove that it also holds for k. Expanding the determinant along the last column
of the matrix zI, — B, we obtain

det(zly — By) = (— 1) (—bg) My, + (= 1) FaMyy,

where M;; is the minor of the entry in row 7 and column j of the matrix. We observe that
M;y, is the determinant of a (k—1) x (k—1) upper triangular matrix whose main diagonal
entries are —1, so My, = (—1)k_1. The minor My, is the determinant of the matrix of the
form xI;_; — By_1. Applying the induction hypothesis, we obtain

det(z1y — By) = (— 1M (—by) (—1)F1 4 (—1)*+Eg (:L’k_l e bk_1>

= af — b — by,

completing the proof of the formula by induction. To prove the second part of the theorem,
it suffices to observe the identities

Aij = Q;V;y
for 5 =1,..., k. These identities follow, since a;‘? = ala?_l +-oHdapforj=1,... k. O
Lemma 2.2. Suppose that the zeros g, ..., ar of the characteristic polynomial p(z) of
(1) are distinct. Then the general term of the generalized Fibonacci sequence (T,,)n>0 of
order k is given explicitly by

k n

T,=Y & , n>0. 2)

k
i=1 Hj,=1,(04i - aj)
JFi

We now introduce the square matrix V. of order k£, known as the Vandermonde matrix,
defined as follows:

k=1 k-1 k—1
al O{2 .« .. ak
o/f_2 0/5_2 .. a,’j_z
1 | |
where aq,...,q are distinct. The multiplicative inverse of this matrix is of particular

importance in our analysis, as it plays a pivotal role in the development of the forthcoming
results.

Theorem 2.1. The determinant of the Vandermonde matrix V. is given by
det(Vi) = [ (i —ay). (4)
1<i<j<k

Proof: We use elementary column operations and the Laplace expansion. We start by
subtracting consecutive columns and leaving alone the last column, which gives us

k-1 k-1 k-1 k-1 k-1
k—2 k—2 k—2 k—2 k—2
det(Vk) =
a1 — Qg Q2 — Q3 O
0 0 1
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Next, we factor out the term («o; — ;1) for 1 <i < k — 1 from each column, obtaining

Zé 0a1a§2é Zé Oa2a§2é S
Al Zé 0()‘1@]2‘C i Zé 0 yagaf Tl a
det(Vy) = H(ai — Q1) : : . .
paliy : : .
1 1 ce (675
0 0 |

We then compute the determinant using Laplace expansion along the last row:

k—2-¢ k—2-¢ ¢ k-2
Zz 0a1a2 Zz oazas Zz Oak 19
k-1
k=3 ¢ k—3—£ k=3 k—3—¢ 0 k 3—¢
oo _ a as o
det(Vy,) :H(ai_aiﬂ) =0 V12 =0 Y00 oy
i=1 : : i :
1 1 1

Repeating the same process to the above determinant and so on, we finally arrive at the
identity (4) as desired. O

Theorem 2.2. The multiplicative inverse of the Vandermonde matriz Vi is given by

(5)
n#i 1<i,j<k

Proof: It suffices to verify that the product of the matrix on the right-hand side in the
above equation and the Vandermonde matrix V. gives the identity matrix I, of order k.
The entry in row ¢ and column j of this product is given by

J—1 Jj—2 Jj—=3
e W L L W O 1o W e |
al . % _I_ e
Hn:l(al - an)
n#l
j—1 Jj—2 Jj=3
k—i X TN TG0 A
+a
Hn:l (Oék - an)
n#k
k i k i k _
Oéﬁl i+j—1 Oéﬁl i+j—2 ak i
E: F - F T 4 k
m=1 Hn:l Qm — a") m=1 anl Qm Oén) m=1 Hn:l (am - an)

where the last equality follows from Lemma 2.2. We see that for ¢ = j, this entry is
Thr —aiThyo— - —a;i 1Ty =1— al(o) — T ai—l(()) =1
and for i # j, this entry is
Th—ivjo1 — @1 Th—iyjo — - — aj1Tp—i =0 —a1(0) — - - - — a;—1(0) = 0.

Hence, the product of these two matrices yields the identity matrix of order k, and
therefore, the inverse of the Vandermonde matrix is justified. O

Remark 2.1. The numerators of the entries of the matriz (5) satisfy the recurrence
(Ui,j)lgi,jgk given by Vi1 = 1 fOT 1 S ) S k and Vij = QU5 51 — Qj—1 fOT 1 S Z,j S k.
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3. Main Theorem. Now, we are ready to present our main theorem.

Theorem 3.1. The mth (m > 1) power of the generating matriz of the generalized
Fibonacci sequence of order k is given by

j—1

m
v = | Tnsk—ivi—1 — E gL k—itj—t—1 - (6)

=1 1<i <k

Proof: By Lemma 2.1, diagonalizing the generating matrix of generalized Fibonacci
sequence of order k£ and raising to the mth power, we obtain
-1

k-1 k-1 bt m k—l k—l k-1
o 0y o o 0 ... 0 o
k-2 k-2 k—2 m k 2 k 2 k—2
Am_ | Qs ak 0 a3 ... O oy Qs S
k= .
1 1 1 0 0 .oag 1 1 1
m+k—1 m—+k—1 m+k—1 k—1 k—1 k-1\ !
Qqp A9 k Qy Qo Q.
B qmth=2 o mtk—2 aZwrk 2 oF2 0/2@ 2 O/Iz—z
m m m
o oy oy 1 1 1

By Theorem 2.2, substituting the multiplicative inverse of the Vandermonde matrix (5)
into the above equation, we obtain

F ( 7 <<k [Th=1(; — a,)
n 1<i j<k
where v;’s are defined as in the statement of Lemma 2.1. The entry in row ¢ and column
j of this product is given by

k am—i—k—i-i-j—l j—1 k m+k i+j—l—1 j—1
Z - - Z = Doth—itj—1 — Z gLy kit j—t—15
i=1 HJZ:l‘(O‘i - O‘j) =1  i=1 HJ 1(a; — Oz]) =1
J#i JF#i
where the equality follows from Lemma 2.2. Therefore, the proof is complete. O

Another way to find the power of the generating matrix is by the reduction formula.

Theorem 3.2. The mth power of the generating matrix of generalized Fibonacci sequence
of order k, where m > k, satisfies the following reduction formula:

k=1 1
= Z Z ak—i"l‘ij_j_lAZ' (7)

i=0 j=0

Proof: Let m > k be a positive integer. The product of the characteristic polynomial
p(r) = 2¥ — ayz*1 — ... — q; and the polynomial T (z) = Tp_12™ + Tpa™ t + -+ +
Tik—1 results in a polynomial with a large number of coefficients that become zero. By
multiplying out and combining like terms, the result is expressed as follows:

T(@)p(x) = Teora™* + (T — ay Teo1) ™71 + (Thr — ar Ty — apTio—y )™+

+ (Tk+2 - alTk+1 — a9}, — ang_1)fEm+k_3 4+ ..

m k
+ | Top—1 — § ailop—i—1 | 2" + -+ | Topgr—1 — g il pik—io1 | @
i=1 i=1
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3

— o = (ap—3Tmsk—1 + ar—2Tmtk—2 + a1 Dgi—3 + @ Ty i—a)
2

— (ap—2T k-1 + ak—1Tngi—2 + axTgr—3)T

— (k=1L k-1 + arDoyk—2)T — axTptr—1

k—2 i
o m-+k m+k—i—1
=T 1 + E Tk—i—z - E a']—l—lTk-‘rz—]—l x
=0 7=0
k-1 k-1
m k
+ | Top—1 — E jp1Top—j—o | 2™ + -+ | Thgr—1 — E i1 lmk—j—2 |
j=0 7=0
k=1 i
i
— g E A —itj Lmyk—j—12"
i=0 j=0
It is evident that the coefficients of z™**=1 .. 2™ ... 2% satisfy Equation (1) and thus

their values become 0. Applying the Cayley-Hamilton theorem by substituting = with A,

yields
k=1 i

0r = T(Ap)p(Ay) = Tr APTF — Z Z it i T hj 1AL,
i=0 j=0
where 0y, is a square zero matrix of order k. Since T_; = 1, we have

k—1
m+k __ )
AT = E E Uit j Tt k—j—1 A%

i=0 j=0

We have the desired formula by shifting the power m by m — k. O

4. Applications. We recall the famous Cassini’s identity of the Fibonacci numbers. It
can be proved by finding the determinant of A} where p =1 and ¢ = —1:

n

Foyr Foo— Fop Foyn By 11 . 9
= = ; that is, F,,_1F,o1 — F7 = (—1)".
Fn Fn+1 . Fn Fn Fn—l 1 0 ° at 18, 14 n+1 n ( )
For arbitrary p and ¢, we have
Tovr Thy1 —pTana Toy1  qThn p ql" . 9 1
= = ; that is, T, 11,1 — T = (—=1)"¢" .
Tn Tn+1 N an Tn an_l 1 0 ° at 1s, 1 +1 n ( ) q

We apply this concept to the determinant of the generating matrix’s power for the gen-
eralized Fibonacci sequence of order k, thereby deriving the generalized Cassini’s identity
in the subsequent theorem.

Theorem 4.1. Let n and k be positive integers. Then

Tn—i—k—l Tn+k s Tn+2k—2
e . .
T, Thir o Tpyn—t

Proof: We find the determinant of the power of the generating matrix of the Fibonacci
sequence of order k in Equation (6) in two different ways. First, we apply the i-th column
operation Cj 1 + 23:1 a;C; for © = 1,2,...,k — 1 and then find its determinant. This
yields



ICIC EXPRESS LETTERS, VOL.19, NO.4, 2025 409

Tn+k—1 Tn+k e Tn+2k—2
det(AD) = Totk—2 Tn+.k—1 Tn+?k—3
T, Tov1 - Thyr—

On the other hand, we can find the determinant by diagonalization. Since A} =
VkD,?Vk_l where D, is a diagonal matrix whose entries on its main diagonal are ay, s, . . .,
ay, we have det(A7) = (det(Dy))" = (araz - - ay)". By Viete’s formula, the product of
the zeros ay, ay, . .., ay of the characteristic polynomial in Lemma 2.1 equals (—1)¥*1ay.

Therefore,

det(AT) = <(—1)k+1ak)
and the proof is complete. O
We can see that the matrix in the left-hand side of (8) is a Toeplitz matrix. Since
Toeplitz matrix is persymmetric, we can map the entries in the Toeplitz matrix (¢; ;)1<i j<k
as follows:
Cij vt Ci—j = dptk—(i—j)—1-
The following diagram shows how this map maps the entries in a Toeplitz matrix of order

k.

Tn—i—k

Thy1 Thgo Toik—2  Thtr—1

The determinant of the Toeplitz matrix is explicitly expressed in the following theorem.

Theorem 4.2. Let n and k be positive integers. Then

Tn—l—k—l Tn—l—k t Tn+2k—2
Toik—2 Toyr—1 - Tnyor-s
: : . : = E SE(0) Tty Tty - -+ Tty
: ’ ) : ti+to+ -+t =(k—1)k
Tn Tn+1 e Tn—l—k—l

wheret, = k—(l—o(£))—1 for each ¢ =1,... k and o is a permutation of {1,2,3, ..., k}.

Proof: The formula is precisely the generalized Leibniz’s formula for computing the
determinant by letting t, = k — ({ — o(¢)) — 1 for each ¢ = 1,... k. Therefore, it suffices

to show that .

itZZZ(k‘—(f—a(@)—l) — (k- 1)k.

=1
This follows, since S35 £ =S5 a(0). O
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Example 4.1. For k = 3, we consider Ss, the permutation group of {1,2,3}. The ele-
ments of this group are

o1 =(), oy =(13),
oy =(123), o5 =(23),
o3 =(132), o6 =(12)
For any 3 x 3 Toeplitz matriz (c; ;)i j, we have
C3,1 = T, C1,3 = Thya,
21,32 > Ty, C1,2,C23 = Thys,

and C1,1,C2,2,C33 Tn+2.

Since oy, 09, 03 are even permutations in Sz, their signs are 1. On the other hand, oy,
05, 0¢ are odd permutations in Ss, and their signs are —1.
By Theorem 4.2, the determinant of any 3 X 3 matriz is given by

Cl—o1(1)C2-01(2)C3—01(3) T Cl—02(1)C2—02(2)C3—02(3) T Cl—03(1)C2—03(2)C3—05(3)
— Cl—04(1)C2-04(2)C3—04(3) — Cl—05(1)C2—05(2)C3—05(3) — Cl—06(1)C2—06(2)C3—06(3)

= T2 lnoToge + TnysToisTn + ToaTni T — T Do T — Tna Tonas T
— T2 Tn1Thys.

Therefore, the determinant of A% is given by

Tn+2 Tn+3 Tn+4
Tn+1 Tn+2 Tn+3 = T3+2 + TnT3+3 + T3+1Tn+4 - TnTn+4Tn+2 - 2Tn+1Tn+3Tn+2-
Tn Tn+1 Tn+2

5. Conclusions. In this study, we have demonstrated that the generating matrix for the
generalized Fibonacci sequence of order k£ can be diagonalized by a Vandermonde matrix
under specific conditions. This result enables us to derive a closed form for the power of the
generating matrix, which in turn allows us to recover well-known identities. Additionally,
we provided a closed-form expression for the determinant of a Toeplitz matrix containing
generalized Fibonacci sequences.
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